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1. Introduction

Let T be a non-empty set, ¥ be the o -algebra of subsets of T, and © be a nonnegative o -additive
measure on X. We denote by Ly(T, X, ) (or simply Ly(T, 1¢)) the set of all ¥-measurable functions
with values in R or in C for which
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1/p
XLy (T, ) = (f IX(t)Ipdu(t)> <00, 1=<p<oo,
T
IX() [ Log (T, ) = Vraisup [x(t)| < 00, p=o0.
teT

If TcRY and du =dt, t € RY, we put L,(T) = Lp(T, ).
In this paper we study the extremal problem
IwOxO T, —> max,  [[wo()X() L, T.w) <9,
Iw;OxO L rw <1, j=1,...,n, (1)

where w(-), wo(-), and w;(:), j=1,...,n, are homogenous functions with some symmetry proper-
ties. Using the solution of this problem we obtain the sharp constant K for the inequality

”W( )X( )”Lq(T w = < K”WO( )X( )”L (T, ,M)) max ”W]( )X( )”L (T, )" (2)
In particular, we find the sharp constant for the inequality

IWOROy, ey < CIWOOXO I} g X WS OXON g

where w(t) = (2 + ... + )2, wo(®) = 2 + ... +t§)90/2, wij(t) :t?l, j=1,....d, 6 =d(1 —1/q),
bp=d— (A +d)/p, 61 =d+ (u—d)/r,

pu+TA’ pu+TA

and (p,q,r) € PU P U Py, where

A, >0,

={(p,q,n:1<q<p,r}, Pi={(p,qn:1<q=r<p},
P ={(p,q,r):1<q=p<r}

Ford=1,q=1, and (p, 1,r) € P this result was proved in [5] (see also [2]).

The value of extremal problem (1) is the error of optimal recovery of the operator Ax(-) = w(-)x(-)
on the class of functions x(-) such that [|w;()x()ll.(r,) <1, j=1,...,n, by the information about
the function wq(-)x(-) given with the error é in Ly-norm. Therefore, we begin with the setting of
optimal recovery problem and prove some general theorems concerning this problem.

Inequality (2) may be considered as generalization of the Carlson inequality [3]

1/2 1/2 _
IXO @) < VT IXOI T IO 1% Ry =[0,+00),
which was generalized by many authors (see [5], [1], [2], [4], [6], [9], [10]). In [9] we found sharp
constants for inequalities of the form

17
IWOXO g0 < KIWoOXOIT, i o) IW1OXOI K L,

where T is a cone in a linear space, w(-), wo(-), and wq(-) are homogenous functions and 1 <q <
p,r < oo (for T =RY the sharp inequality was obtained in [2]).

The main difference of the results of this article and the previous ones (in particular, articles [2]
and [9]) that we obtain here exact inequalities of Carlson type and optimal recovery methods for
several weights. Moreover, we extend these results from the set P to the set P U Pq U P5.

We divide the article on two sections. The first section is devoted to the main general results and
the second section is devoted to the application of obtained results to differential operators defined
by Fourier transforms and examples of exact inequalities for such operators.

2
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2. General setting and main results
Let To be a non-empty p-measurable subset of T. Put

W ={x():x(-) € Lp(To, ), |@jOX) Lyt ) <00, j=1,...,n},
W={x()eW:leiOxOlTmwm=<1, j=1,...,n},

where 1 < p,r < oo, and ¢;(:) is a measurable function on T. Consider the problem of recovery of
operator A: W — Lg(T, ), 1 <q < oo, defined by equality Ax(-) = (-)x(-), where ¥ (-) is a measur-
able function on T, on the class W by the information about functions x(-) € W given inaccurately
(we assume that ¥ () and ¢;(-), j=1,...,n, such that A maps W to Lq(T, )). More precisely, we
assume that for any function x(-) € W we know y(-) € Lp(To, ) such that IX(-) — y()llL,(1o.) <9,
8 > 0. We want to approximate the value Ax(-) knowing y(-). As recovery methods we consider all
possible mappings m: L,(Tq, u) — Lg(T, p). The error of a method m is defined as

e(p.q,r,m)= sup IAXC) = m(YY )l Lg(T, -
X()eW, y(-)eLp(To, 1)
1% =Y Olliy (g0 <8

The quantity

E(p,q,1) = e(p,q,r,m) (3)

inf
m: Lp(To,u)—Lg(T, 1)
is known as the optimal recovery error, and a method on which this infimum is attained is called
optimal. Various settings of optimal recovery theory and examples of such problems may be found in
(71, [13], [12].
For the lower bound of E(p, q,r) we use the following result which was proved (in more or less
general forms) in many papers (see, for example, [8]).

Lemma 1.
E(p,q.1) > sup IAXC Ly (T - (4)
x(-)eWw
IXO Ly g,y =8
Set

1, teTy,

o teTy or() =Y xjlgi®l".

j=1

Xo(t) = {

Theorem 1. Let 1 <q < p,r, 4j >0, j=0,1,...,n, Ao +0r(t) # 0 for almost all t € To, or(t) # O for almost
allt € T \ To, X(t) > 0 be a solution of equation

—q|y ()T + proxP~I(t) xo(t) + rop ()X 9 (t) =0, (5)
A such that

/?p(f)du(t) <P, /I@j(f)lrﬁ(t)dﬂ(t) =1l j=1,....n
T

To

Ko(/?p(f)du(t) —5p> =0, kj(/ i (OIK (O dp(t) — 1) =0,
T

To
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Then
n 1/q
E(p.q.1) = <q”pA08" + Q’lfzkj) ; (7)
j=1
and the method

q pAaRP IO Y (O (DY (), teTo, ¥(t)#0,
0, otherwise,

m(y)(6) = :

is optimal recovery method.

To prove this theorem we need some preliminary results. The first one is actually a sufficient
condition in the Kuhn-Tucker theorem (the only difference is that we do not require convexity of
functions).

Let fj: A= R, j=0,1,...,k be functions defined on some set A. Consider the extremal problem

fo) > max, fjx) <0, j=1,....k, x€A, 9)
and write down its Lagrange function

k

L) ==fo)+ Y Aifi0. A= ).

j=1

Lemma 2. Assume that there exist ')T]- >0, j=1,...,k and an element X € A, admissible for problem (9),
such that

(a) miglﬁ(x,i) =LR&N), r=C1,..., k),
Xe
(b) /):jfj(@ =0, j=1,...,k (complementary slackness conditions).
Then'X is an extremal element for problem (9).

Proof. For any x admissible for problem (9) we have
—fo) = LX) = L& W) =—fo®). O

Note that conditions (6) are actually complementary slackness conditions.
Put

Fu,v,a)=—((1—-a)u+av)?+avP +bu", u,v>0, «oecl0,1],

where a,b>0,and 1 <p,q,r < <.

Lemma 3 ([9]). Foralla,b >0,a+b > 0,and all 1 < q < p, r < oo, there exists the unique solution i > 0 of
the equation

—q+ pauP~ I+ rbu""1=0.

Moreover, forallu,v>0and « =q 'pauP~9=1—q 'rbur 1
FU,u,a) <F(u,v, o).

In particular, for allu >0

—u? +auP +bu" < —ul+auP +bu'.
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Proof of Theorem 1. 1. Lower estimate. The extremal problem on the right-hand side of (4) (for con-
venience, we raise the quantity to be maximized to the g-th power) is as follows:

/Ilﬁ(t)x(t)lqdu(t)%max, /IX(t)I”du(t)s(Sp,
T To

[eioxoranw <1 j=1.....n. (10)
T

If t € T such that v (t) = 0, then evidently X(t) = 0. If v (t) # 0 we obtain by Lemma 3 that there
is the unique solution X(t) of (5). It follows by (6) that X(-) is admissible function for problem (10).
Therefore, by (4) we obtain

1/q
E(p.q.1) = (/Il/f(f)lq?q(t)du(f)) :
T

From (5) we have

YOI =g~ prox” (O xo(®) + 1o O (©).

Integrating this equality over the set T, we obtain
n

/ YOI O dje(t) =q ' pros? +q7'r Y Aj

T J=1
Thus,

n 1/q
E(p.q,1) > (q‘lpAmSp + q_”ZM) :
j=1

2. Upper estimate. To estimate the error of method (8) we need to find the value of the extremal
problem:

/ [ (O)x(t) — v (Oa®)y ()T du(t) + / [¥ (0)x()|7 dpa(t) — max,
To

T\To

f|x<t>—y<t>|pdu<r>s<sp, /uo,-(r)x(t)Vdu(r)sl,j=1,...,n, (11)
To T

where

(O {qlmoﬂqanw)m teTo, Y(0) #0,

0, otherwise.

Put

26— {x(t) —y(®, teTo,
0, teT\ To.

Then (11) may be rewritten as follows:
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f [ O — a(0)x(0) + a()z(0)|? dpe () — max,
T

/|Z(f)|pdﬂ(f)§5p, /|§0j(f)x(f)|rdli(f)§1, j=1....n. (12)
To T

Since |(1—a(®))x(t) +at)z(t)| < (1 —oa(®))|x(®)|+a(t)|z(t)| the value of this problem does not exceed
the value of the problem (we put u(t) = |x(t)| and v(t) = |z(t)])

/ [ O17((A = a@®)u) +a@)v(e)?du(t) — max,
T

fvp(t)du(t)ESP, fl(pj(t)lrur(t)du(t)fl, j=1,...n,
To T

u(t) >0, v(t) >0 foralmostall teT. (13)

For every u(-) and v(-) admissible in (13) we can consider x(-) = u(-) and z(-) = v(-) which will be
admissible in (12). Thus, the values of (12) and (13) are the same.
The Lagrange function for problem (13) has the following form:

c(u(-),v(~),X)=/L(t,u(t),v(t),X)d/L(t),
T

where
Lt u, v, %) = =¥ ©))9((1 — a@)u 4+ at)v)? + rovP xo(t) + or(t)u’.
By Lemma 3 we have
L(t, (), X(£), 1) < L(t, u(t), v(t), r).
Thus,
LE(),X(-), ) < LM(), v(-), 1),

It follows by Lemma 2 that functions u(-) = v(-) =X(-) are extremal in (13). Consequently,

n

1/q 1/q
e(p.q.r,m) < (/ [ (17X () du(ﬂ) = (q’lpkms" +q’]rzkj) <E(p,q.1).
T

j=1

It means that method (8) is optimal and equality (7) holds. O
Denote a; = max{a, 0}.

Theorem 2.let1<q=r<p,A0>0,1;>0,j=1,..., n,

1

q

q p-
X(t) = (m (|¢(t)|q - oq(t))Jr) , teTo, (14)
0, t ¢ To,

A satisfies conditions (6), and | (£)|9 — 0q(t) <0 foralmost all t ¢ Tg. Then

n 1/q
E(p.q,q) = <q‘1pko6” + ZM) 7 (15)
j=1
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and the method

(1= 1v O 0®) ¥ ©OY©), teTo, Y(t)#0,

m(y)(t) = io’ otherwise, 1o

is optimal.

Proof. 1. Lower estimate. It follows by (6) that X(-) is admissible function for extremal problem in the
right-hand side of (4). Therefore,

1/q
E(p.q.q) > (/W(t)W(t)du(t)) .
T

From the definition of X(-) we have

[ O19%9(6) = " prorP (£) o () + g (ORI(1).

Integrating this equality, we obtain
n

/ YOI O dpe(t) =q7 " pros? + ) 2.

T j=1
Thus,

n 1/q
E(p.q.q) > (q”p/\oé‘” + ZM’) :
j=1

2. Upper estimate. Put

() {(1 — YO 90®), . teTo, YO0,

0, otherwise.

To estimate the error of method (16) we need to find the value of the extremal problem:

/II/f(t)quX(t)—Ot(t))’(t)lqd,u(t)-l- / [¥ (O)x()7dja(t) — max,
To

T\To

/IX(t) —y®OIPdu(t) <8”, /ij(t)X(t)lqu(t) <1, j=1,...,n
To T
Putting z(-) = x(-) — y(-) this problem may be rewritten in the following form

/ W O1T1(1 = a®)x(t) +at)z)|Tdu(t) + / [y (6)x(t)|? dpe(t) — max,

To T\To
/lz(t)l”du(t)sap, /Iw;(t)x(t)lqdu(t)sl, j=1,...,n
To T

By the same arguments that were given above the value of this problem coincides with the value of
the problem
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f [y O11((1 = a®)v() + a@u()?du(t) — max,
T

/u”(t)du(t)SS", /|¢j<t>|4vq<t)du<r>sl, j=1,...n,
To T
u(t), v(t) >0, foralmostallt e T. (17)

The Lagrange function of (17) has the form

L), v(),A) = / L(u(t), v(t), A) du(t),
T

where

=Y O —a®)v+a®w!+ruP +oqO)vI, teTo,

= {_|1/f(t)|qvq+aq(t)vq» e

If a(t) > 0, then

oL
o= gt — (1 = a(®)v + a(Ou)T Hag (D).

Therefore, for «(t) > 0 and any u > 0, the function L(u, v, 1), v € (0, +00), reaches a minimum at
v=u.Set T =({teTo:a()>0}. We have

ﬁ(U(-),V(~),X)E/L(U(-),U(-),X)du(t).
To
It is easily checked that for t € T6 for all u(t) >0
L), u(-), 1) = LR(-),X(-), &).
Consequently,
L), v(-), 1) = / LR(), (), M) du(t) = LK), R(), A).
To

Taking into account (6) we obtain by Lemma 2 that u(-) = v(-) =X(-) are extremal functions in (17).
Thus,

n
el(p.q,q,m) =/|1/f(t)?(t)|qdu(t) =q"'prod? +) 4 <E'(p.q.9).
T j=1

It means that the method i is optimal and the optimal recovery error is as stated. 0O
Theorem 3.let1<q=p <1, >0,1;>0,j=1,..., n, or(t) #0 for almostallt € T,

(prlo MO (Y O — ho)4) P, teTo,

xX(t) = a1 (18)
(prlo T Oy OIP) 7, teT\To,
and X satisfies conditions (6). Then
rt 1/p
E(p.p.1n = (Aoé" + ) ZM) , (19)
j=1
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and the method

_ . teTo,
m(y)(t)=:g‘“”’(”y“) fi#’m 20,

where

0, otherwise,

a(t) = {min {Laoly O}, teTo, v #0,

is optimal.

Proof. 1. Lower estimate. By the definition of X(-) we have
r
1Y (©O1PRP (£) = 20xP (£) o (£) + Eor(t)?r (t).

Using the similar arguments as in the proof of Theorem 1 we obtain

1/p r 1/p
ez ([ worRome) = (00 + L300
T j=1

2. Upper estimate. To estimate the error of method (20) we need to find the value of the following
extremal problem:

/IW(I)IPIX(t) —a®)y®Pdu) + / [¥ (Ox(®)|P dp(t) — max,
To

T\To

/Ix(f) —y®OPdu) <8P, fl(pj(f)x(t)lrdu(f) <1 j=1..,n
To T
Putting z(-) = x(-) — y(-) this problem may be rewritten in the form

fllﬁ(f)lpl(l —a(O)x(t) +a®OzO)|P du(t) + / [¥ (©x(0)|P dja(t) — max,
To T\To

/Iz(f)lpdu(t) <éb, /Ifﬂj(t)x(f)lrdu(t) <1l j=1...,n
To T
The value of this problem coincides with the value of the problem

/ [ ©O1P (1 = a@)v©) +a@u©)? du(t) — max,
T

/up(f)du(f) <8P, /|<ﬂj(t)|rvr(t)du(t) <1, j=1,...,n,
To T

u(t), v(t) >0, foralmostallt e T. (21)

The Lagrange function of (21) has the form

LU, v(), 1) = / L(u(t), v(t), M du(t),
T

where
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L. v.7) = =[O (1 —a@®)v +a®u? + rouP +or(O)v", teTo,
o =Y OPVP + or ()Y, teT\To.

For t € Tg and |y (t)|P > Lo we have

oL p—1 p—1
i pro” = (1 —a@®)v +a®u)" ).
Consequently, in this case for any v > 0 the function L(u, v, 1), v € (0, +00), reaches a minimum at
v=u.IfteTo 0<|y(t)|P <ho, then a(t) =1 and L(u,v,%) > 0. If t € Tg and v (t) =0, then again
L(u,v,2)>0.Set Ty ={t e To:|¥ )P > Ag}. Then for all u(t), v(t) >0 we have

c(u(~>,v(ﬂ)z/L(v(o,v(-),X)du(tH [ LG V(). T dpo).
T1 T\Tg

It is easy to check that for all v(t) >0

L(v(), v(), &) = LX(-),X(-), 1).
Therefore,
L), v(), 1) > / LX), R(), M du(t) = LE(),R(-), ).
T1U(T\To)

Taking into account (6) we obtain by Lemma 2 that u(-) = v(-) =X(-) are extremal functions in (21).
Consequently,

n
—~ —~ r
eP(p,p.r.m)= / 1Y (OX(0)|Tdpa(t) = 108" + P > xj<EP(p.p.7).
T j=1

It means that the method m is optimal and the optimal recovery error is as stated. O

Note that if conditions of Theorems 1, 2, and 3 are fulfilled, then we have

E(p.q,1) = sup 1Y (X g (1) (22)
XL g, =8
lo; XLt =1, j=1,....,n

In Theorems 1, 2, and 3 we actually used the Lagrange principle and expressed the solutions in

terms of the extremal function X(-) and Lagrange multipliers A, j =0, 1,...,n. Next, we will consider
the cases when the extremal function X(-) and Lagrange multipliers A;, j=0,1,...,n, can be found
exactly.

Note also that the accuracy estimates in Theorems 1, 2, and 3 do not give the order of error by 3.
In further results this order will be obtained.

2.1. The case of homogenous weight functions

Let T be a cone in a linear space, To = T, u(-) be a homogenous measure of degree d, |V (-)]
be homogenous function of degree n, |¢;(-)|, j=1,...,n, be homogenous functions of degrees v,
¥(t) #0 and Z'}:l l@j(t)] # 0 for almost all t € T. Let assume, again, that 1 <q < p,r < oo. For

1 1
k € [0,1) the function k?-4(1 — k)" ™9 increases monotonically from 0 to +oco. Consequently, there
exists k(-) such that for almost all t € T

1 1 . n
O ST oo, s =3 e (23)
(1— k(0) ™ =

10



K.Yu. Osipenko

Set

k(t) = (1 B W(t)'_qs‘i(t))y (p,q,1) € Pq,
min{1,]y®IP},  (p.q,1) € Pa.

Journal of Complexity 81 (2024) 101807

Theorem 4. Let (p,q,7) € PUP{UPyand v +d(1/r —1/p) # 0. Assume that for (p,q,r) € P U Pq

I =/|w<t>|%l<ﬁ(r>du(r)<oo,
T

qr_ T .
Iitq =/|1p(t)|1H1|g0j(t)|rkpff1(z)d,u(t)<oo, j=1,...,n,
T

and for (p,q,r) € Py

h= / (51 OGO —1)4) 7P du(t) < oo,

T

I =/|<oj<t>|f(s;1<r><|w<t)|P —1)4)7F du() < oo, j=1,...
T

Moreover, assume that I; = ... = Ip41. Then

E(p,q, 1) =8"1;7P1; (1 4 nip /e,

where

_v—n—d(d/g—1/r)
T v+d(/r—1/p)

The method
my)(t) =kEHYO)y(t),
where

1
£= (811—1/p15/r) VFA(1/r—1/p) ’

is optimal.

Proof. 1. Let (p,q,r) € P. Put

1
2O = (qw(t)lq) p=d kﬁ(st),
pPro

where Ao will be specified later. We have

proxPTI(t) = q|y (0)|7k(&D)
and

r—q

CIII#(OI")ﬁ

rsp(OX 9(t) =rsp(t) (
PAo

kp=d (Et).

(27)

Since [y ()| and |@;(-)], j=1,...,n, are homogenous it follows by (23) that

11
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q(p—r) q(p—r)
=4 [y (Et)| P pd2=D _yp [P (E)] P
krp-a(t) = ——— (1 — k(ét)) = p—q ——— (1 —k(&t)).
s sr(§t) : : sr(t) s
Thus,
i= (p=1)
- qp—r
rsr(t)?f—%)=r<i> £ Ty 01 (1 — k(ED).
pho
Put
= (p=n)
izl (L) P gt (28)
r \phro

Then

rasr(OX () = qly (D17 (1 — k(ED)). (29)
Taking the sum of (27) and (29), we obtain

ProxPTI() 4 ras, (X () = qly (D)7
It means that X(-) satisfies (5) for Ay =...=A; =A.

Now we show that for
pP—q —
ro=d1y7 gmmd g0 (30)

p
the equalities

/?p(t)d/x(t) =P, /prj(t)lr?r(t)dﬂ(t) =1, j=1....n,
T T

hold. In view of the definition of X(-) we need to check that

L
/ (qW(t)W) P ety duo) = 6.

Pho
qly O \P .
/|(pj(t)|r< kr=a(gt)ydu(t)=1, j=1,...,n.
Pho
T
Changing z =&t and taking into account that functions [y ()|, |@;(-)|, j=1,...,n, with the measure

(-) are homogenous, we obtain

p

q \r+ 1P 1q q prfq T fvr+d
T Ilzgpgp—q R (_ Ij+1:gp—q ,j=1,...,n.
Pko) pho

The validity of these equalities immediately follows from the definitions of A9 and &.
It follows by Theorem 1, (30), (28), and (26) that

AodP A e
E9(p.q.1) = P20 q+m—=11" AR

r-q

Ao\ P4 ) _ —a(1—
+n<%> %_Ur nqppiq :Sq)/l_l QV/PIZQU y)/r(11+n12).

Moreover, the same theorem states that the method
m(y)(©) =q ' prox’1O)|Y O Ty Oy () = kEDY (O y(D)

12
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is optimal.
2. Let (p,q,r) € P1. We use Theorem 2. Consider the function X(-) defined by (14) with A1 =... =
An = A. Let us find A9 and A from the conditions

f?p(t)du(r>=8p, flrpj(t)l‘rﬂ(t)du(t)=1, j=1.....n
T T
Then we obtain

q \r3 . 5 p
<ﬂ) /('W)' — asgO) T dpu(t) =8P,
T

q

_q
(ﬁ) q/ij(r)r’(wanq—Asq(t))i‘q du@®=1,j=1,....n.
T

Put A =aV)4, g > 0. Changing t = az, we obtain

- _a_ )
pP—q pan P—q q°n
i ad+pfq]]=5P, i ad+qu+pfqu+1=1,j=1,,,,,n,
Pho pho
It is easy to check that these equalities are fulfilled for

a= (1}“’1;”%3-1)rdwlq—l/p) , Ao= %1112—15—11(11*4/13 125Q)4u+d(?/jyvfl/p> )

Substituting these values in (15) and (16) we obtain the statement of the theorem in the case under
consideration.

3. Let (p,q,r) € Po. Here we use Theorem 3. Put A1 =... =X, = A in the definition of X(-) (see
(18)). We find A and X from the conditions

f?p(t)du(t)=5p, /|<pj(t)|r7(t)du(t)=1, j=1,...,n.
T T

We have

_p_
(£)~ /(s:%t)(hﬂ(t)#’—mpﬁ du(t) =P,

™
T

(%)”f|¢j<t>|r(s;1<r><|w(t)|l’—xohﬁ du®) =1, j=1.....n.
T

Put A9 =a"P, a > 0. Changing t = az, we obtain
P 2
— p™n _ prv
() e =,
P\ droyRn_rv ;
<H) a =porpli =1, j=1,...,n.

These equalities are valid for
1
a= /P sty T
p 1ap_ e pn/r—v—d(/r—1/p)
A= 717" SPT (YR Ty v )
It remains to substitute these values into (19) and (20). O

13
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Corollary 1. Assume that conditions of Theorem 4 hold. Then for all x(-) # 0 such that x(-) € L,(T, u) and
@j()x() € Ly(T, ), j=1,...,n, the sharp inequality

1 XLy T,y < Clix(: "y (T | max ||(p]( (- )||L & (31)
holds, where
— — ‘17
=4 y/plz (1 4onp)'a,
Proof. Let x(-) € Ly(T, ), 19j()x()lL.(r,p) <00, j=1,...,n and x(-) # 0. Put
A= max |¢;(-)x( .
max @i (x N T,w

Consider X(-) = x(-)/A. Put § = ”/i(.)”Lp(TO»M)' Then ||(pj(~)5€(-)||Lr(T,,L) <1, j=1,...,n. In view of (22)
and Theorem 4 we have

= =Y
1Y OXC gm0y < CIROL (70
This implies (31).

If there exists a C < C for which (31) holds, then

E(p.q.1) = sup 19 (X lLy(r,u) < C87 < C8Y.
XLy =8
lo; XLyt =1, j=1,...;n

This contradicts with (24). O
Let [w(-)|, [wo(-)| be homogenous functions of degrees 6, 6, respectively and |w;(-)|, j=1,...,n,

be homogenous functions of degree ;. We assume that w(t), wo(t) # 0 and Z'}zl [wj(t)] #0 for
almost all t € T.

For (p,q,r) € P we define I?(-) by the equality
~_1
AEICHEE ‘ wo(t)
1-kep= | WO

= ( n r)‘ﬁ
j=1
For (p,q,r) € P set

k@ = (1 — w1 Z |w1<t>|q)

j=1

w(t)

Put

- - ~ . -7
6=0+d/q, Go=060+d/p, 61 =0, +d/r, y_J = (32)
]_ 0

Corollary 2. Let (p,q,r) € PU P1 U P, and 50 #* @.Assume that for (p,q,r) € P U Pq

w(t) = ~_p_
1—/‘W © kr=a (t)du(t) < oo,

. |w(®)|?
T = [ 5 WO kPT O du(0) < oo, j=1..
Wo(t)| -3

14
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and for (p,q,r) € Py

_b_
Ti= [ wo(or (('W(”'p - 'WO(“"J”)W du(t) < o,
T

22:1 [wi ()|

T

N p_ P =
,H]:/'Wj(t)'r(uw(tn wo(0)] )+> P i® <00, =1, ..t
T

ZZ=1 [wi(t)|

Moreover, assume thath =... :7,1“. Then for all x(-) # 0 such that wo(-)x(-) € Lp(T, ) and w(-)x(:) €
L(T,w), j=1,...,n, the sharp inequality

= 7 ) 1-y
IWOXO gt = CIWOOXOIT, 1y 3K N05OXON (33)
holds, where

fe :7]*)7/1972*(1*77)#(71 + iy,

Proof. Set
w(t) wi(t)
YO =—2, @i)=—"", j=1,...,n.
wo(t) wo(t)
Then [y (-)| is a homogenous function of degree n =0 — 6 and |@;(-)|, j=1,...,n, are homogenous

functions of degrees v =07 — 6p. The quantity y which was defined by (25) has the following form:

L _h-d
T

It follows by Corollary 1 that for all y(-) # 0 such that y(:) € Lo(T, ) and @;(-)y(-) € Ly(T, ), j=
1,...,n, the sharp inequality

= 4 ) 1-y
||1/f()}’() ”Lq(T,/L) = C||Y() ”Lp(T,l‘-) 1??;()1 ||<P1()Y() ”Lr(qu/-)
holds. Substituting y(-) = wo(-)x(-), we obtain (33). O
2.2. Homogenous weights in R¢

Let T be a cone in RY, duu(t) =dt, |y (-)| be homogenous function of degree 7, i, j=1,...,n,
be homogenous functions of degrees v, ¥ (t) #0 and Z'}:] l@j(t)| #0 for almost all t € T. Consider
the polar transformation

t; =pcoswsi,

ty = p sinwj cos wy,
tg_1=pSinwiSinw,...sinwy_y COSwWq_1,

tg=psinw; sinw;y...sinwy_y sinwg_1.

Set w = (w1, ..., wq_1). For any function f(-) we put

7(50) =|f(coswyq,...,sinwysinw,...sinwg_s sinwg_1)|. (34)

Note that if |f(-)| is a homogenous function of degree «, then f(w) = p¥|f(t)|. Denote by Q the
range of w. Since T is a cone, 2 does not depend on p. Put

J(w) =sin2 wysinf 3w,y ... sinwg_s.

15
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Assume that y € (0, 1), where y is defined by (25). Put
1 1 y 1—-vy

~_1_r_ . (35)

g q p r
It is easy to verify that g* > q > 1. Moreover,

. _ Par(v+d(/r=1/p))

vr(p —q) —nq(p —1)
Theorem 5. Let (p,q,r) € PUP1 U Py and y € (0, 1). Assume that
o
1= %J(m)dw<oo,
Sr (w)
and I} = ... =1, where
V7 (@) (@)
!/ ] .
= | ———— J(w)dw, j=1,...,n.

J /g«rq a V)/r+1(a))
Then

E(p,q,1) =K8”, (36)
where

=y « N g
K=y7g<1—y> ' B@'y/p.a*A—-y)/n)!
n lv+d(1/r=1/p)l(yr+ (1 —=y)p) ’

B(-, -) is the Euler beta-function. Moreover, the method

M) =k (EFTT) g 0y ),

where

1/r=1/
?:5y—vp<1—7>1” B@y/p.a°A—y)/N]1 ’
n lv+d(1/r=1/p)I(yr+ 1 —y)p) ’

is optimal recovery method.

Proof. First of all, we note that I} + ...+ I, = I. Consequently, I;. =1I/n, j=1,...,n. We will apply
Theorem 4.
1. Let (p, q,r) € P. Passing to the polar transformation we obtain

1 ~ _4(p=1)
kr=a(p,w na(p=n-vr(p=q) 1 P-DT-0 (@
# = /O (p—q)(r—q) u

(1—k(p, )77 7 ()

Using the same scheme of calculation of I as it was given in [9, Theorem 3], we obtain

1—y\ '
Y (Z+Ty> B DI,

I =
priv+d(1/r=1/p)| \ p

where

q=q

p=ql
o

16
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In a similar way we calculate

1-y % 1—7/)‘1 o
lii1= — 4+ B(p,l;, j=1,...,n.
= v+ d(1/r = 1/p))| (p r @21 |

Thus,

1-y y 1-vy )1 A
I, = —+ B(p,ql.
2= apriv T d(1/r—1/p) <p r) Beo
It remains to substitute these values into (24) and (26).
2. Let (p,q,r) € P1. Now we use the scheme of calculation of I; which was given in [11, Theo-
rem 3]. We obtain

B(q*y/p+2.4*(1 —y)/q)

1 q'y/p+1
v—nlgq*y/p+1+q*1-y)/q

“lv—nlq

B(q*y/p+1.4°01—y)/q).

Since r = q we have

1 1 1 vV—n
—~=V\-—=Z ) VY= T ga 0
q q p v+d(1/q—1/p)
Therefore, g*y /p +1=q"y /q. Hence

Iy . i
= B 1, 1—
Iy qa*y/p L
= B i 1_
T sy ACR LR O
Y 14 l—y)‘l
N > B, QI
PrIerd(l/r—l/p)|(19Jr r ®.9

By the similar way we get
’
I

v —nlq

Iiy1= B(q*y/p+1.4*A—y)/q+1)

I *
j qy/p X X
= B(@"y/p.a" (A1 —y)/q+1
v—nlgq*y/p+q*1—-y)/q+1 @y v )
_LyB@y/p.ad-y)/ath 1 -y)B@E.OI (Z 1—y )1
[v—nlp nprjv+d(1/r—=1/p)l \ p r
Thus, we obtain the same formulas for I1 and I, as in the first case.

3. Let (p,q,r) € Py. Here we use the scheme of calculation of J; and J, which was given in [11,
Theorem 3]. We obtain

I
Ih=—B(q"'y/p+1.4° A —y)/r+1),

nlp
/.
ljp1= m—pr(q*y/p,q*(] —y)/r+2), j=1,....n.
Since ¢ = p we have

LN )<l_l> TV
e V) Y=V dar—1/p)

17
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Therefore, ¢*(1 —y)/r+1=q*(1 — y)/p. Hence

I qy/p * *
Il:Wq*y/p+q*(1—y)/r+1B(q Y/p.q* A —y)/r+1)
_lyB@y/p.g"A—y)/r+1) Iy ¢*(A—y)/rB(@*y/p.q*(A —y)/1)
B Inlp ~ Inlp qy/p+q A —y)/r
_ yBG®.®I (V+1—V>‘1
~opriv+d(1/r—1/p)| \ p r ‘

For Ij1, j=1,...,n, we have

Ii (q*( —y)/r+ DB @y /p.qa*(1 —y)/r+1)

Ij'H = * *
Inlp ey/p+q*(1—-y)/r+1
LA =y)B@y/p.a" 0 =y)/r+1)
B Inlp

_ (=-y)B@.DI (Z+1—7>_1
" nprlv+d(1/r—1/p)| \ p r ’

Again we obtain the same formulas for I1 and I, as in the previous cases. O
For n =1 Theorem 5 was proved in [11]. Analogously to Corollary 1 we obtain

Corollary 3. Assume that conditions of Theorem 5 hold. Then for all x(-) such that x(-) € L,(T, u) and
@j()x() € Ly(T, w), j=1,...,n, the sharp inequality

Y (1Y
1 OXO 1.0 = KIXOI, iy 03X 1950XONL

holds.

Let [w(-)|, [wo(-)| be homogenous functions of degrees 6, 6, respectively and |w;(-)|, j=1,...,n,
be homogenous functions of degree ;. We assume that w(t), wo(t) # 0 and Z'}:] [wj(t)] #0 for
almost all t € T. Define W(-), Wo(-), W1(-) by (34). Similar to Corollary 2 we obtain

Corollary 4. Let (p,q,1r) € PUP1U P, and ¥ € (0, 1) where ¥ is defined by (32). Assume that

~ Wi(w)
l=/ —== — = rj(a))da)<oo,
WY (@) (i W)™

where

and I} =...=

~ Wi (@)W ()
/ Jw)dw, j=1,...,n.

~q7 ~ q(1—y)/r+1
b 5 @ (She W)
Then for all x(-) such that wo(-)x(-) € Lp(T, w) and w;(-)x(:) € L;(T, w), j =1, ..., n, the sharp inequality
v 4 1-y
W OXOLgr ) < KIWoOXOIL (7 0 max WXL 7 )

18
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holds, where

~ _1=¥ ~ o~ 5 7\
- _%(1—)/) aa f@:/p,q(l—y)/r)l ! (37)
01 —GolFr+ A -Pp) )

The statement of Corollary 4 for (p,q,r) € P and n =1 was proved in [2].
We give an example of weights for which conditions of Corollary 4 hold. Let T = Ri, 61 >0,

wt)=@G+... 4+ wo)=@G+...+H02 wi=t]. j=1.....d (38

The condition 0 < ¥ < 1 is equivalent to inequalities 51 >0 > 50 or 51 <0< 50. Therefore, we assume
that for 6 and 6y inequalities 0; +d(1/r —1/q) >0 > 6y +d(1/p —1/q) or 61 +d(1/r—1/q) <6 <

6o +d(1/p — 1/q) hold.
It is easy to check that W(-) = Wo(-) =1 and W j(w) =?jel (w), j=1,...,d, where

t1(w) =cos w1,
t2(w) =sinwq coswy,

ty_1(@)=sinw sinw;...sinwy_3 COSWy_1,
tg(w)=sinw; sinw; ...sinwy_, sinwy_1.

Note that

d
> R =1.
k=1

For T we have

~ J(w)dw _ _
= [ e =0 (39)
1
- (Zk:l G (“))>
If 161 <2, then
d d
~ 0 ~
Y BN w) =) ) =1. (40)
k=1 k=1
For r6; > 2 by Hoélder’s inequality
d d " 2
ENATE Oaral) R
k=1 k=1
Thus,
(41)

d
~ _m
>R @ =d
k=1
It follows by (40) and (41) that T < co.
For I} we have
T J () dw
J .d.

T = / — i=1,...
j ~ qa—y/r1° ’

d 0

! (Zk=1 b 1(“)))

19
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Consider the integrals

0aa-9)12
(Zk 1 k) 0o
Lj= / dt, j=1.....d.

qa-=y)/r+1
r01>
R‘iﬂBd (Zk 1

where B¢ is the unit ball in R?. If we change variables in L; changing places variables ¢; and t, then
Lj passes to Ly. Therefore, L1 = ... = Lg. Passing to the polar transformation we obtain that L; =T /d

j=1,....d Cons.equently, I=..= I’
Thus, we obtain

Corollary 5. Let (p,q,r) € PUP1U Py, 01 > 0, 0 and 6y be such that 6, +d(1/r—1/q) >0 > 69 +d(1/p —
1/q) or61 +d(1/r—1/q) <6 <6y +d(1/p — 1/q). Then for weights (38) and all x(-) for which wo(-)x(-) €
Lp(RY) and wj()x(-) € Lr(RY), j=1,...,d, the sharp inequality

IwOXON L, re ) < Klwo(x()1I” max IIWJ( x|}

Lp(RY) | L (Rd )

holds, where K is defined by (37) in which the value T is defined by (39).
We give one more example.

Corollary 6. Let (p,q,r) € P U P1 U Py, weights w(-), wo(-), w;j(), j =1,...,d, be defined by (38) for
60=d(1-1/q),00=d— (A+d)/p, 61 =d+ (u —d)/r, where 1, u > 0. Put

__ M B= A
Tpu A+t U purA

Then for all x(-) such that wo(-)x(-) € Lp(R )and wi()x(-) € L (R ), j=1,...,d, the sharp inequality
IWOXON ) = CIWOOXON e, MaX W OXON gy,

holds, where

db I s o B 1/q—a—p
() (rp)P ()L‘HL <1/CI—01—/3’ l/q—a—ﬁ)) ’

J(w)dw
d Frd-D+p ﬁ.
md-! (Zk=1 ty (60)>

Ford=1,q=1, and (p,1,r) € P the statement of Corollary 6 was proved in [5].

and

I =

3. Recovery of differential operators from a noisy Fourier transform

Let T be a cone in RY, duu(t) =dt, |y (-)| be homogenous function of degree 7, i, j=1,...,n,
be homogenous functions of degrees v, v (t) # 0 and Z’}:] lpj(t)] # 0 for almost all t € T.

Let S be the Schwartz space of rapidly decreasing C*°-functions on R%, S’ be the corresponding
space of distributions, and let F: S’ — S’ be the Fourier transform. Set

X, = [x(~) €S 1 0i(VFx() e Ly@RY), j=1,....n, Fx() € Ly(RY) } :
We define operators Dj, j=1,...,n, as follows

20
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Djx(-) = F ' (@j(OFX(:))(), j=1,...,n
Put

Ax() =F 1 (OFX() ). (42)

Consider the problem of the optimal recovery of values of the operator A on the class
W7 ={x() € Xp: IDjxOll,®ey <1, j=1,....,n}, D=(D1,...,Dn),

from the noisy Fourier transform of the function x(-). We assume that for each x(-) € WI? one knows
a function y(-) € Lp(Rd) such that ||FX(')—y(')||LP(Rd) <4, 8 > 0. It is required to recover the function

Ax(-) from y(-). Assume that Ax(-) € Lq(Rd) for all x(-) € X;,. As recovery methods we consider all
possible mappings m: Lp(]Rd) — Lq(Rd). The error of a method m is defined by

epg(A,D,m) = sup [AXC) =mY) O, ®e)-
x()eWP. y(heL,(RY)
IFXO=y Ol ra) <8

The quantity

Epg(A, D) = inf epq(A, D, m) (43)
b m: Lp(RY)— Ly (RY) b

is called the error of optimal recovery, and the method on which the infimum is attained, an optimal
method.

3.1. Recovery in the metric L,(R%)

By Plancherel’s theorem,

IAXC) = m) Ol @y = W (Fx() = F) Ol @e)-

@ )d/z

Moreover,

DXLy wey = lojOFXOl,®ays J=1,....0.

1
(zn)d/z
Put

1 .

L>(RY)
If x() € WD, y() € Lp(Rd) and ||Fx(-) — J’(')”LP(Rd) <5, then z(-) = Fx(-) € W and ||z(-) —
YO, rdy = 8. On the other hand, if z(-) € W and |z(-) — y()ll ., (r¢) <8, then x() = Flz()e WpD
and ||FX( ) = YO, re) = 8. Therefore,

1
sup Y(Fx() — Fm(y))(-)
x(eWP, y(reL,®h I (2T )d/2 @n)i? Ly (RY)
IFXO YOl <3
1
= ———F(m
LW, yOrely R (2n)d/2w() “)— ] (my)E) L)

1200~y Ol ) <5
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Thus,
ep2(A,D,m) = sup v()z() — ! Fm(y)) ()
2()eW. y()eLy (R (2”)d/2 @mir L(RY)
1200 =Y Ol (e, <6
Consequently,
Ep2(A, D)

> inf sup
iz LyRH—>L2RY 70yew, y()eL, RY)
llz(-)— J'()HL (Rd)=S

Y ()z() —my)()

2 )‘jl/2 Ly(RY)

=E(p,2,2), (44)

where E(p,2,2) is the value of problem (3) for g =r =2 with ¢;(:) replaced by (27'[)*‘1/2901-(-),
j=1,...,n, and ¥ (-) replaced by (27)~ 92y (.). ~
Suppose that mi: Lp(Rd) — L, (RY) is an optimal method for E(p, 2, 2). Then

E(p,2,2) = sup Y ()z() —my)()
Z()eW, y()eLp(R?) @r )d/2 Ly(RY)
120=yOll Ry <8
= sup IAX() — m)2F Y @) Ol ®a) = Ep2(A, D). (45)

X(eWP, y()elp(RY)
IFXO=Y Ol Ry <8

It follows from (44) and (45) that Epp(A, D) = E(p,2,2). Moreover, if i is an optimal method for
E(p,2,2), then 2m)¥2F~1(f(y)) is an optimal method for E,2(A, D).
For ¢ =r =2 we denote by 7 and G* the values y and q*, which were defined by (25) and (35):

5 v—n ?_;
Y=yvdaanz-1p T Traz-1p;
Set
17 e - 1/q*
o (1=P\ 7 (B@Pp+1TA-7)D\
Cp(V’n)—V P n 2|U—T]|

Theorem 6. Let 2 < p < oo, ¥ € (0, 1). Assume that

b
I = f Ml(w) dw < o0, Hd—l — [0’ jT]d_z 9 [0’ 27[] (46)
<d (17)/)/2(0))
me-1 2
and Iy = ... =1}, where
RO
;: / Wl((u)da) i=1,. -
md-1 ) (w)
Then
1 oo
Epalh D)= o a0 -
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K.Yu. Osipenko

The method
~ _ 2(8)
m(y) ) =F~"! ((1 —ﬂ—) w<t)y(t>), (49)
VZGIEyN
where
p=_= v 2w, n) (511/2*1/19)2)7
nQm)d P
is optimal.
Moreover, the sharp inequality
pv, I
1AXO ) < =5 Sam— IF XOI} g max 1D x( N e, (50)
holds.
Proof. Let 2 < p < co. By Theorem 5 we have
- = ksY
Ep2(A, D)= Qm)i 2 K§",
where
_ _17 ~ ~ 1/q*
K=7 %(1—1/) 2 B@y/p.¢*A—=7)/2)]1
n lv+d(1/2-1/p)I2y + (1 —¥)p)

From the properties of the beta-function we find that

B@%v/p.q"(1—9)/2)
v+d(1/2-1/pIRY + 1 —)p)
B@V/p+1.07°0—-V)/2 @V/p+qT(1-9)/2)
v+d(1/2-1/p)|2Y + A = P)p)T*V/p
_B@PALTA-DD
2[v —n| '

Thus, equality (48) holds.
It follows by Theorem 5 that the method

s
~ (4 _ETs2(0) —d/2
my)(t) = (1 Y OP ) @m)~ Y )y,

)1/2—1/p

where
5 A_l/p<1 —?)”2 B@7/p.a*(1—7)/2)1
V+d(1/2-1/p)I27 + (1 - P)p)

= 2m)i/2 n

is optimal. In view of (51) we obtain

7 27(1/2—1/p)
= 52yy—2y/p 1=\ (B@7V/p+1.30-)/2)1 y(/2=1/p
Qm)dy n 2lv — 1]
‘1 _ A A
4}1(27[)@ C%(v n) (511/2 1/P)

23



K.Yu. Osipenko Journal of Complexity 81 (2024) 101807

Inequality (50) follows from Corollary 3. Consider the case p = oo. It follows by Lemma 1 that

Eco2(A, D) > sup IAXC) N L, (- (52)
x(Hewl
IFXO, )5
Let X(-) be such that
3, P& > As2(8),
0, Y& =2rvs208).

We show that A > 0 may be selected from the condition

F?(E)Z{

o )d/I%(S)I IFREPde=1, j=1,.

Thus, A > 0 should be chosen from the condition

8 f |9 (&)1* dg = (2)".
¥ (E)>Av/52(8)

Passing to the polar transformation for v > 1 we obtain

P (w) ~ 1
2 [ = d / w+d-1g, _ o) @ =( V() )”_".
H/ ¥ (@) J(w)do J P p=Q2m)", P1(w) WG]
d-1

If v <, then 2v +d < 0 (since ¥ € (0, 1)) and we have

+00
82 / 75 (@) ] (@) do / 2 dp = )¢
g1 b1 (w)
Hence
82 2v4d
AT L= m).
20 +d] n I =(2m)

As already noted, it follows from the equality I3 +...41I;, = that 13 =1I/n, j=1,...,n. Consequently,

521 %
- ((2n)dn|2v + d|> '

It is easily checked that

) 1 i
Co,m) = m(HIZv +d[)v+arz,

As a result, A2 = 8. In view of (52), using calculations similar to those that were above, we obtain

E25(A, D) > | AR() |12 _ 2 [y (€)% d
o2 = LR ™ (277)d
U (&) >A/52(8)
82 _2n+d 1
- I — P, (53)
121 +d|2m)d Qm)d7 ~>
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We estimate the error of the method (49). Put

$2(8)
=(1-— .
“® ( ’3|w<s>|2>+

Taking the Fourier transform we obtain

IIAX(~)—ﬁ(}’)(-)IIf2(Rd) /II//(E)I |FX(§) —a©)y(©)I dt.

@m)d
We set z(-) = Fx(-) — y(-) and note that

1z wey =6 /I%(-‘E)I IFx@)Pde <1, j=1,.

@n)d
Hence

IAXC) = AW OI2, o) = / W 11— a(€)) Fx(®) +a@)z@)? dé.

@)

The integrand can be written as

[V () —a))v/Bs2(5) Fx(&)
530 +Va)va) |1/f(.§)|z(.§)

Using the Cauchy-Bunyakovskii-Schwarz inequality

lab + cd|? < (la|® + [c[®)(Ib|> + |d|?)

we obtain the estimate

1AXC) =W OIF, gy

< vraisup S(§) —— / (Bs2(&)IFX@F +a®1v ©)P12(6) ) d,
EERd (271') e
where
2 1— 2
s < ORI —a@?

Bs2(§)
If | (£)]% < Bs2(&), then a(¢) =0 and S(&) < 1. If | (&)]% > Bs2(&), then S(&) = 1. So we have

€32 (A, D. 1) < / (Bs2©IFX©P +a®lv © P ) dt

@)
]Rd
<npr o [ (ver-ssme)de
Y, ’
[ (E)|>A/52(8)
82 2
1+ g / WO )d/sz@nmsn ds
¥ (&)|>A/52E) Rd

52
= 20 / [y (€)1>dg < E2,(A, D).

[V (E)>Av/52(8)
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It follows that the method i (y)(-) is optimal. Moreover, by (53) we have

82
EZ,(A, D)= ) / [y ()* d& = Gr )d?CZ (n, k) 12/T 527
¥ &) >A/52(8)

Similar to the proof of Corollary 1 we prove that for p = co inequality (50) is sharp. O

Let ¢ = (21, ...,04) € ]Ri. We define the operator D¥ (the derivative of order o) by

Dx(-) = F~((i&)* Fx(§)) (),

where (i§)* = (i&1)*1 ... (i&g)*.
Consider problem (43) for Dj = D", j=1,...,d, where ej, j=1...,d, is a standard basis in RY,
and A defined by (42). Assume that ¥ (-) has the following symmetry property

V(oo ) =Yy €y, 1< jm<d.

Moreover, we assume that fﬁ(~) is continuous function on I14-1,
In this case for (46) and (47) we have

= Y (a))](wzdw _ (54)

4~ (-2’
d—1 (Zkﬂtzv )
¥ ()T () ] (@) do
>q*(1 s 1= 1

-1 (Zk:l tkzv(w)

Similar to how it was done for weights (38) we prove that I < oo and I} =... =1I}. Thus, from
Theorem 6 we obtain

1/

N

Corollary 7. Let 2 < p <ocoand v > n > 0. Then

Epa(A, (DY, ... DY) = Cpu, 1T 57,

1
@m)dv/2
where I is defined by (54). The method

. _ Il
t)=F 1 1-— = t ],
A)©) (( P YOro

where

5 "
_ 1/2-1/
p= d(2 )dy Cotwm (s11217)

is optimal.
The sharp inequality

Cpw, MIVT

IAXO gy < = -

ve
IFXOI] gy max |D IO R,

holds.

As functions ¢ (-) defining the operator A we can consider the functions

ve&) = (&1 + ...+ 18197, 6>0.
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The corresponding operator is denoted by Ag. In particular, A; = —A, where A is the Laplace opera-

tor. We denote by A)/* the operator A which is defined by v (-) = y//* ().
Now we consider the case when p =2.

Theorem 7. Let v > 71 >0,v >1,and 0 < 0 < 2v. Then

1 1-n/v
Ex(A)'°, (DY, ..., DV)) = d"/* ( ) : (55)

(27r)4/2
and all methods

AW© =F (a0 0y o), (56)
where a(-) are measurable functions satisfying the condition

1—a®P 1P\ _,
MY g @iy ’

w;%a( (57)

in which

n/v n/v—1
= & (1-2) itk 3o = Ngpnio—t (@21
Y= 2n)d v 52 Y 52 ,

are optimal.
The sharp inequality

‘17
A" Fx()| Y

d
L®Y max [|Dveix())"” (58)

2,
186" %N, wey = Qm)dd=n/m/2 q<j<q Ly(R9)

holds.

Proof. It follows by Lemma 1 that

2 2
Exn(A)?, (D", ..., D ) > sup 1AG X oy- (59)
X(')EWED 1., D d)
IFXO, () <8

Given 0 < & < 2m)¥/@V§=1/v we set

1
~ 2m)d\ % -
gg:<(8L2)) (A,....1)—(6,....8), Be={6cRi:|6—F:|<e).

Consider a function x,(-) such that

8
Fx;(¢) = { V/mesB, §<Be (60)
0, & ¢ B;.

Then || Fxg(-)||? 2 and

L@RY) —

IDVeixe ()12 12Vdg <1, j=1,....,d.

LRY) ~ (271)‘1 mes B, / gl
By virtue of (59) we have
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2 2
E3(A)%, (D™, ., DY) = A X O)IZ, gy

82 82 - N
Be

Letting € — 0 we obtain the estimate

) 82 1-n/v
E3, (AL, (DY, DVed)) > 2017 (W) | (61)

We will find optimal methods among methods (56). Passing to the Fourier transform we have

1A x() =AW OI, gy = / ¥ () IFX(E) —a(®)y() 1 dé.

@)

We set z(-) = Fx(-) — y(-) and note that

1
[z@ras < o [P @R <1 =1,
Re Rd
Then

182°%C) =AW OI? o, = / ¥ )11 — a®) Fx(®) +a@©)z(6)I? dg.

@)

We write the integrand as

d 2v 172
A—a@Wi (S l5P)  F® g
J’_
Vi (0 ) @mi

Applying the Cauchy-Bunyakovskii-Schwarz inequality we obtain the estimate

Qm)Y2/1z()

0

1A X() =R O, o,

<vraisup S(¢)

d
1
u @ f K Y IEPIFX@)1? + @m)a|z)? | de,
£eR

Re \ I

where

1— 2 2
5@):%’7@( 1—a®P _ la@) )

MY IE @i

If we assume that S(§) <1 for almost all &, then taking into account (61), we get

e, (A2 (D", ..., D¥%0), )
d
< (2n)df 22 Y112V IFx(6) 2 + @) 12(6) 2 | d& < had + 1162
R j=1

21/ 82 i 2 n/2 ve ve
:dn (2—)(1 <E2(A (D 1,...,D d))
T

28



K.Yu. Osipenko Journal of Complexity 81 (2024) 101807

This proves (55) and shows that the methods under consideration are optimal.
It remains to verify that the set of functions a(-) satisfying (57) is nonempty. Put

Q)0
ag) = p ] "
@m)dng + 22 Y 5 €1
Then
n
5(@) Vg (§)

Q@m)ag + 22 Y9, 1812
Since 6 < 2v by Hélder’s inequality

d d 0/(2v)
Zlé‘]'e S (Z|%—]|2v> dl—@/(ZU)'
j=1 j=1

Putting p = (1117 +... +1&17)1/?, we obtain

d
Z |$]|2\) > pZI)d‘l*Zl)/QQ
j=1
Thus,
2n
@ =< P

- (27T)d)\1 + )szZvd]va/O !

It is easily checked that the function f(p) = (2m)911 4+ App2Yd' =2/ — p21 reaches a minimum on
[0, 400) at

1/@2v)
@n)d
Lo =d]/0 <8—2> .

Moreover, f(po) =0. Consequently, f(0) >0 for all p > 0. Hence S(§) <1 for all &.
Inequality (58) is proved by the analogy with the proof of Corollary 1. O

We give a simple example of sharp inequality (58) for # = 1 = 2. In this case for any integer v > 2
we have

2/v
1=2/v max a_vx()
LR 1<j<qg oty

18XC) ey < IFxO)|

d
dd1—2/v)/2
(27) Ly(RY)

or (since [|Fx() ey = (Zﬂ)d/ZIIX(-)IILZ(Ra))

2/v
_ avx
IAXC) I, ey < dIXO 200 max | = ()
Ly (R%) Ly(RY) 1<j<d 8{’; L®Y)
3.2. Recovery in the metric Lo (R%)
Put

_ v—n—d)2 B 1
NEVraaz—1p " Tizenaz-1/p)

) in 1/q1
~ -2 (1= 2 (B@wn/p+1,q:(1—y1)/2)
Cr(v,m) =W, 0 0 _ '

n 2lv —n—d/2|
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For 1 < p < oo we define k(-) by the equality

k(t) AGLEs
S —,, 7 3 LA
a—kapr1 2 57

We set

. -
MU:{mm{L@n)W@» lop=1,
(1-s20w®OIT),, p=occ.

Theorem 8. Let 1 < p < o0, ¥1 € (0, 1). Assume that

1= / M}(w)dw<oo

~q1(1— 2
S;h( v/ (@)

d-1
and Iy = ... = I},, where
U (@) ()
r A A .
I]_ / ~q1(]7)/1)/2+] .](a))dw» ]—l,...,n.
d—1 ) (C())
I
Then
= 1/q1 71

Epoo(A, D) = 2m)da+r2 Cpu,m17/A1671,

The method
1

ﬁ(y)(t) =F1 (k <§1n+d(1/2—1/p) t) W(t)y(t)) !

where
~% (1= y0)Cpv, prt/ar\ B2

Sl = 8V1 ( n(ZJT)d(H'Vl)/Z ) s

is optimal.
The sharp inequality
TAXC)| < M”Fx(_)”m max ”D‘X(.)Hl—y] (62)
Leo(RY) = (zn)d(ler])/Z L,(RY) 1255 j L (RY)

holds.

Proof. Using an estimate similar to (52) we have

Epoo(A, D) > sup ”Ax(‘)”Lm(Rd)-
x(~)eWpD
IFXO L, (gd) <8

Assume that x(-) € W2 and ||Fx(-)| 1,(Rdy < 8. IFX() is such that FX(§) = £(£)eHLE) Fx(&), where

VEFXE)

PEITXE) Fx(€) #0,
e®) ={ v e YOO

0, Y (6)Fx(§) =0,

then we obtain X(-) € Wz?' ||F§(~)||Lp(Rd) <48 and
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/ w<s>m(s>e"<ff>ds’ = / [ (§)Fx(8)| dé&.
Rd Rd

Hence

Epoo(A. D) = sup / (&) Fx(®)| de. (63)

d
(27[) X(A)EWIP
HFX(')lle(Rd)StS

Let 1 < p < oo. It follows from (22) that

Epoo(A, D) > E(p, 1,2),
where, in the problem of the evaluation of E(p, 1,2), the functions ¢;(-) should be replaced by the
function (27{)*‘1/2%(-), and the function ¥ (-) by (277)~4y (-). From Theorem 5 we obtain

1
[ — Vi
Epoo (A D) 2 iy KO

where

K=y,
n v+d(1/2-1/p)I2y1 + (1 = y1)p)
From the properties of the beta-function we have

B(qiy1/p.q1(1 —y1)/2)
[v+d(1/2-1/p)|2y1+ (1 —y1)p)
_Blan/p+1,010-y)/2)(@ni/p+a:1(01 —y1)/2)
B [v+d(1/2=1/p)I2y1+ 1 = yDp)a1y1/p
_Bl@an/p+1,0:(0—y1)/2)
2lv—n—d/2|

_In 1/
J%(l—m) 2”( B@y1/p.q1(1—y1)/2)1 ) o

Thus,

Epoc(A, D) = Cp(w,m1V/0s71,

1
(27r)d0+y1)/2

Moreover, it follows from the same Theorem 5 that

1
/ ‘WW?)F@ - m(y)(@’ dt < E(p,1,2),
Rd

where

1
m(y)(t) = k (sr““”‘”"’ t) YOy,

@m)d

and

&= o (1__7’1>1/2 B(q1y1/p,q1(1 — y1)/2) I(27r) ~da1(1+y)/2 1/2-1/p
1_)/11/1’ n v+d(1/2—=1/p)|2y1 + (1 — y1)p)

=3 ~3 (1 —y)Cpw, pIt/a a1(1/2=1/p)
- nQm)dd+yn/2 .

Consequently,
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@)l / YEFE)e" dé — / m(y)(é)e"“f)ds’
R R

1
=< / ‘ (zjr)dl/f(E)F(E) —m()’)(é‘)‘ d§ <E(p.1,2) < Epeo(A, D).
Rd

It follows that the method mi(y)(-) is optimal, and the error of optimal recovery coincides with

E(p,1,2).
Now we consider the case when p = oco. Put
Y é)
AR 0,
s) =1 V(&) ve#
1, v(&)=0.

Let X(-) be such that

e 85(6). ¥ (&) = rs2(8),
X&) =18y ®)
352 G) [V ()| < As2(8).

We choose A > 0 such that

(zﬂ)d/I%(S)l IFRE)Pde=1, j=1,....n.

Now, to find A we have the equation

52

5232 / o €)1y (&)]? g =1
2m)d o

i (E) 2 dE +
/ %1 @7 (@)
[ (E)=As2(8) [ (E)<As2(§)

If v>n+d/2, then from the fact that y; € (0, 1) it follows that n > —d. In this case it is easy to
check that 2v > n and 2v +d > 0. Passing to the polar transformation we obtain

2 Dy (w)
n ) / 73 (@) ] (@) do f p? 4 1dp
Hd*l 0
~ ~ +00
§9.72 [ PO ()
+ w da) / —2v+27]+d—1d :-17
(Zﬂ)d/ E%(w) J(w) o 1Y
Mgy 3 (w)
where
~ 1
Y(w) \ "
(] =| =
2@ <k52(w)>
Thus,
82 21)+d 4\)—277
)y 2v—y
(Zn)d (2v+d)(2v—2n d

If v<n+d/2, then from the fact that y; € (0, 1) it follows that n < —d, 2v <7, and 2v +d < 0.
Passing to the polar transformation we obtain
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2 +00
~2 2v+d—1
‘() ] (w)dw d
oy / FHw) ] () / p p
IMy—q Dy (w)
~ ~ @2(w)
s [ PH@Y ()
w)dw —2v+27)+d—1d =1.
@)1 / Zw / g P
g1
For this case we have
82 _avd 2n — 4v
A 2v-n I;=1.
m)d Qv +d)2Qv —2n —d)
Combining both of these cases and taking into account that I; =1/n, j=1,...,n, we get
-y
x—( 28212V — |l )Md
—\@2m)dnRv+d)Qv —2n —d) '

It follows by (63) that

1 )
Exooso(A,D) = an)y f [ (§)FX(§)|d = o / [v (§)|dé
Rd [V (§)|zAs2(5)

g / v @©)I?

A(2m)d $2(§)
¥ ©)|<152(€)

+

de.

Using calculations similar to those that were above, we obtain

_+d
812v — | v ]

E A,D) > =Ep,
ool D)2 A s ey — 2 —d)  °
where
d 20—
(v +d2DF ( @uopl N\ B e
Eo= S 2v+d
n+d Q2m)dQRv —2n—d)

We prove that for all x(-) € X the equality

1 ;
AX(D) = ——3 / (¥ (€) = 15(5)52(5)) Fx(§)e') dg
27)

[V (&)=As2(8)

+ / 52(8) Fx (&) FRE)e 5 de  (64)

Rd

A
52m)

holds. Indeed,
1
)¢

/ (¥ (&) — As(£)s2(&)) Fx(£)e' ") de
| (€)|=As2(8)

/ 52(8)Fx(€) FR@E)e! ) de
Rd
1 .
= Gy (Y (§) — As(£)s2(&)) Fx(§)e' ") de
[ (&) =As2(8)

* sQ2m)d
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1 .
- (2m)d / As(£)s2(6)Fx(£)e' %) dg
Y (©)]2252(6)
1 .
+W / VORI de = 2m)d /W(S)Fx(é)e ie.8) ge

Y (&) <As2(€)
= AX(t).

We estimate the error of the method
1 .
my)©) = —— / (W (&) — 15(5)52() y(§)e' ) dg.
(2m)

[V (&) |=2s2(6)
We have

|AX(£) —m(y) ()] <‘ /t//(S)Fx(S)e 18 dg

(2m)

1

~@en) / (W (E) — As(§)s2(8)) Fx(§)e! ) dg

[V (§)|=As2(8)

/ V(&) — As(E)52(8)] [FX(E) — y(&)] de.
Y (&) |=As2(8)

_l’_ [
@m)d
If x(-) such that

IFXC) =y Ol wey =85 /If/)](é)l IFx@Ide <1, j=1,..., n,

@)

then, taking into account (64), we obtain

A
|AX(t) —m(y) ()] < /sz(san(an(s)ms +tu< '% + U,

sQm)d
Rd

where
8

(2m)d
Y (©)[>A52(6)

Passing to the polar transformation we find

= (¥ (&) — As2(8)) dé.

5 53"
v—n
[W@)|dE = ————1,
27r)d 2m)dn+d
) [ (&)|=As2(8) @)l |
n+d

oA SA 2v-n
/ 53(8) dé = '

— 1.
2m)d Qm)412v +d|
[ (€)[=As2(8)
Hence
_d
_ A 271 |2v — 71|
i +dQy+d)

It is easily checked that nA/§ 4+ p = Eg, and therefore
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€ooco(A, D,m) < Eg < Econo(A, D).
It follows that m(y)(-) is an optimal method, and the error of optimal recovery is Ep. It is easily

checked that for p = oo

1

WE«)(V’ mIV/asn = gq.

We evaluate &; for p = co. We have

1—y)C Va2
g g (L= ooV 1) _ e (65)
nm)da+y/2

The method m(y)(-) can be written as

_ -1 1—132(5))> )
m(y)(t) (( O] +1/f(t)J/(t)

In view of (65) we have

1
m(y)(¢) = F~"! (k (s{‘*"” t) wmy(t)) =m(y) .
Inequality (62) is proved by the analogy with the proof of Corollary 1. O

It is not difficult to formulate a corollary from Theorem 8 analogous to Corollary 7 for the same A
and D = (D", ..., DV¢),
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