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Îïòèìàëüíîå âîññòàíîâëåíèå ðåøåíèé çàäà÷è
Äèðèõëå â êðóãå ïî çíà÷åíèÿì îïåðàòîðà ðàäèàëüíîãî

èíòåãðèðîâàíèÿ

Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå ÿâëÿåòñÿ êëàññè÷åñêèì ïðèìåðîì

ýëëèïòè÷åñêîé êðàåâîé çàäà÷è, äëÿ êîòîðîé ðåøåíèå ìîæåò áûòü ÿâíî çàïèñàíî ÷å-

ðåç êîýôôèöèåíòû ðÿäà Ôóðüå ãðàíè÷íîé ôóíêöèè. Âî ìíîãèõ ïðèêëàäíûõ çàäà÷àõ

(íàïðèìåð, â ìåäèöèíñêîé òîìîãðàôèè, ãåîôèçèêå, òåïëîâèäåíèè) ãðàíè÷íûå óñëîâèÿ

èçâåñòíû íå ïîëíîñòüþ èëè ñ ïîãðåøíîñòüþ, à äîñòóïíàÿ èíôîðìàöèÿ ìîæåò áûòü ñâÿ-

çàíà ñ ðåøåíèåì èíòåãðàëüíûì îïåðàòîðîì. Ýòî ïðèâîäèò ê íåîáõîäèìîñòè ðàçðàáîòêè

ìåòîäîâ ïðèáëèæ¼ííîãî âîññòàíîâëåíèÿ ðåøåíèÿ ïî íåòî÷íûì è íåïîëíûì äàííûì î

çíà÷åíèÿõ ñîîòâåòñòâóþùåãî èíòåãðàëüíîãî îïåðàòîðà.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ ðåøåíèÿ çà-

äà÷è Äèðèõëå â åäèíè÷íîì êðóãå ïî çíà÷åíèÿì îïåðàòîðà ðàäèàëüíîãî èíòåãðèðîâà-

íèÿ. Îïåðàòîð Ku(θ) =
∫ 1

0
u(ρ, θ) dρ óñðåäíÿåò ãàðìîíè÷åñêóþ ôóíêöèþ âäîëü ðàäè-

óñà; ïðåäïîëàãàåòñÿ, ÷òî âìåñòî òî÷íîãî çíà÷åíèÿ Ku èçâåñòíà ôóíêöèÿ g ∈ L2(T) ñ
ïîãðåøíîñòüþ ∥Ku − g∥L2(T) ≤ δ. Òðåáóåòñÿ ïîñòðîèòü ìåòîä m(g), ìèíèìèçèðóþùèé

ìàêñèìàëüíóþ îøèáêó âîññòàíîâëåíèÿ â L2(B2) íà êëàññå ãðàíè÷íûõ ôóíêöèé èç ñî-

áîëåâñêîãî øàðà W r
2 .

Òåîðèÿ îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöèé è èõ ïðîèçâîäíûõ ïî íåòî÷íûì äàí-

íûì ïîäðîáíî èçëîæåíà â ìîíîãðàôèè [1]. Äëÿ ãàðìîíè÷åñêèõ ôóíêöèé çàäà÷è îïòè-

ìàëüíîãî âîññòàíîâëåíèÿ ïî çíà÷åíèÿì íà ãðàíèöå èëè ïî èíòåãðàëüíûì îïåðàòîðàì

ðàññìàòðèâàëèñü â ðàáîòàõ [2,3]. Â ÷àñòíîñòè, â [3] èññëåäîâàíà çàäà÷à âîññòàíîâëåíèÿ

ðåøåíèÿ çàäà÷è Äèðèõëå ïî íåòî÷íûì èñõîäíûì äàííûì. Îáùèå ïîäõîäû ê îïòèìàëü-

íîìó âîññòàíîâëåíèþ ïî êîýôôèöèåíòàì Ôóðüå, çàäàííûì ñ ïîãðåøíîñòüþ, ðàçâèòû â

[4,5].

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå òî÷íûõ îöåíîê ïîãðåøíîñòè îïòè-

ìàëüíîãî âîññòàíîâëåíèÿ è ïîñòðîåíèå îïòèìàëüíûõ ìåòîäîâ äëÿ ðàññìàòðèâàåìîé çà-

äà÷è.

Ïåðåéä¼ì ê îïèñàíèþ îñíîâíûõ îáúåêòîâ è ôîðìóëèðîâêå ðàññìàòðèâàåìîé çàäà÷è.

Ðàññìîòðèì îòðåçîê

T = [−π, π]

ñ îòîæäåñòâë¼ííûìè êîíöàìè. Îïðåäåëèì ïðîñòðàíñòâî Ñîáîëåâà

Wr
2 =

{
f : f (r−1) àáñîëþòíî íåïðåðûâíà íà T, f (r) ∈ L2(T)

}
,

à íîðìà â L2(T) çàäà¼òñÿ êàê

∥g∥L2(T) =

(
1

π

∫
T
|g(θ)|2dθ

)1/2

.
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Ïîëîæèì

W r
2 = {f ∈ Wr

2 : ∥f (r)∥L2(T) ≤ 1}.

Ïóñòü

B2 = {(x, y) ∈ R2 : x2 + y2 < 1}

� åäèíè÷íûé êðóã. Ðàññìîòðèì çàäà÷ó Äèðèõëå
∆u = 0, (x, y) ∈ B2,

u(cos θ, sin θ) = f(θ), θ ∈ T,
(1)

ãäå f ∈ W r
2 � ãðàíè÷íàÿ ôóíêöèÿ. Õîðîøî èçâåñòíî, ÷òî ðåøåíèå u ìîæåò áûòü çàïè-

ñàíî â ïîëÿðíûõ êîîðäèíàòàõ (ρ, θ) (0 ≤ ρ < 1, θ ∈ T) â âèäå ðÿäà

u(ρ cos θ, ρ sin θ) =
a0(f)

2
+

∞∑
n=1

ρn
[
an(f) cosnθ + bn(f) sinnθ

]
, (2)

ãäå êîýôôèöèåíòû ãðàíè÷íîé ôóíêöèè f îïðåäåëÿþòñÿ ðàâåíñòâàìè

a0(f) =
1

π

∫
T
f(θ) dθ, an(f) =

1

π

∫
T
f(θ) cos(nθ) dθ, bn(f) =

1

π

∫
T
f(θ) sin(nθ) dθ.

Ðàññìîòðèì îïåðàòîð ðàäèàëüíîãî èíòåãðèðîâàíèÿ K, äåéñòâóþùèé íà ðåøåíèÿ

çàäà÷è Äèðèõëå. Äëÿ êàæäîãî ôèêñèðîâàííîãî óãëà θ ∈ T îí óñðåäíÿåò ôóíêöèþ u

âäîëü ðàäèóñà îò 0 äî 1:

Ku(θ) =

∫ 1

0

u(ρ, θ) dρ, θ ∈ T. (3)

Ïðåäïîëîæèì, ÷òî äëÿ ëþáîé ôóíêöèè u, ÿâëÿþùåéñÿ ðåøåíèåì çàäà÷è Äèðèõëå

(1) ñ ãðàíè÷íîé ôóíêöèåé f ∈ W r
2 , çíà÷åíèå îïåðàòîðà Ku èçâåñòíî íàì ñ íåêîòîðîé

ïîãðåøíîñòüþ. Ýòî îçíà÷àåò, ÷òî âìåñòî òî÷íîãî çíà÷åíèÿ Ku íàì äîñòóïíà ôóíêöèÿ

g ∈ L2(T) òàêàÿ, ÷òî âûïîëíÿåòñÿ óñëîâèå

∥Ku− g∥L2(T) ≤ δ. (4)

Çíàÿ òàêóþ ôóíêöèþ g (íåòî÷íûé ðåçóëüòàò ðàäèàëüíîãî èíòåãðèðîâàíèÿ), ìû õîòèì

íàèëó÷øèì îáðàçîì âîññòàíîâèòü ñàìî ðåøåíèå u âî âñ¼ì êðóãå B2.

Ðàññìîòðèì âñåâîçìîæíûå ìåòîäû âîññòàíîâëåíèÿ � ïðîèçâîëüíûå îòîáðàæåíèÿ

m : L2(T) → L2(B2),

êîòîðûå ïî ïîëó÷åííîé (íåòî÷íîé) ôóíêöèè g ñòðîÿò ïðèáëèæ¼ííîå ðåøåíèå m(g) ∈
L2(B2). Äëÿ êàæäîãî ìåòîäàm îïðåäåëèì âåëè÷èíó, íàçûâàåìóþ ïîãðåøíîñòüþ ìåòîäà:

e(W r
2 , K, δ,m) = sup

{
∥u−m(g)∥L2(B2) :

u � ðåøåíèå çàäà÷è (1) ñ f ∈ W r
2 ,

g ∈ L2(T), ∥Ku− g∥L2(T) ≤ δ

}
. (5)

2



Îïòèìàëüíûì íàçûâàåòñÿ ìåòîä, êîòîðûé èìååò íàèìåíüøóþ âîçìîæíóþ ïîãðåø-

íîñòü, òî åñòü òîò, íà êîòîðîì äîñòèãàåòñÿ ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ:

E(W r
2 , K, δ) = inf

m:L2(T)→L2(B2)
e(W r

2 , K, δ,m). (6)

Îïðåäåëèì:

∥u∥L2(B2) =

(
1

π

∫
B2

|u(x, y)|2dxdy
)1/2

.

Â ïîëÿðíûõ êîîðäèíàòàõ (ρ, θ), ãäå dxdy = ρdρdθ, ïîëó÷àåì:

∥u∥2L2(B2)
=

1

π

∫ 1

0

∫ 2π

0

|u(ρ, θ)|2ρ dθdρ.

Ïîäñòàâëÿÿ ðÿä (2) è èñïîëüçóÿ îðòîãîíàëüíîñòü òðèãîíîìåòðè÷åñêîé ñèñòåìû, íàõî-

äèì: ∫ 2π

0

|u(ρ, θ)|2dθ =
πa20
2

+ π

∞∑
n=1

(a2n + b2n)ρ
2n.

Èíòåãðèðóÿ ïî ρ:∫
B2

|u|2dxdy =

∫ 1

0

(
πa20
2

+ π
∞∑
n=1

(a2n + b2n)ρ
2n

)
ρdρ =

πa20
4

+ π
∞∑
n=1

a2n + b2n
2n+ 2

.

Äåëÿ íà π, ïîëó÷àåì:

∥u∥2L2(B2)
=

a20
4

+
∞∑
n=1

a2n + b2n
2n+ 2

.

Ââåä¼ì äëÿ óäîáñòâà ñëåäóþùèå îáîçíà÷åíèÿ äëÿ êîýôôèöèåíòîâ Ôóðüå ãðàíè÷íîé

ôóíêöèè f :

c0 =
a20
2
, cn = a2n + b2n, n ≥ 1.

Òîãäà
a20
4

=
c0
2
,

a2n + b2n
2n+ 2

=
cn

2n+ 2
.

Ñëåäîâàòåëüíî,

∥u∥2L2(B2)
=

c0
2
+

∞∑
n=1

cn
2n+ 2

=
∞∑
n=0

cn
2n+ 2

. (7)

Äàëåå, íîðìà ñòàðøåé ïðîèçâîäíîé:

∥f (r)∥2L2(T) =
1

π

∫
T
|f (r)(θ)|2dθ =

∞∑
n=1

n2r(a2n + b2n) =
∞∑
n=1

n2rcn. (8)

Íîðìà îïåðàòîðà K:

∥Ku∥2L2(T) =
1

π

∫
T
|Ku(θ)|2dθ =

a20
2

+
∞∑
n=1

a2n + b2n
(n+ 1)2

.

Â òåðìèíàõ cn :

∥Ku∥2L2(T) = c0 +
∞∑
n=1

cn
(n+ 1)2

. (9)
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Ëåììà 1. Äëÿ ëþáîãî ìåòîäà m âûïîëíåíî:

e(W r
2 , K, δ,m) ≥ sup

f∈W r
2

∥Ku∥≤δ

∥u∥L2(B2).

Äîêàçàòåëüñòâî. Âîçüì¼ì ëþáóþ ôóíêöèþ f ∈ W r
2 ñ ∥f (r)∥L2(T) ≤ 1 è ∥Ku∥ ≤ δ.

Ïîëîæèì g = 0. Ïðîâåðèì âûïîëíåíèå óñëîâèÿ (4):

∥Ku− g∥ = ∥Ku− 0∥ = ∥Ku∥ ≤ δ,

∥K(−u)− g∥ = ∥ −Ku− 0∥ = ∥Ku∥ ≤ δ.

Òàêèì îáðàçîì, äëÿ ôóíêöèé u è−u óñëîâèå (4) âûïîëíåíî. Ñëåäîâàòåëüíî, ïðè äàííûõ

g = 0 ìåòîä m äà¼ò îøèáêè ∥m(0) − u∥ äëÿ u è ∥m(0) + u∥ äëÿ −u. Ïî îïðåäåëåíèþ

ïîãðåøíîñòè ìåòîäà,

e ≥ max
(
∥m(0)− u∥, ∥m(0) + u∥

)
.

Ïî íåðàâåíñòâó òðåóãîëüíèêà,

∥m(0)− u∥+ ∥m(0) + u∥ ≥ 2∥u∥,

îòêóäà ìàêñèìóì íå ìåíüøå ∥u∥. Òàêèì îáðàçîì, e ≥ ∥u∥. Âçÿòèå ñóïðåìóìà ïî âñåì
òàêèì u äà¼ò óòâåðæäåíèå ëåììû.

Èç ëåììû è âûðàæåíèé (7)�(9) ïîëó÷àåì:

E(W r
2 , K, δ) ≥ sup∑∞

n=1 n
2rcn≤1

c0
2
+
∑∞

n=1
cn

(n+1)2
≤δ2

√√√√c0
2
+

∞∑
n=1

cn
2(n+ 1)

. (10)

Òåîðåìà 1. Ïóñòü r > 0. Äëÿ n = 1, 2, 3, . . . îïðåäåëèì

δn =
1

n r(n+ 1)
.

Ïðåäïîëîæèì, ÷òî

δ ∈ [δn+1, δn)

äëÿ íåêîòîðîãî n ≥ 1 (ïðè n = 0 ñ÷èòàåì δ0 = ∞).

Ïîëîæèì

λ1 =
(n+ 1)2r+1(n+ 2)2 − n2r(n+ 1)2(n+ 2)

2
(
(n+ 1)2r(n+ 2)2 − n2r(n+ 1)2

) ,

λ2 =
1

2
(
(n+ 1)2r(n+ 2)2 − n2r(n+ 1)2

) .
Òîãäà ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ ðàâíà

E(W r
2 , K, δ) =

√
λ1δ2 + λ2. (11)
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Îïòèìàëüíûé ìåòîä èìååò âèä

m(g)(ρ, θ) =
a0(g)

2
+

∞∑
n=1

αnρ
nan(g) cos(nθ) +

∞∑
n=1

βnρ
nbn(g) sin(nθ), (12)

ãäå êîýôôèöèåíòû αn, βn âûáðàíû òàê, ÷òî äëÿ âñåõ n ≥ 1 âûïîëíÿåòñÿ

sup
n≥1

1

2n+ 2

(
α2
n

λ1

+
(n+ 1− αn)

2

λ2 n2r(n+ 1)2

)
≤ 1,

sup
n≥1

1

2n+ 2

(
β2
n

λ1

+
(n+ 1− βn)

2

λ2 n2r(n+ 1)2

)
≤ 1.

Äîêàçàòåëüñòâî.

∥Ku∥2L2(T) =
a20
2

+
∞∑
n=1

a2n + b2n
(n+ 1)2

.

E(W r
2 , K, δ) ≥ sup∑∞

n=1 n
2rcn≤1

c0+
∑∞

n=1
cn

(n+1)2
≤δ2

√√√√c0
2
+

∞∑
n=1

cn
2(n+ 1)

.

Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

∞∑
n=0

cn
2(n+ 1)

→ max,
∞∑
n=0

cn
(n+ 1)2

≤ δ2,
∞∑
n=1

n2rcn ≤ 1. (13)

Ñäåëàåì çàìåíó ïåðåìåííûõ

dn =
cn

(n+ 1)2
, n ≥ 0.

Òîãäà ýêñòðåìàëüíàÿ çàäà÷à (13) ïåðåïèøåòñÿ â âèäå

∞∑
n=0

n+ 1

2
dn → max,

∞∑
n=0

dn ≤ δ2,

∞∑
n=1

n2r(n+ 1)2dn ≤ 1. (14)

Íà ïëîñêîñòè (x, y) ðàññìîòðèì òî÷êèxn = n2r(n+ 1)2,

yn = n+1
2
, n ≥ 0.

(15)

Ýòè òî÷êè ëåæàò íà ãðàôèêå ôóíêöèè x = 4(2y−1)2ry2, y ≥ 1
2
. Íåòðóäíî óáåäèòüñÿ, ÷òî

ýòà ôóíêöèÿ ìîíîòîííî âîçðàñòàåò è âûïóêëà. Ñëåäîâàòåëüíî, äëÿ ëþáûõ äâóõ òî÷åê

(xk, yk), (xk+1, yk+1), k ≥ 0, è ïðÿìîé y = λ1 + λ2x, ïðîõîäÿùåé ÷åðåç ýòè òî÷êè áóäåò

âûïîëíÿòüñÿ íåðàâåíñòâî

λ1 + λ2xs ≥ ys, s ≥ 0. (16)

Òåïåðü ïîëó÷èì îöåíêè ñíèçó. Ïóñòü

δ ∈ [δn+1, δn), δn =
1

nr(n+ 1)
, n ≥ 1, δ0 = ∞.
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Ïîëîæèì dk = 0, k ̸= n, n+ 1, à dn è dn+1 âûáåðåì èç óñëîâèédn + dn+1 = δ2,

n2r(n+ 1)2dn + (n+ 1)2r(n+ 2)2dn+1 = 1.

Èìååì

dn =
(n+ 1)2r(n+ 2)2δ2 − 1

(n+ 1)2r(n+ 2)2 − n2r(n+ 1)2
,

dn+1 =
1− n2r(n+ 1)2δ2

(n+ 1)2r(n+ 2)2 − n2r(n+ 1)2
.

Òàê îïðåäåëåííàÿ ïîñëåäîâàòåëüíîñòü {dn} ÿâëÿåòñÿ äîïóñòèìîé â ýêñòðåìàëüíîé çà-

äà÷å (2). Ïîýòîìó

E(W r
2 , K, δ)2 ≥ n+ 1

2
dn +

n+ 2

2
dn+1 = λ1δ

2 + λ2, (17)

ãäå

λ1 =
(n+ 1)2r+1(n+ 2)2 − n2r(n+ 1)2(n+ 2)

2((n+ 1)2r(n+ 2)2 − n2r(n+ 1)2)
,

λ2 =
1

2((n+ 1)2r(n+ 2)2 − n2r(n+ 1)2)
.

Îòìåòèì, ÷òî óðàâíåíèå ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êè (xn, yn), (xn+1, yn+1) èìååò âèä

y = λ1 + λ2x. Çàéìåìñÿ òåïåðü îöåíêîé ñâåðõó. Äëÿ îöåíêè âåëè÷èíû e2(W r
2 , K, δ,m)

îöåíèì çíà÷åíèå ýêñòðåìàëüíîé çàäà÷è

∥u−m(g)∥L2(B2) → max, ∥Ku− g∥2L2(T) ≤ δ2, ∥f (r)∥2 ≤ 1.

Äëÿ ìåòîäà, èìåþùåãî âèä

m0(g) =
a0(g)

2
+

∞∑
n=1

ρn(αnan(g) cosnφ+ βnbn(g) sinnφ), (18)

ýòà ýêñòðåìàëüíàÿ çàäà÷à ïðèíèìàåò âèä

(a0 − a0(g))
2

4
+

∞∑
n=1

(an − αnan(g))
2 + (bn − βnbn(g))

2

2n+ 2
→ max,

(a0 − a0(g))
2

2
+

∞∑
n=1

((
an

n+ 1
− an(g)

)2

+

(
bn

n+ 1
− bn(g)

)2
)

≤ δ2,

∞∑
n=1

n2r(a2n + b2n) ≤ 1.

(19)

Ïóñòü δ ∈ [δn+1, δn). Èìååì

(an − αnan(g))
2

2n+ 2
=

1

2n+ 2

(
αn

(
an

n+ 1
− an(g)

)
− αnan

n+ 1
+ an

)2

=
1

2n+ 2

(
αn√
λ1

√
λ1

(
an

n+ 1
− an(g)

)
+

1− αn

n+1√
λ2nr

√
λ2n

ran

)2

.
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Âîñïîëüçóåìñÿ íåðàâåíñòâîì Êîøè-Áóíÿêîâñêîãî

(ac+ bd)2 ≤ (a2 + b2)(c2 + d2).

Òîãäà

(an − αnan(g))
2

2n+ 2
≤ 1

2n+ 2

(
α2
n

λ1

+
(n+ 1− αn)

2

λ2n2r(n+ 1)2

)(
λ1

(
an

n+ 1
− an(g)

)2

+ λ2n
2ra2n

)
.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî

(bn − βnbn(g))
2

2n+ 2
≤ 1

2n+ 2

(
β2
n

λ1

+
(n+ 1− βn)

2

λ2n2r(n+ 1)2

)(
λ1

(
bn

n+ 1
− bn(g)

)2

+ λ2n
2rb2n

)
.

Ïîëîæèì

Sα = sup
n≥1

1

2n+ 2

(
α2
n

λ1

+
(n+ 1− αn)

2

λ2n2r(n+ 1)2

)
,

Sβ = sup
n≥1

1

2n+ 2

(
β2
n

λ1

+
(n+ 1− βn)

2

λ2n2r(n+ 1)2

)
.

Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò òàêèå ïîñëåäîâàòåëüíîñòè {αn} è {βn}, äëÿ êîòîðûõ

Sα ≤ 1 è Sβ ≤ 1. Òîãäà äëÿ çíà÷åíèÿ ýêñòðåìàëüíîé çàäà÷è (19) èìååì

(a0 − a0(g))
2

4
+

∞∑
n=1

(an − αnan(g))
2 + (bn − βnbn(g))

2

2n+ 2

≤ (a0 − a0(g))
2

4
+ λ1

∞∑
n=1

((
an

n+ 1
− an(g)

)2

+

(
bn

n+ 1
− bn(g)

)2
)

+ λ2

∞∑
n=1

n2r(a2n + b2n).

Â ñèëó òîãî, ÷òî λ1 ≥ 1
2
, ïîëó÷àåì

(a0 − a0(g))
2

4
≤ λ1

(a0 − a0(g))
2

2
.

Òåì ñàìûì

e2(W r
2 , K, δ,m) ≤ (a0 − a0(g))

2

4
+

∞∑
n=1

(an − αnan(g))
2 + (bn − βnbn(g))

2

2n+ 2
≤ λ1δ

2 + λ2.

Ó÷èòûâàÿ íåðàâåíñòâî (17), ïîëó÷àåì, ÷òî

E(W r
2 , K, δ) =

√
λ1δ2 + λ2,

à ìåòîäû (18) ÿâëÿþòñÿ îïòèìàëüíûìè. Îñòàåòñÿ äîêàçàòü, ÷òî ìíîæåñòâî ïîñëåäîâà-

òåëüíîñòåé {γn}, äëÿ êîòîðûõ

1

2n+ 2

(
γ2
n

λ1

+
(n+ 1− γn)

2

λ2n2r(n+ 1)2

)
≤ 1,

íå ïóñòî. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü

γn =
(n+ 1)λ1

λ1 + λ2n2r(n+ 1)2
.

7



Äëÿ òàêîé ïîñëåäîâàòåëüíîñòè

1

2n+ 2

(
γ2
n

λ1

+
(n+ 1− γn)

2

λ2n2r(n+ 1)2

)
=

n+ 1

2

1

λ1 + λ2n2r(n+ 1)2
.

Èç íåðàâåíñòâà (16) âûòåêàåò, ÷òî

λ1 + λ2n
2r(n+ 1)2 ≥ n+ 1

2
.

Îòñþäà ñëåäóåò, ÷òî
1

2n+ 2

(
γ2
n

λ1

+
(n+ 1− γn)

2

λ2n2r(n+ 1)2

)
≤ 1.

Ñëåäñòâèå 1 (î êîíå÷íîñòè îïòèìàëüíîãî ìåòîäà)

Ïóñòü r > 0 è

δ ∈ [δn+1, δn)

äëÿ íåêîòîðîãî öåëîãî n ≥ 1, ãäå

δn =
1

nr(n+ 1)
.

Ïóñòü λ2 � êîíñòàíòà, îïðåäåë¼ííàÿ â òåîðåìå 1:

λ2 =
1

2
(
(n+ 1)2r(n+ 2)2 − n2r(n+ 1)2

) .
Òîãäà äëÿ âñÿêîãî íîìåðà k ≥ 1, óäîâëåòâîðÿþùåãî

λ2 ≥
1

2(k + 1)k2r
,

ìîæíî âûáðàòü êîýôôèöèåíòû îïòèìàëüíîãî ìåòîäà ðàâíûìè íóëþ:

αk = βk = 0.

Â ÷àñòíîñòè, îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ ñîäåðæèò ëèøü êîíå÷íîå ÷èñëî íåíó-

ëåâûõ ñëàãàåìûõ è ìîæåò áûòü çàïèñàí â âèäå

m(g)(ρ, θ) =
a0(g)

2
+

K∑
k=1

ρk
(
αkak(g) cos kθ + βkbk(g) sin kθ

)
,

ãäå

K = max

{
k ∈ N

∣∣∣ 1

2(k + 1)k2r
> λ2

}
.

Âñå êîýôôèöèåíòû Ôóðüå ak(g), bk(g) ñ íîìåðàìè k > K ÿâëÿþòñÿ èçáûòî÷íûìè è íå

âëèÿþò íà ðåçóëüòàò îïòèìàëüíîãî âîññòàíîâëåíèÿ.
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Äîêàçàòåëüñòâî

Ñîãëàñíî òåîðåìå 1, äëÿ îïòèìàëüíîñòè ìåòîäà âèäà

m(g)(ρ, θ) =
a0(g)

2
+

∞∑
k=1

ρk
(
αkak(g) cos kθ + βkbk(g) sin kθ

)
äîñòàòî÷íî, ÷òîáû äëÿ âñåõ k ≥ 1 âûïîëíÿëèñü íåðàâåíñòâà

1

2k + 2

(
α2
k

λ1

+
(k + 1− αk)

2

λ2k2r(k + 1)2

)
≤ 1,

1

2k + 2

(
β2
k

λ1

+
(k + 1− βk)

2

λ2k2r(k + 1)2

)
≤ 1.

Ïîëîæèì αk = βk = 0. Òîãäà ëåâàÿ ÷àñòü êàæäîãî èç íåðàâåíñòâ ïðèíèìàåò âèä

1

2k + 2
· (k + 1)2

λ2k2r(k + 1)2
=

1

2(k + 1)λ2k2r
.

Ñëåäîâàòåëüíî, óñëîâèå αk = βk = 0 ÿâëÿåòñÿ äîïóñòèìûì (òî åñòü íå íàðóøàåò îïòè-

ìàëüíîñòè ìåòîäà), åñëè
1

2(k + 1)λ2k2r
≤ 1,

÷òî ýêâèâàëåíòíî

λ2 ≥
1

2(k + 1)k2r
.

Ïîñêîëüêó λ2 > 0 ôèêñèðîâàíî, à âûðàæåíèå
1

2(k + 1)k2r
ñòðîãî óáûâàåò ñ ðîñòîì k è

ñòðåìèòñÿ ê íóëþ ïðè k → ∞, íåðàâåíñòâî âûïîëíÿåòñÿ äëÿ âñåõ k, íà÷èíàÿ ñ íåêîòî-

ðîãî íîìåðà. Îïðåäåëèì

K = max

{
k ∈ N

∣∣∣ 1

2(k + 1)k2r
> λ2

}
.

Òîãäà äëÿ âñåõ k > K ñïðàâåäëèâî λ2 ≥ 1

2(k + 1)k2r
, è ìîæíî ïîëîæèòü αk = βk = 0.

Òàêèì îáðàçîì, â ñóììàõ, çàäàþùèõ ìåòîä m(g), îñòàþòñÿ òîëüêî ñëàãàåìûå ñ k ≤ K.
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