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Abstract
We consider the optimal recovery of the Gth degree of the Laplacian value on
a function from the information on its k-plane transform, measured with an
error. We present the error of the optimal recovery and the set of optimal
methods on classes with the bounded ath degree of the Laplacian, where
0 < B < «. As a consequence, we give one inequality for the norms of the
degree of the Laplace operator and the k-plane transform. Particular cases
include new inversion methods and inequalities for the classical Radon and
x-ray transforms.

Keywords: Radon transfrom, optimal recovery, Laplace operator, x-ray
transform, k-plane transform, extremal problems, approximations

In general, a problem of the optimal recovery, studied in papers [1-3], is to recover a value of
a linear operator on a subset (class) in a linear space from a value of another linear operator
(called information), measured with an error in a given metric. In most papers (starting from
[4] and recently in [5, 6]) information is considered to be a linear functional or an operator
that maps a function to its values on a set of points, its Fourier coefficients or Fourier
transform. In the present paper we consider the k-plane transform—an operator that maps a
function on R? to the set of its integrals over all k-planes. This operator is widely used in
computerized tomography theory, which deals with the numerical reconstruction of functions
from their linear integrals. Special cases are the Radon transform (k = d — 1) and the x-ray
transform (k = 1). For the particular classes of functions there exist different inversion
formulas that allow us to produce an exact reconstruction (see [7]). We consider the case
when the k-plane transform is measured with an error § > 0 in the mean square metric. In the
optimal recovery theory operators of this kind previously appeared in [8], where for a
function on the unit disk the information is the Radon transform measured in a finite number
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of directions and paper [9] considering the radial integration operator on the class of analytic
functions. In paper [10] we consider the Hardy space &, of harmonic functions in a unit ball in
R?, while the information is the radial integration operator, measured with an error. Paper [11]
deals with the same class of functions, but under the action of the Radon transform. The
solutions in these two problems arise from the structure of the Hardy space and decom-
position of functions into a special series by spherical harmonics. The current paper solves a
new optimal recovery problem, which broadens the results to a more ‘natural’ class of
functions, which is free from the non-typical to computerized tomography conditions of the
Hardy space, and a more general information operator that includes the Radon transform as a
particular case. New optimal methods, that present the best approximation of the considered
class of functions also bring interest from the point of view of applications as they allow us to
perform the numerical reconstruction of a function from inaccurate data. Additionally we
exploit the connection between the optimal recovery problem and the inequality for operators
that arises from its solution to obtain a new inequality for the k-plane transform.

Consider Gy 4 the Grassmann manifold of (non-oriented) k-dimensional subspaces in RA.
The orthogonal group O(d) acts transitively on it and for a m € Gy 4 its stationary subgroup is
O (k) x O(d — k), where O(k) acts on the k-dimensional subspace 7 and O(d — k)—on its
orthogonal complement. Thus G;, can be identified with the homogeneous space
0(d)/(0(k) x O(d — k)). By dr we denote the O(d)-invariant measure on G 4, unique up
to a constant. According to [12] the measure of the Grassmanian can be normalized by

ISaLlISdel. . |Sd*k|

G == b b
Gl 2SSk, 1S

|Gl =S92,

|Goal =1,

and the measure of the sphere is

27Td/2

IS = .
T'(d/2)

From the general theory of Helgason [13] we derive the following formula for the integrable
functions on R? (corollary 2.4 from [14]):

| reax = ! I

Vd—k,d

fL |)C”|kf(x”)dX”dﬂ, (1)

kd ¥ T

where v, ; = |Gg—1.4-1l-
Given the representation of a point x € R? in a form x = x’ + x”, x' € 7, x” € 7w, the
k-plane transform is defined by the integral along the plane parallel to 7 through the point x”:

P a") = Bf @) = [ f@ 4+ 2, x €t
Its domain is the manifold of all k-planes in R? (see figure 1)

Gra = {(m, x"): m € Gy, x" € T}

One important relation between the k-plane transform and the Fourier transform
F©=ema? [ et

is known as the projection-slice theorem.
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Theorem 1. If f € Li(RY), then
BNE = @OMF (€, ¢ et

Hilbert space L, (Gy 4) is produced by a scalar product
(TR fG fL g(m, xMh(w, x")dx"dr.
kd ¥ T
The dual k-plane transform is defined by formula

Pre() = [ g(m B (0)ar,
G
where E,; : RY — 7 is the orthogonal projection operator onto 7 € Gy 4. Notice that P# is the
formal adjoint operator of P with duality relation

<f> PTg>r @ = <Pf, 8>L,Gu- ®

An introduction to that and related formulas can be found in [13-15].
We will work with the class of functions which is constructed through the degree of the
Laplace operator, defined for o > 0 by the equation

(=222 (©) = I€°F (©)
on the set of functions f € L, (R?) that satisfy the condition |¢ |“f (&) € Ly(RY). We will use a
shorter notation A = (—A)!/2 and define the class

W= {feL®R): |Nfl,e <15 PfeLGa)}
Suppose that for a function Pf we know an approximation g € L, (Gy 4) such that
HPf_ gHLZ(gk,d) < 6’ 6>0.

On this information we want to recover function A’f as an element of L,(R?), where
0< B<a We consider all possible methods or recovery—arbitrary maps
m : Ly(Gr.g) — Lo (RY). For every method of recovery m we define its error e (8, m) by
e(6, m) = sup A% — m ()L, e
feW.geLly(Gra)
”Pf*g HLz(Qk,d) <6

The smallest error among all the methods is called the error of the optimal recovery

E(6) = inf e(6, m). 3)
m:Ly (Gr.a)— Ly (RY)
Method m for which the error of the optimal recovery is attained, i.e. e (9, m) = E(0), is
called optimal. Our goal is to present the explicit construction for the optimal methods and the
error of the optimal recovery.

When applied to g (w, x”) the Fourier transform and operator A act on the second variable
and we use notation g_(x") = g(m, x”). Define functions ¢ (¢), y(c) and constants N N by
formulas

2a+k 0-2[3+k

(o) = . y(o) = o€ R; “

(277)](%771{,4 (Zﬂ)kfydfk,d ’
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N w2B 4+ k sen 23— 0)2(04 3) 45—
X = (@m) s St = (@ e L e 5
1= (2m)*y,_ kd)z k20z—|— k ((77)'7(1 kd)z k ok 2a+k 5)
Theorem 2. The error of the optimal recovery is given by
E@©) = YA + 262 = (@m)oqy_p )wie6 it
and the following methods are optimal:
1
m () (x) = ————[P#Nu](x), ©)
(2m) VYd—k,d
where
ﬁ(gu) — |£//|8a (5//)/g;(£/l)’ 5// c ﬂ_i’
X l)\ | //ln
a(g") = . YN D R + 3 — e, @)

N (1) + Xz A r(1€") +

+ X
€ is an arbitrary function satisfying ||e||. @ < L
Proof. Consider the so-called dual problem to (3):
HAﬁf”L 5 (RY) — sup, HAf”LZ(]Rd) <1 ||Pf||%2(gk'd) < 6.

Its solution gives the lower bound for E () due to the following inequalities, where m is an
arbitrary method:

e(, m)= sup | A — m ()|, ®e
fEW. €Ly (G )
”PfngHLz(gk,d)<[S
> sup A — m(0)|L, e
few
HPfHLz(Qk,d)gé
ASF — m(0 o + ||[=AF — m(0 "
> sup | Af Oz, + [[-AF 0|, rey

few 2
1 PAllyge o <6

> sup AL,y
few

HPfHLz(Qk (/)<5

To obtain the inequalities we notice that if function f is admissible, then function —f is also
admissible, i.e. the set W is centrally symmetric. Hence

E@®) >  sup [N, @
feW
HPfHLz(QM) <o

We use theorem 1 and equation (1) to transform the functional and the constraints in the dual
problem as follows:
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A1, e = AR, ey = [, 1617 P,
118, e = IATIR, oy = [, IEP1T ) P,

PFlI? — p IN2 oy dr — P 2
1P = f, JWBr e = [ [ @GP

Gia

—ent [ [ Fetanis = 0niay, [, o TOPE

If we denote |?(§ YPd¢ = dp(€) the dual problem can be presented as

2 k
f . Oty <52 g)

€1k
Now we consider (8) to be a new extremal problem, where du (£) is an arbitrary measure.
Obviously its solution is not less than the solution of the original dual problem. To solve the

dual problem we will present the solution of (8) and the sequence of admissible functions that
bring the same value in the dual problem. Consider the Lagrange function of (8):

L(du, A, Ap)=— N — \6?

1 |§|2a+k |5|2ﬂ+k
+ @mky, — (= N - = ——|du
-k fR 1€\ @Yy pa QY _t.a

" lePa — sup, [l <

or, using notations (4):

LGt M X0) = =N = X8+ @y [, (D + a — v €D d

158

If there exist the Lagrange multipliers Xl, Xz > 0 and the measure du*, which are admissible
in (8), that minimize the Lagrange function, i.e.

minL(dp, N, N = L(di*, A, M),
dp>0

~ -~ du*
([ lepau — 1) + Az(aw)'wdk,d Joier - 62) =0

(complementary slackness condition), then d* brings maximum to (8). We shall present such
A, A and dp*. Consider a function given parametrically by equations (4) or explicitly

and satisfy

26-2a 2p+k

y(t) = (2m)ky, ga) 2k bk, 1 = 0.
It’s concave for 0 < 8 < «. The equation of the tangent line to y(t) at a pomt 1/62 (the

corresponding value of ¢ is o* = [2m)*y, 2]1/(25‘”‘)) is u = Nt + Ay, where N, \»
defined in (5) Thus, we have )\lt(a) + )\2 —y(o) =0 (see ﬁgure 2) and L(du, \,
)\2) )\1 — /\2 62. Consider a measure supported on the sphere || = o* (i.e. the surface 6-
function)
(0*)7d+172a
dp* = ——— ¢+
K |Sd*1| €]

This is admissible in (8), satisfies the complementary slackness condition and minimizes the
Lagrange function, as L(du*, A\, \p) = =\ — X862, Thus, it brings the extremum in

5
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problem (8), whose solution is equal to N+ 62, By a standard approximation of the 6-
function it is easy to show that the solution of the dual problem is the same as in (8). Thereby

we obtain inequality E (8) > 4/ Xl + Xz 6%, which represents a lower bound for the error of
the optimal recovery.

Now we show that the error of the methods (6) is equal to the achieved estimate. First we
notice an isometry property of the k-plane transform (theorem 3.97 from [15])

HAk/ZPf”Lz(gk ) (Zﬁ)ka—k,d ||f||%2(Rd) >
which is obtained from the Plancherel’s theorem, theorem 1 and formula (1) by

I8°Pf g = [ [ 18R 27 P
kd T

= [ [ PP enpdgtan = [ [ @RI Pl an
Gra

T Gra Y

=y a [, IFOPE= @ g I -

From this property and duality equation (2) it follows that

HP#Ak |< P#Akg, P#Akg>L2(Rd)| = |<PP#Akg, Akg>L2(gk_d)|

= |<Ak/2PP#Akg, Ak/2g>L2(gk,d)| < ”Ak/zPP#Akg”Lz(gk,d) ||Ak/2g||L2(gk,d)

= V@ Y a IPFNE L, @ 1ML, G0
which results in the inequality

[P# NI, ey < QT v i 1IN %2l 60 ©)

By taking the inverse Fourier transform from both parts in the projection-slice theorem 1 we
gain the following representation for function f

g”L (]Rd)

£ = @y VP oy tr2B g (e ag
Gia It Y kd

(—d—k)/2 1"
(277) f f |£"|kP f(g//) <Proj_1x,§ >d§"d7r

Ya—k,d
(—d—k)/2 .
_ (277’2/ L f AkP f(é-//) <Pr(y L)Cf >d§"dﬂ'
d—k,d ka U
@mah2 (d—k/2) k . 1 4k
X on ) f NPf (Projx)dr = ——————P#NPf (x).
Vd—k,d Gra Cm* v _ra

We use this observation and inequality (9) to obtain an upper bound for the error of the
methods (6).
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2

IA%f = ma(8)|FF = ‘ PENPNS — u)

(Zw)k’}'d—k,d
< —kl
CmY* Y% ka

1 YT ‘ ~
Jo gAY ) — g aeng. ¢ Pag

MYyt ™

1k N )
= f(; j; |§ | ||f”|‘6f (511) _ (27T)_k/2|£”|“da(f//)§ﬂ(f//)|2df“dﬂ'

1
Vd—k,d

|2 — )P

1k Y
=) Eljevaenenrrgen - e e

1
Vd—k,d

+FENNE"P (a(€”y — D dg"dr.

We transform this expression by applying the Cauchy—Schwarz inequality |gz| < |z||g| to
vectors

z[(zm €€ ik [P @ - 1)]

\/Xiz |§”|k+20 Xl

k+20

q= [(gT ") — oM (€A, L

Vd—k,d

L A7 (5”)]

to obtain
HAk?f - mu (g) Hiz(R‘i)

Mk+20 - N
<[ [ aenEEER Fenp +ig @) - o F @R, |agan,
Gra V7

Vd—k,d

where

AN — |£//|k+2ﬁ ((2 - a2(£//) Vi-ra (@& — 1)2].

Vd—k,d )\2 |§//|k+2a )\1

Here A(£”) < 1 due to (7) and other terms are estimated by the constraints of the class W to
achieve || A%f — m,(g) ||%2 ®Y) S Al + X262, which ends the proof. 0

The design of the optimal methods actually applies a filter a (£”) to measurements and
instead of the k-plane transform we deal with its Fourier image. This filter defines the amount
of information that we use for the optimal recovery. When a (¢”) can be chosen equal to 1 the
corresponding volume of information does not need to be filtered. On the other hand some
information is unnecessary as it may not be used by the optimal method, when a (£”) can be
equal to zero (see figure 3). The following corollary shows that for sufficiently small |£”|
information g (£”) does not need to be filtered and, in contrast, for large |£”| the information
is useless, as it has no effect on the error of the optimal recovery.

7
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Corollary 1. In the conditions of theorem 2 the following methods are optimal

1
mg () (x) = ————[P*Nu](x),
(277)kr7d—k,d
where
ﬁ(f”) — |£//|ﬂa (5//)@;(5//)’ 5// c ﬂ.i7
1 1€"l < 7,
" — X " mlg I " _ " "
a€") = 5ot T e @O DA+ e =) n< gl <
0 |€//| 2 T2,

1
€ is an arbitrary function satisfying ||e||. &y < 1, 1 = (2m)k )‘2%1 kd)”” ™= )\2‘“"‘”.

Proof. As we have seen in the proof of the theorem 2 the condition on a (£”) for the method
mg(g) to be optimal is A (¢”) < 1. Puta(¢”) = 1 to this inequality and solve it for £ to obtain
1€ < (@m) /\zvd_k’d)ﬁzﬁ. Similarly put a({”) =0, then A(£") <1 is true when

o~ -l
€71 > A, O

Another application of theorem 2 is a new inequality for the norms of the k-plane
transform and the degree of the Laplace operator.

Corollary 2. The following exact inequality takes place for a function f € Ly (RY) such that
IE°F (€) € La@RY), |€1°f (€) € Ly(RY), Pf € Ly(Gra), 0 < B <

148 fllaigr < (@mYr g BRI 1A A1 -

Proof. From the solution of the dual problem in theorem 2 it follows, that
I A»fv||L2(Ru) < E@) = ((27r)k'yd k. d)2cx+A(S e , when the following constraints are satisfied:
1PV, 6p =6 and [|[A[L,@e = 1 So the expression can be presented as

||A3v||L2(Rd) ((Zw)kyd kd)7(»+k||PV L’z“(*gkkd) Now we put v(x) = ﬁ\?@ f = 0 to obtain
Al ey < (@Yo, kd)z“*k”P ] Z;'{gkkl,) |Af Z‘;(]]‘Rd)

O

As we have already mentioned some particular cases of the presented problem bring the
most interest. In computerized tomography theory the general problem is to recover a function
itself from different tomographic data, which corresponds to 3 = 0 in our notations. A special
case of = 1 is studied in the local tomography theory, where one of the methods is the so-
called Lambda tomography. Instead of function f itself it deals with the related function
Lf = Af + p/A'f. This has the advantage that the reconstruction is strictly local in the sense
that computation of Lf(x) requires only integrals over lines passing arbitrarily close to x. The
details can be found in [16]. The results for the x-ray transform totally correspond to the
theorem 2, corollaries 1 and 2 by putting 5 = 0 and k = 1. The case of the Radon transform
needs an additional remark as its usual definition differs from the one we use here. Let

8
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(a) A line parallel to 7 goes through point x” in(b) A plane parallel to = goes through point 2 in
plane 7 line 7

Figure 1. Parametrization of the domains for x-ray (k = 1) and Radon (k = 2)
transforms in R3,

s€R,0c S !and x € R?, then the Radon transform is defined on Z = R x S9! by the
formula

REO.5) = [ fuodx.

xf0=s
Clearly function Rf(f,s) has the same value as Pf(rm, x"), where 7w =
{x € RYxf = 0}, x" = s as well as

IRfloz) = V2 IPfllesGos  k=d — 1. (10)
Therefore class W for 3 = 0 can be equivalently presented as
W={feL(R):|A],rey < 15 Rf€Ly(2)}), a>0,

and the error of the optimal recovery has the form

E(6) = inf sup |f — m(@lr,®s-
m:Ly(Z)—Lr(RY feW,geL,(Z)
[Rf—glliyz) <6

From (10) it follows that the solution of this problem is equivalent to the solution in theorem 2
where 6 is substituted by 6/ J2 in the expressions for A\, A\, and E ():

4o 2(1-d)
~ a(l—d — 2a+d—1 ~ a(l— 2a+d—1
SVERNCESE LS S Rl S (R [ W S (I

20 +d — 1\2 20 +d — 1\ V2
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h

Figure 2. The figure shows function y(f) and the corresponding tangent line
ford=2,k=1,6=0,a=2,6=1.

R 52 wica [ 6 Tard T
E() = N+ M— 270 )2a+d—1 .
() = M 2> = (2m)z0+d- (ﬁ)

To present the optimal methods we denote by g*(mw, x”) the function on Gi—1,4 that

corresponds to g(#, s) and we notice that ;ﬁ\*(f”) = gy(0), where £” = 0. Then substitute
g*(m, x") into (6) to obtain

m,(g)(x) = @M= [PFA"u](x), (o) =a(o)g,(0), o €0,00), 0eS]

where g,(s) = g (0, s) and function a can be presented according to the corollary 1 as

1 0<o<2mA,
a@)= {24 gy SR \/t(a))\ @), @A <o <A
M) 1 M)+ 1 2= 2 KO A,
pgsi
O ag 2 )\120,
€ is an arbitrary function satisfying ||¢||._®) < 1. Finally, following corollary 2 the Radon

transform satisfies the inequality

2(»+1I 1 a > 0.

a(l—d) —a
Hf”Lz(Rd) < (2m)2atd-1 2 20541 ||Rf L, (RY) >

iﬂ;&)l | Af

To visualize the results we bring 2two numerical examples. In the first example we take
the Gaussian function f (x) = ﬁeﬁzﬂ , which belongs to class Wford =2, k=1, a = 2.
Its Radon transform is independent of 8 (also a Gaussian), that we denote Rf(s). We add error
in the form
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Figure 3. The optimal values of filter a lie between two graphs: one represents function
a from theorem 2 for ¢(¢”) = 1, another for ¢(¢”) = —1. Here d =2,k =1,
6=0,a=2,6=1.

15 1.5 1.5

1.0 1.0 1.0
0.5 0.5 0.5
0.0

-0.5

0.0 0.0
-0.5

-0.5

-1.0 -1.0 -1.0

-15 -1.5 -1.5

-2.0 -2.0 -2.0
-20-15-10-05 0.0 05 1.0 15 -2.0-15-10-05 0.0 05 1.0 15 -2.0-15-10-05 00 05 1.0 15

Figure 4. Contour plot of the original image (left), its reconstruction from the
inaccurate Radon transform by the optimal method (middle) and ‘natural’ method
(right).

) = a x sin(s) + b *x cos(s), s € [—1, 1]
70 s -1, 1]

where a and b are random numbers. The inaccurate approximation of the Radon transform in
this case is presented by g (s) = Rf (s) + & - e(s)/||e||L,z)» where § = noise level * ||Rf]|._.
We apply the optimal method (we choose € () = 1) to recover function f for a noise level of
0.1 and compare it to the recovery by the ‘natural’ method, which assumes a (o) = 1 and
actually presents the standard filtered backprojection algorithm (FBP).

The results of the recovery are presented in figures 4 and 6. Images show, that the optimal
method provides a more accurate result with a smaller error than the ‘natural’ method. For the
next example we use a standard Shepp-Logan phantom smoothed with Gaussian kernel, as
presented on figure 5. As previously we approximate the Radon transform with
g0, s) =Rf(0,s)+ 6- e, s)/|le|lL,z), where e (8, s) is a Gaussian distributed noise with
zero mean and standard deviation 1 and § = noise level * ||Rf||._z). We apply the optimal

1
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0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350

Figure 5. From left to right: original phantom, reconstruction by the optimal method,
reconstruction by FBP (Ram-Lak filter), reconstruction by FBP with a Hamming filter.

1.0 1.0

Phantom 3 Phantom
- FBP - FBP + Hamming filter
0.8|| — Optimal method 0.8|| — Optimal method
0.6
0.4
0.2
0.0
0.2 . -0. "

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
Figure 6. The slice of the original function, its reconstruction by FBP (Ram-Lak), FBP
with a Hamming filter and the optimal method.

0.25 0.25
~ FBP ~— FBP + Hammimg filter
0.20}| — Optimal method 0.20}| — Optimal method
0.15 0.15
0.10 0.10 4
0.05 0.05 \
imLyl |H “ |

| | (LY \
0.00 0.00 ”| ‘ ||‘ | | ‘llli I |I } ‘| VD l' |
-0.05 0.05f| i | '
-0.10 -0.10
-0.15 -0.15
-0.20 . -0.20 . .

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

Figure 7. The error of the reconstruction (on the same slice as on figure 6) by FBP
(Ram-Lak), FBP with a Hamming filter and the optimal method.

method (¢ (0) = 1) on a noise level of 0.05 and compare it to the recovery by standard FBP
algorithm (Ram-Lack filter) and FBP with Hamming filter. The original image and its
reconstructions are presented on figure 5. Figure 6 shows the slice of the original and
reconstructed images; figure 7 illustrates the error on the corresponding slice.
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