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Îïòèìàëüíîå âîññòàíîâëåíèå â âåñîâûõ

ïðîñòðàíñòâàõ ñ îäíîðîäíûìè âåñàìè

Â ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è âîññòàíîâëåíèÿ îïåðàòîðîâ ïî íåòî÷-
íî çàäàííîé èíôîðìàöèè â âåñîâûõ ïðîñòðàíñòâàõ Lq ñ îäíîðîäíûìè âå-
ñàìè. Äîêàçàí ðÿä îáùèõ òåîðåì, êîòîðûå ïðèìåíÿþòñÿ ê çàäà÷àì âîññòà-
íîâëåíèÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïî íåòî÷íî çàäàííîìó ïðåîáðà-
çîâàíèþ Ôóðüå. Â ÷àñòíîñòè, ïîëó÷åíû îïòèìàëüíûå ìåòîäû âîññòàíîâ-
ëåíèÿ ñòåïåíåé îïåðàòîðà Ëàïëàñà ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ
Ôóðüå â Lp-ìåòðèêå.

Áèáëèîãðàôèÿ: 11 íàçâàíèé.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå âîññòàíîâëåíèå, ëèíåéíûå îïåðàòî-
ðû, ïðåîáðàçîâàíèå Ôóðüå, íåðàâåíñòâî Êàðëñîíà.

� 1. Îáùàÿ ïîñòàíîâêà

Ïóñòü T � íåêîòîðîå íåïóñòîå ìíîæåñòâî, Σ � σ-àëãåáðà ïîäìíîæåñòâ T è

µ � íåîòðèöàòåëüíàÿ σ-àääèòèâíàÿ ìåðà íà Σ. ×åðåç Lp(T, µ) îáîçíà÷èì ñîâî-

êóïíîñòü âñåõ Σ-èçìåðèìûõ ôóíêöèé ñî çíà÷åíèÿìè â R èëè C, äëÿ êîòîðûõ

∥x(·)∥Lp(T,µ) =


(∫

T

|x(t)|p dµ
)1/p

<∞, 1 6 p <∞,

vraisup
t∈T

|x(t)| <∞, p = ∞.

Ïîëîæèì

W = {x(·) ∈ Lp(T, µ) : ∥φ(·)x(·)∥Lr(T,µ) <∞},
W = {x(·) ∈ W : ∥φ(·)x(·)∥Lr(T,µ) 6 1 },

ãäå 1 6 p, r 6 ∞, à φ(·) � íåêîòîðàÿ ôóíêöèÿ íà T .

Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ îïåðàòîðà Λ: W → Lq(T, µ), 1 6 q 6 ∞,

çàäàâàåìîãî ðàâåíñòâîì Λx(·) = ψ(·)x(·), ãäå ψ(·)� íåêîòîðàÿ ôóíêöèÿ íà T , íà

êëàññåW ïî ôóíêöèè x(·) ∈W , èçâåñòíîé ñ ïîãðåøíîñòüþ íà T (áóäåì ñ÷èòàòü,
÷òî ôóíêöèè φ(·) è ψ(·) òàêîâû, ÷òî îïåðàòîð Λ îòîáðàæàåò ïðîñòðàíñòâî W â

Lq(T, µ)).

Ïðåäïîëàãàåòñÿ, ÷òî äëÿ êàæäîé ôóíêöèè x(·) ∈ W èçâåñòíà ôóíêöèÿ

y(·) ∈ Lp(T, µ) òàêàÿ, ÷òî ∥x(·)− y(·)∥Lp(T,µ) 6 δ, δ > 0. Òðåáóåòñÿ ïî ôóíêöèè
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y(·) âîññòàíîâèòü ôóíêöèþ Λx(·). Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìàò-

ðèâàþòñÿ âñåâîçìîæíûå îòîáðàæåíèÿ m : Lp(T, µ) → Lq(T, µ). Ïîãðåøíîñòüþ
ìåòîäà m íàçûâàåòñÿ âåëè÷èíà

epqr(m) = sup
x(·)∈W, y(·)∈Lp(T,µ)
∥x(·)−y(·)∥Lp(T,µ)6δ

∥Λx(·)−m(y)(·)∥Lq(T,µ).

Âåëè÷èíà

Epqr = inf
m : Lp(T,µ)→Lq(T,µ)

epqr(m) (1.1)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä, íà êîòîðîì

äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì.

Ñëó÷àé, êîãäà äâà èç òðåõ ïàðàìåòðîâ p, q è r ñîâïàäàþò, èçó÷àëñÿ â ðàáîòå
[1]. Ñèòóàöèÿ, êîãäà âñå òðè ïàðàìåòðà ìîãóò áûòü ðàçëè÷íûìè, ðàññìàòðè-

âàëàñü â ðàáîòå [2]. Ýòà çàäà÷à îêàçàëàñü òåñíî ñâÿçàííîé ñ îáîáùåííûìè
íåðàâåíñòâàìè Êàðëñîíà (ñì. [3]). Â äàííîé ðàáîòå óòî÷íÿþòñÿ ðåçóëüòàòû

èç ðàáîòû [1] äëÿ îäíîðîäíûõ âåñîâ. Ïîëó÷åíû òàêæå îáùèå òåîðåìû äëÿ

âîññòàíîâëåíèÿ ñ îäíîðîäíûìè âåñàìè, êîòîðûå ïðèìåíÿþòñÿ äëÿ ïîñòðîåíèÿ
îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â ìíî-
ãîìåðíîì ñëó÷àå ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå.

� 2. Îïòèìàëüíîå âîññòàíîâëåíèå ñ îäíîðîäíûìè

âåñàìè ïðè ñîâïàäåíèè äâóõ ìåòðèê

Ïóñòü T � êîíóñ â ëèíåéíîì ïðîñòðàíñòâå, |ψ(·)| è |φ(·)|� îäíîðîäíûå ôóíê-

öèè ïîðÿäêîâ k > 0 è n > 0 (k è n � íå îáÿçàòåëüíî öåëûå), à µ(·) � îäíîðîäíàÿ

ìåðà ïîðÿäêà d > 0.
Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà q = r. Áóäåì èñïîëüçîâàòü ñëåäóþùåå

îáîçíà÷åíèå

a+ =

{
a, a > 0,

0, a < 0.

Òåîðåìà 1. Ïóñòü 1 6 q = r < p <∞ k > 0, n > k è

I1 =

∫
T

(|ψ(ξ)|q − |φ(ξ)|q)
p

p−q

+ dµ(ξ) <∞,

I2 =

∫
T

|φ(ξ)|q(|ψ(ξ)|q − |φ(ξ)|q)
q

p−q

+ dµ(ξ) <∞.

Òîãäà

Epqq = I
− 1

p
n−k

n+d(1/q−1/p)

1 I
− 1

q
k+d(1/q−1/p)
n+d(1/q−1/p)

2 (I1 + I2)
1/qδ

n−k
n+d(1/q−1/p) ,

à ìåòîä

m̂(y)(t) =

1−

(
δ
I
1/q
2

I
1/p
1

) (n−k)q
n+d(1/q−1/p) |φ(t)|q

|ψ(t)|q


+

ψ(t)y(t) (2.1)

ÿâëÿåòñÿ îïòèìàëüíûì.
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Äîêàçàòåëüñòâî. Â ðàáîòå [1; òåîðåìà 1] áûëî äîêàçàíî, ÷òî

Epqq =

(
p

q
λ̂1δ

p + λ̂2

)1/q

,

åñëè λ̂2 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ(∫
T

(
|ψ(t)|q − λ̂2|φ(t)|q

) p
p−q

+
dµ(t)

)1/p

= δ

(∫
T

|φ(t)|q
(
|ψ(t)|q − λ̂2|φ(t)|q

) q
p−q

+
dµ(t)

)1/q

> 0, (2.2)

à

λ̂1 =
q

p
δq−p

(∫
T

(
|ψ(t)|q − λ̂2|φ(t)|q

) p
p−q

+
dµ(t)

) p−q
p

.

Ïðè ýòîì ìåòîä

m̂(y)(t) =

(
1− λ̂2

|φ(t)|q

|ψ(t)|q

)
+

ψ(t)y(t) (2.3)

ÿâëÿåòñÿ îïòèìàëüíûì.

Áóäåì èñêàòü λ̂2 â âèäå λ̂2 = a(k−n)q, a > 0. Ñäåëàâ â óðàâíåíèè (2.2) çàìåíó

t = aξ, ïîëó÷àåì

a
kq

p−q+
d
p I

1/p
1 = δan+

kq
p−q+

d
q I

1/q
2 .

Îòñþäà

a =

(
I
1/p
1

δI
1/q
2

) 1
n+d(1/q−1/p)

.

Ïîñëå òîé æå çàìåíû èìååì

λ̂1 =
q

p
δq−paq(k+d(1/q−1/p))I

p−q
p

1 .

Îñòàåòñÿ ïîäñòàâèòü ïîëó÷åííûå âåëè÷èíû â âûðàæåíèÿ äëÿ ïîãðåøíîñòè îï-

òèìàëüíîãî âîññòàíîâëåíèÿ è äëÿ îïòèìàëüíîãî ìåòîäà.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà q = p.

Òåîðåìà 2. Ïóñòü 1 6 p = q < r <∞, k > 0, n > k + d(1/p− 1/r) è

J1 =

∫
T

|φ(ξ)|
pr

p−r (|ψ(ξ)|p − 1)
p

r−p

+ dµ(ξ) <∞,

J2 =

∫
T

|φ(ξ)|
pr

p−r (|ψ(ξ)|p − 1)
r

r−p

+ dµ(ξ) <∞.

Òîãäà

Eppr = J
− 1

p
n−k−d(1/p−1/r)
n−d(1/p−1/r)

1 J
− 1

r
k

n−d(1/p−1/r)

2 (J1 + J2)
1/pδ

n−k−d(1/p−1/r)
n−d(1/p−1/r) ,

à ìåòîä

m̂(y)(t) = min

{
1,

(
J
1/p
1

δJ
1/r
2

) kp
n−d(1/p−1/r)

1

|ψ(t)|p

}
ψ(t)y(t) (2.4)

ÿâëÿåòñÿ îïòèìàëüíûì.



4 Ê.Þ. ÎÑÈÏÅÍÊÎ

Äîêàçàòåëüñòâî. Â ðàáîòå [1; òåîðåìà 2] áûëî äîêàçàíî, ÷òî

Eppr =

(
λ̂1δ

p +
r

p
λ̂2

)1/p

,

åñëè λ̂1 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ(∫
T

|φ(t)|
pr

p−r

(
|ψ(t)|p − λ̂1

) p
r−p

+
dµ(t)

)1/p

= δ

(∫
T

|φ(t)|
pr

p−r

(
|ψ(t)|p − λ̂1

) r
r−p

+
dµ(t)

)1/r

> 0, (2.5)

à

λ̂2 =
p

r
δp−r

(∫
T

|φ(t)|
pr

p−r

(
|ψ(t)|p − λ̂1

) p
r−p

+
dµ(t)

) r−p
p

,

ïðè ýòîì ìåòîä

m̂(y)(t) = α(t)ψ(t)y(t),

ãäå

α(t) = min

{
1,

λ̂1
|ψ(t)|p

}
,

ÿâëÿåòñÿ îïòèìàëüíûì.

Áóäåì èñêàòü λ̂1 â âèäå λ̂1 = akp, a > 0. Ñäåëàâ â óðàâíåíèè (2.5) çàìåíó

t = aξ, ïîëó÷àåì

a
nr
p−r+

d
p J

1/p
1 = δa

np
p−r+

d
r J

1/r
2 .

Îòñþäà

a =

(
J
1/p
1

δJ
1/r
2

) 1
n+d(1/r−1/p)

.

Ïîñëå òîé æå çàìåíû èìååì

λ̂2 =
p

r
δp−rar(−n+kp/r+d(1/p−1/r))J

r−p
p

1 .

Îñòàåòñÿ ïîäñòàâèòü ïîëó÷åííûå âåëè÷èíû â âûðàæåíèÿ äëÿ ïîãðåøíîñòè îï-

òèìàëüíîãî âîññòàíîâëåíèÿ è äëÿ îïòèìàëüíîãî ìåòîäà.

Ìû íå ðàññìàòðèâàåì çäåñü ñëó÷àé, êîãäà p = r, òàê êàê îí ÿâëÿåòñÿ íåïî-

ñðåäñòâåííûì ñëåäñòâèåì áîëåå îáùåãî ðåçóëüòàòà, ïîëó÷åííîãî â ðàáîòå [2;

òåîðåìà 2].

� 3. Îäíîðîäíûå âåñà â Rd

Ïóñòü T � êîíóñ â Rd, dµ(t) = dt, |ψ(·)| è |φ(·)| � îäíîðîäíûå ôóíêöèè

ïîðÿäêîâ k > 0 è n > 0, φ(t) ̸= 0 è ψ(t) ̸= 0 äëÿ ïî÷òè âñåõ t ∈ T . Ðàññìîòðèì
ñôåðè÷åñêóþ ñèñòåìó êîîðäèíàò

t1= ρ cosω1,
t2= ρ sinω1 cosω2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
td−1= ρ sinω1 sinω2 . . . sinωd−2 cosωd−1,
td= ρ sinω1 sinω2 . . . sinωd−2 sinωd−1.
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Ïîëîæèì ω = (ω1, . . . , ωd−1),

ψ̃(ω) = ρ−k|ψ(ρ cosω1, . . . , ρ sinω1 sinω2 . . . sinωd−2 sinωd−1)|,
φ̃(ω) = ρ−n|φ(ρ cosω1, . . . , ρ sinω1 sinω2 . . . sinωd−2 sinωd−1)|.

(3.1)

Îáîçíà÷èì ÷åðåç Ω îáëàñòü èçìåíåíèÿ ω, êîãäà t ∈ T . Èç òîãî, ÷òî T � êîíóñ,

ñëåäóåò, ÷òî Ω íå çàâèñèò îò ρ. Ïîëîæèì

J(ω) = sind−2 ω1 sin
d−3 ω2 . . . sinωd−2.

Åñëè 1 6 q < p, r ôóíêöèÿ kr−q(1 − k)−(p−q) ïðè k ∈ [0, 1) ìîíîòîííî âîç-

ðàñòàåò îò 0 äî +∞. Ïîýòîìó äëÿ âñåõ t ∈ T ìîæíî îïðåäåëèòü ôóíêöèþ k(t)

ðàâåíñòâîì
kr−q(t)

(1− k(t))p−q
=

|ψ(t)|q(p−r)

|φ(t)|r(p−q)
.

Ïðè q = r ïîëîæèì

k(t) =

(
1− |φ(t)|q

|ψ(t)|q

)
+

,

à ïðè q = p

k(t) = min
{
1, |ψ(t)|−p

}
.

Ïîëîæèì

γ =
n− k − d(1/q − 1/r)

n+ d(1/r − 1/p)
.

Åñëè γ ∈ (0, 1), ïîëîæèì
1

q∗
=

1

q
− γ

p
− 1− γ

r
.

Òåîðåìà 3. Ïóñòü γ ∈ (0, 1), 1 6 q < p, r < ∞ èëè 1 6 q = r < p < ∞ èëè

1 6 q = p < r <∞. Ïðåäïîëîæèì, ÷òî

I =

∫
Ω

ψ̃q
∗
(ω)

φ̃q∗(1−γ)(ω)
J(ω) dω <∞.

Òîãäà Epqr = Cδγ , ãäå

C = γ−
γ
p (1− γ)−

1−γ
r

(
B (q∗γ/p+ 1, q∗(1− γ)/r) I

r(n− k − d(1/q − 1/r))

)1/q∗

,

à B(·, ·) � B-ôóíêöèÿ Ýéëåðà. Êðîìå òîãî, ìåòîä

m̂(y)(t) = k

(
ξ

1
n+d(1/r−1/p)

1 t

)
ψ(t)y(t),

ãäå

ξ1 = δ
(
γq−r(1− γ)p−qC(p−r)q

) q∗
pqr

ÿâëÿåòñÿ îïòèìàëüíûì.
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Äîêàçàòåëüñòâî. Ñëó÷àé 1 6 q < p, r <∞ äîêàçàí â ðàáîòå [2; òåîðåìà 3]

(â ýòîé ðàáîòå îòâåò äàåòñÿ â òåðìèíàõ B-ôóíêöèè ñ àðãóìåíòàìè q∗γ/p è

q∗(1− γ)/r, íî íàì óäîáíåå ïåðåéòè ê àðãóìåíòàì q∗γ/p+ 1 è q∗(1− γ)/r, ÷òî
ëåãêî ñäåëàòü, ïîëüçóÿñü ñâîéñòâàìè B-ôóíêöèè). Îñòàåòñÿ ðàññìîòðåòü äâà

ñëó÷àÿ: 1 6 q = r < p <∞ è 1 6 q = p < r <∞.

1. Ïóñòü 1 6 q = r < p < ∞. Âîñïîëüçóåìñÿ òåîðåìîé 1. Ïåðåéäåì â

èíòåãðàëå I1 ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò

I1 =

∫ +∞

0

ρd−1 dρ

∫
Ω

(ρkqψ̃q(ω)− ρnqφ̃q(ω))
p

p−q

+ J(ω) dω

=

∫
Ω

ψ̃
qp

p−q (ω)J(ω) dω

∫ +∞

0

ρ
kqp
p−q+d−1

(
1− ρ(n−k)q

φ̃q(ω)

ψ̃q(ω)

) p
p−q

+

dρ.

Çàôèêñèðóåì ω è ñäåëàåì âî âòîðîì èíòåãðàëå çàìåíó

t = ρ(n−k)q
φ̃q(ω)

ψ̃q(ω)
. (3.2)

Òîãäà

I1 =
1

(n− k)q

∫
Ω

ψ̃
qp

p−q (ω)

(
ψ̃(ω)

φ̃(ω)

) kqp
(p−q)(n−k)

+ d
n−k

J(ω) dω

×
∫ 1

0

t
kp

(p−q)(n−k)
+ d

(n−k)q
−1(1− t)

p
p−q dt =

I

(n− k)q
B (q∗γ/p+ 2, q∗(1− γ)/q) .

Ïðîâåäåì àíàëîãè÷íûå âû÷èñëåíèÿ äëÿ I2

I2 =

∫ +∞

0

ρnq+d−1 dρ

∫
Ω

φ̃q(ω)(ρkqψ̃q(ω)− ρnqφ̃q(ω))
q

p−q

+ J(ω) dω

=

∫
Ω

φ̃q(ω)ψ̃
q2

p−q (ω)J(ω) dω

∫ +∞

0

ρnq+
kq2

p−q+d−1

(
1− ρ(n−k)q

φ̃q(ω)

ψ̃q(ω)

) q
p−q

+

dρ.

Ñäåëàâ òó æå çàìåíó (3.2), ïîëó÷èì

I2 =
1

(n− k)q

∫
Ω

φ̃q(ω)ψ̃
q2

p−q (ω)

(
ψ̃(ω)

φ̃(ω)

) nq
n−k+ kq2

(p−q)(n−k)
+ d

n−k

J(ω) dω

×
∫ 1

0

t
n

n−k+ kp
(p−q)(n−k)

+ d
(n−k)q

−1(1− t)
q

p−q dρ

=
I

(n− k)q
B (q∗γ/p+ 1, q∗(1− γ)/q + 1) .

Ïîëîæèì

B1 = B (q∗γ/p+ 1, q∗(1− γ)/r) .
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Òîãäà, ïîëüçóÿñü ñâîéñòâàìè B-ôóíêöèè, áóäåì èìåòü

I1 =
q∗γ/p+ 1

q(n− k)(q∗γ/p+ 1 + q∗(1− γ)/q)
B1I,

I2 =
q∗(1− γ)/q

q(n− k)(q∗γ/p+ 1 + q∗(1− γ)/q)
B1I.

Â ðàññìàòðèâàåìîì ñëó÷àå (êîãäà r = q)

1

q∗
= γ

(
1

q
− 1

p

)
, γ =

n− k

n+ d(1/q − 1/p)
.

Ïîýòîìó q∗γ/p+ 1 = q∗γ/q. Îòñþäà

I1 = γ
B1I

q(n− k)
, I2 = (1− γ)

B1I

q(n− k)
.

Èç òåîðåìû 1 ïîëó÷àåì

Epqq = I
− γ

p

1 I
− 1−γ

q

2 (I1 + I2)
1/qδγ

= γ−
γ
p (1− γ)−

1−γ
q

(
B1I

q(n− k)

)γ(1/q−1/p)

δγ = Cδγ .

Ìåòîä (2.1) ìîæåò áûòü çàïèñàí â âèäå

m̂(y)(t) = k
(
b

1
n+d(1/r−1/p) t

)
ψ(t)y(t),

ãäå

b = δ
I
1/q
2

I
1/p
1

= δγ−
1
p (1− γ)

1
q

(
B1I

q(n− k)

) 1
q−

1
p

= δγ−
1
p (1− γ)

1
qC

1
γ γ

1
p (1− γ)

1−γ
qγ

= δ(1− γ)
1
qγC

1
γ = δ ((1− γ)Cq)

1
qγ = δ ((1− γ)Cq)

q∗
q (

1
q−

1
p )

= δ ((1− γ)Cq)
q∗(p−q)

pq2 = ξ1.

2. Ïóñòü 1 6 q = p < r < ∞. Âîñïîëüçóåìñÿ òåîðåìîé 2. Ïåðåéäåì â

èíòåãðàëå J1 ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò

J1 =

∫ +∞

0

ρd−1 dρ

∫
Ω

ρ
npr
p−r φ̃

pr
p−r (ω)

(
ρkpψ̃p(ω)− 1

) p
r−p

+
J(ω) dω

=

∫
Ω

φ̃
pr

p−r (ω)J(ω) dω

∫ +∞

0

ρ
npr
p−r+d−1

(
ρkpψ̃p(ω)− 1

) p
r−p

+
dρ.

Çàôèêñèðóåì ω è ñäåëàåì âî âòîðîì èíòåãðàëå çàìåíó

t = ρkpψ̃p(ω). (3.3)
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Òîãäà

J1 =
1

kp

∫
Ω

φ̃
pr

p−r (ω)ψ̃− npr
(p−r)k

− d
k (ω)J(ω) dω

∫ +∞

1

t
nr

(p−r)k
+ d

kp−1(t− 1)
p

r−p dt

=
I

kp

∫ 1

0

s
nr

(r−p)k
− p

r−p−
d
kp−1(1− s)

p
r−p ds =

I

kp
B (q∗γ/p+ 1, q∗(1− γ)/r + 1) .

Ïðîâåäåì àíàëîãè÷íûå âû÷èñëåíèÿ äëÿ J2

J2 =

∫ +∞

0

ρd−1 dρ

∫
Ω

ρ
npr
p−r φ̃

pr
p−r (ω)

(
ρkpψ̃p(ω)− 1

) r
r−p

+
J(ω) dω

=

∫
Ω

φ̃
pr

p−r (ω)J(ω) dω

∫ +∞

0

ρ
npr
p−r+d−1

(
ρkpψ̃p(ω)− 1

) r
r−p

+
dρ.

Ñäåëàâ òó æå çàìåíó (3.3), ïîëó÷èì

J2 =
1

kp

∫
Ω

φ̃
pr

p−r (ω)ψ̃− npr
(p−r)k

− d
k (ω)J(ω) dω

∫ +∞

1

t
nr

(p−r)k
+ d

kp−1(t− 1)
r

r−p dt

=
I

kp
B

∫ 1

0

s
nr

(r−p)k
− r

r−p−
d
kp−1(1− s)

r
r−p ds =

I

kp
B (q∗γ/p, q∗(1− γ)/r + 2) .

Ïîëîæèì

B2 = B (q∗γ/p, q∗(1− γ)/r + 1) .

Òîãäà, ïîëüçóÿñü ñâîéñòâàìè B-ôóíêöèè, áóäåì èìåòü

J1 =
q∗γ/p

kp(q∗γ/p+ q∗(1− γ)/r + 1)
B2I,

J2 =
q∗(1− γ)/r + 1

kp(q∗γ/p+ q∗(1− γ)/r + 1)
B2I.

Â ðàññìàòðèâàåìîì ñëó÷àå (êîãäà q = p)

1

q∗
= (1− γ)

(
1

p
− 1

r

)
, γ =

n− k − d(1/p− 1/r)

n− d(1/p− 1/r)
.

Ïîýòîìó q∗(1− γ)/r + 1 = q∗(1− γ)/p. Îòñþäà

J1 = γ
B2I

kp
, J2 = (1− γ)

B2I

kp
.

Èç òåîðåìû 2 ïîëó÷àåì

Eppr = J
− γ

p

1 J
− 1−γ

r
2 (J1 + J2)

1/pδγ = γ−
γ
p (1− γ)−

1−γ
r

(
B2I

kp

)(1−γ)(1/p−1/r)

δγ .

Èç ñâîéñòâ B-ôóíêöèè âûòåêàåò, ÷òî

B2 =
q∗(1− γ)/r

q∗γ/p
B1 =

kpB1

r(n− k − d(1/q − 1/r))
.
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Ñëåäîâàòåëüíî,

Eppr = γ−
γ
p (1− γ)−

1−γ
r

(
B1I

r(n− k − d(1/q − 1/r))

)1/q∗

δγ = Cδγ .

Ìåòîä (2.4) ìîæåò áûòü çàïèñàí â âèäå

m̂(y)(t) = k
(
c

1
n−d(1/p−1/r) t

)
ψ(t)y(t),

ãäå

c = δ
J
1/r
2

J
1/p
1

= δγ−
1
p (1−γ) 1

r

(
B2I

kp

) 1
r−

1
p

= δγ−
1
p (1−γ) 1

rC− 1
1−γ γ−

γ
p(1−γ) (1−γ)− 1

r

= δγ−
1

p(1−γ)C− 1
1−γ = δ (γCp)

− 1
p(1−γ) = δ (γCp)

(p−r) q∗

p2r = ξ1.

Èç ðàáîò [1], [2] âûòåêàåò, ÷òî âî âñåõ ðàññìîòðåííûõ ñëó÷àÿõ ñïðàâåäëèâî
ðàâåíñòâî

Epqr = sup
x(·)∈W

∥x(·)∥Lp(T,µ)6δ

∥Λx(·)∥Lq(T,µ). (3.4)

Îòñþäà ëåãêî ïîëó÷èòü, ÷òî èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥Λx(·)∥Lq(T,µ) 6 C∥x(·)∥γLp(T,µ)
∥φ(·)x(·)∥1−γLr(T,µ)

. (3.5)

� 4. Âîññòàíîâëåíèå äèôôåðåíöèàëüíûõ îïåðàòîðîâ

ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå

Ïóñòü T = Rd, dµ(t) = dt, |ψ(·)| è |φ(·)|, êàê è ðàíåå, � îäíîðîäíûå ôóíêöèè

ïîðÿäêîâ k > 0 è n > 0, φ(t) ̸= 0 è ψ(t) ̸= 0 äëÿ ïî÷òè âñåõ t ∈ Rd. Ïîëîæèì

Xp = {x(·) ∈ L2(Rd) : φ(·)Fx(·) ∈ L2(Rd), Fx(·) ∈ Lp(Rd) },

ãäå Fx(·) � ïðåîáðàçîâàíèå Ôóðüå x(·). Îïðåäåëèì îïåðàòîð D ñëåäóþùèì

îáðàçîì

Dx(·) = F−1(φ(·)Fx(·))(·).

Ïðåäïîëîæèì, ÷òî ψ(·)x(·) ∈ L2(Rd) äëÿ âñåõ x(·) ∈ Xp. Ïîëîæèì

Λx(·) = F−1(ψ(·)Fx(·))(·).

Ðàññìîòðèì çàäà÷ó îá îïòèìàëüíîì âîññòàíîâëåíèè çíà÷åíèé îïåðàòîðà Λ
ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ôóíêöèè x(·) íà êëàññå

Wp = {x(·) ∈ Xp : ∥Dx(·)∥L2(Rd) 6 1 }.

Áóäåì ñ÷èòàòü, ÷òî äëÿ êàæäîé ôóíêöèè x(·) ∈ Wp èçâåñòíà ôóíêöèÿ y(·) ∈
Lp(Rd) òàêàÿ, ÷òî ∥Fx(·) − y(·)∥Lp(Rd) 6 δ, δ > 0. Òðåáóåòñÿ ïî ôóíêöèè y(·)
âîññòàíîâèòü ôóíêöèþ Λx(·). Ïðåäïîëîæèì, ÷òî Λx(·) ∈ Lq(Rd) äëÿ âñåõ
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x(·) ∈ Xp. Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìàòðèâàþòñÿ âñåâîçìîæ-

íûå îòîáðàæåíèÿ m : Lp(Rd) → Lq(Rd). Ïîãðåøíîñòüþ ìåòîäà m íàçûâàåòñÿ

âåëè÷èíà

epq(Λ, D,m) = sup
x(·)∈Wp, y(·)∈Lp(Rd)
∥Fx(·)−y(·)∥

Lp(Rd)
6δ

∥Λx(·)−m(y)(·)∥Lq(Rd).

Âåëè÷èíà

Epq(Λ, D) = inf
m : Lp(Rd)→L2(Rd)

epq(Λ, D,m) (4.1)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä, íà êîòîðîì

äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì.

4.1. Âîññòàíîâëåíèå â ìåòðèêå L2(Rd). Â ñèëó òåîðåìû Ïëàíøåðåëÿ

∥Λx(·)−m(y)(·)∥L2(Rd) =
1

(2π)d/2
∥Λ̃x(·)− F (m(y))(·)∥L2(Rd),

ãäå

Λ̃x(·) = ψ(·)Fx(·).

Êðîìå òîãî,

∥Dx(·)∥L2(Rd) =
1

(2π)d/2
∥φ(·)Fx(·)∥L2(Rd).

Òàêèì îáðàçîì, ðàññìàòðèâàåìàÿ çàäà÷à ñ òî÷íîñòüþ äî ìíîæèòåëÿ (2π)−d/2

ñîâïàäàåò ñ çàäà÷åé (1.1) ïðè q = r = 2 ñ çàìåíîé φ(·) íà (2π)−d/2φ(·).
Ïîëîæèì

γ̃ =
n− k

n+ d(1/2− 1/p)
, q̃ =

1

γ̃(1/2− 1/p)
,

Cp(n, k) = γ̃−
γ̃
p (1− γ̃)−

1−γ̃
2

(
B (q̃γ̃/p+ 1, q̃(1− γ̃)/2)

2(n− k)

)1/q̃

.

Òåîðåìà 4. Ïóñòü k > 0, n > k, 2 < p 6 ∞,

I =

∫
Πd−1

ψ̃q̃(ω)

φ̃q̃(1−γ̃)(ω)
J(ω) dω <∞, Πd−1 = [0, π]d−2 × [0, 2π].

Òîãäà

Ep2(Λ, D) =
1

(2π)dγ̃/2
Cp(n, k)I

1/q̃δγ̃ .

Ìåòîä

m̂(y)(t) = F−1

((
1− β

∣∣∣∣φ(t)ψ(t)

∣∣∣∣2
)

+

ψ(t)y(t)

)
, (4.2)

ãäå

β =
k + d(1/2− 1/p)

n+ d(1/2− 1/p)
C2
p(n, k)

(
δI1/2−1/p

(2π)d/2

) 2(n−k)
n+d(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.
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Äîêàçàòåëüñòâî. Ñëó÷àé 2 < p < ∞ âûòåêàåò èç òåîðåìû 3. Ðàññìîòðèì

ñëó÷àé p = ∞. Èç õîðîøî èçâåñòíîé îöåíêè ñíèçó (ñì., íàïðèìåð, [1]) èìååì

E∞2(Λ, D) > sup
x(·)∈W∞

∥Fx(·)∥
L∞(Rd)

6δ

∥Λx(·)∥L2(Rd) (4.3)

Îïðåäåëèì x̂(·) òàê, ÷òîáû

Fx̂(ξ) =

{
δ, |ψ(ξ)| > λ|φ(ξ)|,
0, |ψ(ξ)| 6 λ|φ(ξ)|,

ãäå λ > 0 âûáðàíî èç óñëîâèÿ

1

(2π)d

∫
Rd

|φ(ξ)|2|Fx̂(ξ)|2 dξ = 1.

Òåì ñàìûì λ > 0 íàäî âûáðàòü èç óñëîâèÿ

δ2
∫
|ψ(ξ)|>λ|φ(ξ)|

|φ(ξ)|2 dξ = (2π)d.

Ïåðåõîäÿ ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò, ïîëó÷àåì

δ2
∫
Πd−1

φ̃2(ω)J(ω) dω

∫ Φ1(ω)

0

ρ2n+d−1 dρ = (2π)d,

ãäå

Φ1(ω) =

(
ψ̃(ω)

λφ̃(ω)

) 1
n−k

.

Îòñþäà
δ2

2n+ d
λ−

2n+d
n−k I = (2π)d.

Ñëåäîâàòåëüíî,

λ =

(
δ2I

(2π)d(2n+ d)

) n−k
2n+d

.

Íåòðóäíî óáåäèòüñÿ, ÷òî

C2
∞(n, k) =

1

2k + d
(2n+ d)

k+d/2
n+d/2 .

Ïîýòîìó λ2 = β. Èòàê, â ñèëó (4.3)

E2
∞2(Λ, D) > ∥Λx̂(·)∥2L2(Rd) =

δ2

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|

|ψ(ξ)|2 dξ

=
δ2

(2π)d

∫
Πd−1

ψ̃2(ω)J(ω) dω

∫ Φ1(ω)

0

ρ2k+d−1 dρ

=
δ2

(2k + d)(2π)d
λ−

2k+d
n−k I =

1

(2π)dγ̃
C2

∞(n, k)I2/q̃δ2γ̃ . (4.4)
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Îöåíèì ïîãðåøíîñòü ìåòîäà (4.2). Ïîëîæèì

λ(ξ) =

(
1− β

|φ(ξ)|2

|ψ(ξ)|2

)
+

.

Ïåðåõîäÿ ê ïðåîáðàçîâàíèþ Ôóðüå, ïîëó÷àåì

∥Λx(·)− m̂(y)(·)∥2L2(Rd) =
1

(2π)d

∫
Rd

|ψ(ξ)|2 |Fx(ξ)− λ(ξ)y(ξ)|2 dξ.

Ïîëîæèì z(·) = Fx(·)− y(·) è áóäåì ó÷èòûâàòü, ÷òî

∥z(·)∥L∞(Rd) 6 δ,
1

(2π)d

∫
Rd

|φ(ξ)|2|Fx(ξ)|2 dξ 6 1.

Òîãäà

∥Λx(·)− m̂(y)(·)∥2L2(Rd) =
1

(2π)d

∫
Rd

|ψ(ξ)|2 |(1− λ(ξ))Fx(ξ) + λ(ξ)z(ξ)|2 dξ.

Çàïèøåì ïîäûíòåãðàëüíîå âûðàæåíèå â âèäå∣∣∣∣ |ψ(ξ)|(1− λ(ξ))
√
β|φ(ξ)|Fx(ξ)√

β|φ(ξ)|
+
√
λ(ξ)

√
λ(ξ)|ψ(ξ)|z(ξ)

∣∣∣∣2 .
Âîñïîëüçóåìñÿ íåðàâåíñòâîì Êîøè�Áóíÿêîâñêîãî

|ab+ cd|2 6 (|a|2 + |c|2)(|b|2 + |d|2).

Ïîëó÷àåì ñëåäóþùóþ îöåíêó

∥Λx(·)− m̂(y)(·)∥2L2(Rd)

6 vraisup
ξ∈Rd

S(ξ)
1

(2π)d

∫
Rd

(
β|φ(ξ)|2|Fx(ξ)|2 + λ(ξ)|ψ(ξ)|2|z(ξ)|2

)
dξ,

ãäå

S(ξ) =
|ψ(ξ)|2|(1− λ(ξ))2

β|φ(ξ)|2
+ λ(ξ).

Åñëè |ψ(ξ)|2 6 β|φ(ξ)|2, òî λ(ξ) = 0 è S(ξ) 6 1. Åñëè |ψ(ξ)|2 > β|φ(ξ)|2, òî
S(ξ) = 1. Òàêèì îáðàçîì,

e2∞2(Λ, D, m̂) 6 1

(2π)d

∫
Rd

(
β|φ(ξ)|2|Fx(ξ)|2 + λ(ξ)|ψ(ξ)|2|z(ξ)|2

)
dξ

6 β +
δ2

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|

(
|ψ(ξ)|2 − β|φ(ξ)|2

)
dξ

= β +
δ2

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|

|ψ(ξ)|2 dξ − β
1

(2π)d

∫
Rd

|φ(ξ)|2|Fx̂(ξ)|2 dξ

=
δ2

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|

|ψ(ξ)|2 dξ 6 E2
∞2(Λ, D).

Îòñþäà ñëåäóåò, ÷òî ìåòîä m̂(y)(·) ÿâëÿåòñÿ îïòèìàëüíûì è (ñ ó÷åòîì (4.4))

E2
∞2(Λ, D) =

δ2

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|

|ψ(ξ)|2 dξ = 1

(2π)dγ̃
C2

∞(n, k)I2/q̃δ2γ̃ .
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Ïðè d = 1 (â ýòîì ñëó÷àå I = 2), D =
dn

dtn
è Λ =

dk

dtk
óòâåðæäåíèå ñëåäñòâèÿ 4

áûëî ïîëó÷åíî â ðàáîòå [4].

Îïðåäåëèì îïåðàòîð (−∆)n/2, n > 0, ñëåäóþùèì îáðàçîì

(−∆)n/2x(·) = F−1(|ξ|nFx(ξ))(·), |ξ| =
√
ξ21 + . . .+ ξ2d.

Ïîëîæèì

I0 =
2πd/2

Γ(d/2)
.

Ñëåäñòâèå 1. Ïóñòü k > 0, n > k, 2 < p 6 ∞, Òîãäà

Ep2((−∆)k/2, (−∆)n/2) =
1

(2π)dγ̃/2
Cp(n, k)I

1/q̃
0 δγ̃ .

Ìåòîä

m̂(y)(t) = F−1

((
1− β|t|2(n−k)

)
+
|t|ky(t)

)
, (4.5)

ãäå

β =
k + d(1/2− 1/p)

n+ d(1/2− 1/p)
C2
p(n, k)

(
δI

1/2−1/p
0

(2π)d/2

) 2(n−k)
n+d(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Â ñèëó òîãî, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå ψ̃(ω) =
φ̃(ω) = 1, èìååì

I =

∫
Πd−1

J(ω) dω =
2πd/2

Γ(d/2)
= I0.

Äàëåå, ïðèìåíÿåòñÿ òåîðåìà 4.

Ïðè p = ∞ óòâåðæäåíèå ñëåäñòâèÿ áûëî ïîëó÷åíî â ðàáîòå [5].

Âûðàæåíèå äëÿ E22((−∆)k/2, (−∆)n/2) è ñîîòâåòñòâóþùèé îïòèìàëüíûé ìå-
òîä áûëè ïîëó÷åíû â ðàáîòå [6].

Îòìåòèì, ÷òî îïòèìàëüíûé ìåòîä (4.5) èñïîëüçóåò èíôîðìàöèþ î íåòî÷íîì

ïðåîáðàçîâàíèè Ôóðüå ôóíêöèè x(·), èçìåðåííîì òîëüêî â øàðå

|ξ| < β− 1
2(n−k) .

Ïðè÷åì, ÷åì ñ áîëüøåé ïîãðåøíîñòüþ δ èçâåñòíà èñõîäíàÿ èíôîðìàöèÿ, òåì
ìåíüøå øàð, ãäå ñîäåðæèòñÿ �ïîëåçíàÿ� èíôîðìàöèÿ.

Ðàññìîòðèì åùå îäèí ïðèìåð. Ïóñòü α = (α1, . . . , αd) ∈ Rd+. Îïðåäåëèì

îïåðàòîð Dα (ïðîèçâîäíàÿ ïîðÿäêà α) ñëåäóþùèì îáðàçîì

Dαx(·) = F−1((iξ)αFx(ξ))(·),

ãäå (iξ)α = (iξ1)
α1 . . . (iξd)

αd . Ôóíêöèÿ |(iξ)α| ÿâëÿåòñÿ îäíîðîäíîé ôóíêöèåé

ïîðÿäêà k = α1+ . . .+αd. Ðàññìîòðèì çàäà÷ó (4.1) ïðè Λ = Dα è D = (−∆)n/2.
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Òåîðåìà 5. Ïóñòü n > k, 2 < p 6 ∞. Òîãäà

Ep2(D
α, (−∆)n/2) =

1

(2π)dγ̃/2
Cp(n, k)I

1/q̃δγ̃ ,

ãäå

I = 2
Γ((α1q̃ + 1)/2) . . .Γ((αdq̃ + 1)/2)

Γ((kq̃ + d)/2)
.

Ìåòîä

m̂(y)(t) = F−1

((
1− β

|t|2n

|t2α|

)
+

(it)αy(t)

)
, (4.6)

ãäå

β =
k + d(1/2− 1/p)

n+ d(1/2− 1/p)
C2
p(n, k)

(
δI1/2−1/p

(2π)d/2

) 2(n−k)
n+d(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Ïî èçâåñòíîé ôîðìóëå Äèðèõëå∫
ξ1>0,...,ξd>0
ξ21+...+ξ

2
d61

ξp1−1
1 . . . ξpd−1

d dξ1 . . . dξd =
Γ(p1/2) . . .Γ(pd/2)

2dΓ(p1/2 + . . .+ pd/2 + 1)
,

p1, . . . , pd > 0. Ñëåäîâàòåëüíî,∫
ξ21+...+ξ

2
d61

|ξ1|p1−1 . . . |ξd|pd−1 dξ1 . . . dξd =
Γ(p1/2) . . .Γ(pd/2)

Γ(p1/2 + . . .+ pd/2 + 1)
.

Ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì∫
Πd−1

Φ(ω, p1, . . . , pd)J(ω) dω

∫ 1

0

ρp1+...+pd−1 dρ =
Γ(p1/2) . . .Γ(pd/2)

Γ(p1/2 + . . .+ pd/2 + 1)
.

ãäå

Φ(ω, p1, . . . , pd) = | cosω1|p1−1 . . . | sinω1 sinω2 · · · sinωd−2 sinωd−1|pd−1.

Îòñþäà ∫
Πd−1

Φ(ω, p1, . . . , pd)J(ω) dω = 2
Γ(p1/2) . . .Γ(pd/2)

Γ(p1/2 + . . .+ pd/2)
.

Òàêèì îáðàçîì, äëÿ âåëè÷èíû I èç òåîðåìû 4 èìååì

I =

∫
Πd−1

| cosω1|α1q̃ . . . | sinω1 sinω2 . . . sinωd−2 sinωd−1|αdq̃J(ω) dω

=

∫
Πd−1

Φ(ω, α1q̃+1, . . . , αdq̃+1)J(ω) dω = 2
Γ((α1q̃ + 1)/2) . . .Γ((αdq̃ + 1)/2)

Γ((kq̃ + d)/2)
.

(4.7)

Òåïåðü óòâåðæäåíèå òåîðåìû âûòåêàåò èç òåîðåìû 4.
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Ðàññìîòðèì ñëó÷àé p = 2. Îí äîâîëüíî áëèçîê ê èññëåäîâàíèÿì, ïðîâåäåí-

íûì â ðàáîòàõ [7], [8], õîòÿ êëàññ, íà êîòîðîì âîññòàíàâëèâàëñÿ îïåðàòîð Dα,

çäåñü äðóãîé.

Òåîðåìà 6. Ïóñòü n > k. Òîãäà

E22(D
α, (−∆)n/2) =

αα/2

kk/2

(
δ

(2π)d/2

)1−k/n

, (4.8)

à âñå ìåòîäû

m̂(y)(t) = F−1(a(t)(it)αy(t)), (4.9)

ãäå a(·) � èçìåðèìûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ

|ξ2α|
(
|1− a(ξ)|2

λ2|ξ|2n
+

|a(ξ)|2

(2π)dλ1

)
6 1, (4.10)

â êîòîðîì

λ1 =
αα(n− k)

(2π)dkkn

(
δ2

(2π)d

)−k/n

, λ2 = λ1
k

n− k
δ2,

ÿâëÿþòñÿ îïòèìàëüíûìè.

Äîêàçàòåëüñòâî. Ïîëîæèì äëÿ ε > 0

ξ̂ =
1√
k

(
(2π)d

δ2

) 1
2n

(
√
α1, . . . ,

√
αd), ξ̂ε = ξ̂

(
1− ε

|ξ̂|

)
,

Bε = {ξ ∈ Rd : |ξ − ξ̂ε| < ε }.

Îïðåäåëèì ôóíêöèþ xε(·) òàê, ÷òîáû

Fxε(ξ) =


δ√

mesBε
, ξ ∈ Bε,

0, ξ /∈ Bε.

Òîãäà ∥Fxε(·)∥2L2(Rd) = δ2,

∥(−∆)n/2xε(·)∥2L2(Rd) =
δ2

(2π)dmesBε

∫
Bε

|ξ|2n dξ 6 δ2

(2π)d
|ξ̂|2n = 1.

Ïîëüçóÿñü îöåíêîé, àíàëîãè÷íîé (4.3), ïîëó÷àåì

E2
22(D

α, (−∆)n/2) > sup
∥(−∆)n/2x(·)∥

L2(Rd)
61

∥Fx(·)∥
L2(Rd)

6δ

∥Dαx(·)∥2L2(Rd)

> ∥Dαxε(·)∥2L2(Rd) =
δ2

(2π)dmesBε

∫
Bε

|ξ2α| dξ = δ2

(2π)d
|ξ2α0 |,

ãäå ξ0 � íåêîòîðàÿ òî÷êà èç Bε. Óñòðåìëÿÿ ε ê íóëþ, ïîëó÷àåì îöåíêó

E2
22(D

α, (−∆)n/2) > δ2

(2π)d
|ξ̂2α| = αα

kk

(
δ2

(2π)d

)1−k/n

. (4.11)
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Áóäåì èñêàòü îïòèìàëüíûå ìåòîäû ñðåäè ìåòîäîâ, èìåþùèõ âèä (4.9). Ïå-

ðåõîäÿ ê ïðåîáðàçîâàíèþ Ôóðüå, ïîëó÷àåì

∥Dαx(·)− m̂(y)(·)∥2L2(Rd) =
1

(2π)d

∫
Rd

|ξ2α| |Fx(ξ)− a(ξ)y(ξ)|2 dξ.

Ïîëîæèì z(·) = Fx(·)− y(·) è áóäåì ó÷èòûâàòü, ÷òî∫
Rd

|z(ξ)|2 dξ 6 δ2,
1

(2π)d

∫
Rd

|ξ|2n|Fx(ξ)|2 dξ 6 1.

Òîãäà

∥Dαx(·)− m̂(y)(·)∥2L2(Rd) =
1

(2π)d

∫
Rd

|ξ2α| |(1− a(ξ))Fx(ξ) + a(ξ)z(ξ)|2 dξ.

Çàïèøåì ïîäûíòåãðàëüíîå âûðàæåíèå â âèäå

|ξ2α|
∣∣∣∣ (1− a(ξ))

√
λ2|ξ|nFx(ξ)√

λ2|ξ|n
+

a(ξ)

(2π)d/2
√
λ1

(2π)d/2
√
λ1z(ξ)

∣∣∣∣2 .
Ïðèìåíÿÿ íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî, ïîëó÷èì ñëåäóþùóþ îöåíêó

∥Dαx(·)− m̂(y)(·)∥2L2(Rd)

6 vraisup
ξ∈Rd

S(ξ)
1

(2π)d

∫
Rd

(
λ2|ξ|2n|Fx(ξ)|2 + (2π)dλ1|z(ξ)|2

)
dξ,

ãäå

S(ξ) = |ξ2α|
(
|1− a(ξ)|2

λ2|ξ|2n
+

|a(ξ)|2

(2π)dλ1

)
.

Åñëè ïðåäïîëîæèòü, ÷òî S(ξ) 6 1 äëÿ ïî÷òè âñåõ ξ, òî, ó÷èòûâàÿ (4.11), ïîëó-

÷àåì

e222(D
α, (−∆)n/2, m̂) 6 1

(2π)d

∫
Rd

(
λ2|ξ|2n|Fx(ξ)|2 + (2π)dλ1|z(ξ)|2

)
dξ

6 λ2 + λ1δ
2 =

αα

kk

(
δ2

(2π)d

)1−k/n

6 E2
22(D

α, (−∆)n/2). (4.12)

Îòñþäà âûòåêàåò îïòèìàëüíîñòü ðàññìàòðèâàåìûõ ìåòîäîâ è ðàâåíñòâî (4.8).

Îñòàåòñÿ äîêàçàòü, ÷òî ìíîæåñòâî ôóíêöèé a(·), óäîâëåòâîðÿþùèõ óñëîâèþ
(4.10) íå ïóñòî. Óñëîâèå (4.10) ìîæíî ïåðåïèñàòü â ýêâèâàëåíòíîé ôîðìå∣∣∣∣a(ξ)− (2π)dλ1

(2π)dλ1 + λ2|ξ|2n

∣∣∣∣2
6 (2π)dλ1λ2|ξ|2n

|ξ2α|((2π)dλ1 + λ2|ξ|2n)2
(−|ξ2α|+ (2π)dλ1 + λ2|ξ|2n).

Ïîýòîìó äîñòàòî÷íî ïîêàçàòü, ÷òî ïðè âñåõ ξ ∈ Rd

− |ξ2α|+ (2π)dλ1 + λ2|ξ|2n > 0. (4.13)
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Èç òåîðåìû î ñðåäíåì àðèôìåòè÷åñêîì è ñðåäíåì ãåîìåòðè÷åñêîì (ñì. [9;

ñòð. 29]) ñëåäóåò, ÷òî

|ξ2α| 6 αα

kk
|ξ|2k.

Ðàññìîòðèì ôóíêöèþ y(s) = sk/n, s > 0. Êàñàòåëüíàÿ ê ýòîé ôóíêöèè â ëþáîé

òî÷êå s0 > 0 èìååò âèä

y =
k

n
s
k/n−1
0 s+

n− k

n
s
k/n
0 .

Ôóíêöèÿ y(·) � âîãíóòàÿ, ïîýòîìó ïðè âñåõ s > 0

sk/n 6 k

n
s
k/n−1
0 s+

n− k

n
s
k/n
0 .

Ïîëîæèâ s0 = |ξ̂|2n, s = |ξ|2n, ïîëó÷àåì

|ξ2α| 6 αα

kk
|ξ|2k 6 αα

kk

(
k

n
|ξ̂|2(k−n)|ξ|2n +

n− k

n
|ξ̂|2k

)
.

Ëåãêî ïðîâåðèòü, ÷òî

λ1 =
αα(n− k)

(2π)dkkn
|ξ̂|2k, λ2 =

αα

kk−1n
|ξ̂|2(k−n).

Òîãäà ïîëó÷àåì

|ξ2α| 6 (2π)dλ1 + λ2|ξ|2n,

÷òî ýêâèâàëåíòíî íåðàâåíñòâó (4.13).

4.2. Âîññòàíîâëåíèå â ìåòðèêå L∞(Rd). Ïîëîæèì

γ1 =
n− k − d/2

n+ d(1/2− 1/p)
, q1 =

1

1/2 + γ1(1/2− 1/p)
,

C̃p(n, k) = γ
− γ1

p

1 (1− γ1)
− 1−γ1

2

(
B (q1γ1/p+ 1, q1(1− γ1)/2)

2(n− k − d/2)

)1/q1

.

(4.14)

Ïóñòü ôóíêöèÿ k(t) ïðè 1 < p <∞ îïðåäåëåíà ðàâåíñòâîì

k(t)

(1− k(t))p−1
=

|ψ(t)|p−2

|φ(t)|2(p−1)
,

ïðè p = 1

k(t) = min{1, |ψ(t)|−1},

à ïðè p = ∞

k(t) =

(
1− |φ(t)|2

|ψ(t)|

)
+

.
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Òåîðåìà 7. Ïóñòü k > 0, n > k + d/2, 1 6 p 6 ∞, k + p > 1,

I =

∫
Πd−1

ψ̃q1(ω)

φ̃q1(1−γ1)(ω)
J(ω) dω <∞, Πd−1 = [0, π]d−2 × [0, 2π].

Òîãäà

Ep∞(Λ, D) =
1

(2π)d(1+γ1)/2
C̃p(n, k)I

1/q1δγ1 .

Ìåòîä

m̂(y)(t) = F−1

(
k

(
ξ

1
n+d(1/2−1/p)

1 t

)
ψ(t)y(t)

)
,

ãäå

ξ1 = δ

(
(1− γ1)

p−1

γ1

) q1
2p

(
C̃p(n.k)I

1/q1

(2π)d(1+γ1)/2

)q1(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Â ñèëó îöåíêè, àíàëîãè÷íîé (4.3), èìååì

Ep∞(Λ, D) > sup
x(·)∈Wp

∥Fx(·)∥
Lp(Rd)

6δ

∥Λx(·)∥L∞(Rd).

Ïðåäïîëîæèì, ÷òî x(·) ∈Wp è ∥Fx(·)∥Lp(Rd) 6 δ. Åñëè âçÿòü x̂(·) òàê, ÷òîáû

Fx̂(ξ) = ε(ξ)e−i⟨t,ξ⟩Fx(ξ),

ãäå

ε(ξ) =


ψ(ξ)Fx(ξ)

|ψ(ξ)Fx(ξ)|
, ψ(ξ)Fx(ξ) ̸= 0,

0, ψ(ξ)Fx(ξ) = 0,

òî x̂(·) ∈Wp, ∥Fx̂(·)∥Lp(Rd) 6 δ è∣∣∣∣∫
Rd

ψ(ξ)Fx̂(ξ)ei⟨t,ξ⟩ dξ

∣∣∣∣ = ∫
Rd

|ψ(ξ)Fx(ξ)| dξ.

Ïîýòîìó

Ep∞(Λ, D) > 1

(2π)d
sup

x(·)∈Wp

∥Fx(·)∥
Lp(Rd)

6δ

∫
Rd

|ψ(ξ)Fx(ξ)| dξ. (4.15)

Ïóñòü 1 6 p <∞. Èç (3.4) âûòåêàåò, ÷òî

Ep∞(Λ, D) > Ep12,

ãäå â çàäà÷å î íàõîæäåíèè Ep12 ôóíêöèþ φ(·) ñëåäóåò çàìåíèòü íà (2π)−d/2φ(·),
à ôóíêöèþ ψ(·) íà (2π)−dψ(·). Ïðèìåíÿÿ òåîðåìó 3, ïîëó÷àåì

Ep∞(Λ, D) > Ep12 =
1

(2π)d(1+γ1)/2
C̃p(n, k)I

1/q1δγ1 .
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Êðîìå òîãî, èç òîé æå òåîðåìû 3 âûòåêàåò, ÷òî∫
Rd

∣∣∣∣ 1

(2π)d
ψ(ξ)F (ξ)−m(y)(ξ)

∣∣∣∣ dξ 6 Ep12,

ãäå

m(y)(t) =
1

(2π)d
k

(
ξ

1
n+d(1/2−1/p)

1 t

)
ψ(t)y(t).

Ñëåäîâàòåëüíî,∣∣∣∣ 1

(2π)d

∫
Rd

ψ(ξ)F (ξ)ei⟨t,ξ⟩ dξ −
∫
Rd

m(y)(ξ)ei⟨t,ξ⟩ dξ

∣∣∣∣
6
∫
Rd

∣∣∣∣ 1

(2π)d
ψ(ξ)F (ξ)−m(y)(ξ)

∣∣∣∣ dξ 6 Ep12 6 Ep∞(Λ, D).

Îòñþäà âûòåêàåò, ÷òî ìåòîä m̂(y)(·) ÿâëÿåòñÿ îïòèìàëüíûì, à ïîãðåøíîñòü

îïòèìàëüíîãî âîññòàíîâëåíèÿ ñîâïàäàåò ñ âåëè÷èíîé Ep12.
Òåïåðü ðàññìîòðèì ñëó÷àé, êîãäà p = ∞. Ïîëîæèì

s(ξ) =


ψ(ξ)

|ψ(ξ)|
, ψ(ξ) ̸= 0,

1, ψ(ξ) = 0.

Ïóñòü ôóíêöèÿ x̂(·) òàêîâà, ÷òî

Fx̂(ξ) =


δs(ξ), |ψ(ξ)| > λ|φ(ξ)|2,
δ

λ

ψ(ξ)

|φ(ξ)|2
, |ψ(ξ)| < λ|φ(ξ)|2.

Âûáåðåì λ > 0 òàê, ÷òîáû ∥Dx̂(·)∥L2(Rd) = 1. Òîãäà äëÿ íàõîæäåíèÿ λ ïîëó÷àåì

óðàâíåíèå

δ2

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

|φ(ξ)|2 dξ + δ2λ−2

(2π)d

∫
|ψ(ξ)|<λ|φ(ξ)|2

|ψ(ξ)|2

|φ(ξ)|2
dξ = 1.

Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì, ïîëó÷àåì

δ2

(2π)d

∫
Πd−1

φ̃2(ω)J(ω) dω

∫ Φ2(ω)

0

ρ2n+d−1 dρ

+
δ2λ−2

(2π)d

∫
Πd−1

ψ̃2(ω)

φ̃2(ω)
J(ω) dω

∫ +∞

Φ2(ω)

ρ−2n+2k+d−1 dρ = 1,

ãäå

Φ2(ω) =

(
ψ̃(ω)

λφ̃2(ω)

) 1
2n−k

.

Òåì ñàìûì ïîëó÷àåì óðàâíåíèå

δ2

(2π)d
λ−

2n+d
2n−k

4n− 2k

(2n+ d)(2n− 2k − d)
I = 1.
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Îòñþäà

λ =

(
δ2(4n− 2k)

(2π)d(2n+ d)(2n− 2k − d)
I

) 2n−k
2n+d

.

Èç (4.15) âûòåêàåò, ÷òî

E∞∞(Λ, D) > 1

(2π)d

∫
Rd

|ψ(ξ)||Fx̂(ξ)| dξ = δ

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

|ψ(ξ)| dξ

+
δ

λ(2π)d

∫
|ψ(ξ)|<λ|φ(ξ)|2

|ψ(ξ)|2

|φ(ξ)|2
dξ =

δ

(2π)d

∫
Πd−1

ψ̃(ω)J(ω) dω

∫ Φ2(ω)

0

ρk+d−1 dρ

+
δ

λ(2π)d

∫
Πd−1

ψ̃(ω)

φ̃2(ω)
J(ω) dω

∫ +∞

Φ2(ω)

ρ−2n+2k+d−1 dρ =
δλ−

k+d
2n−k

(2π)d(k + d)
I

+
δ

λ(2π)d(2n− 2k − d)
λ

2n−2k−d
2n−k I =

δ(2n− k)λ−
k+d
2n−k I

(2π)d(k + d)(2n− 2k − d)
= ν,

ãäå

ν =
(n+ d/2)

k+d
2n+d

k + d

(
(2n− k)I

(2π)d(2n− 2k − d)

) 2n−k
2n+d

δ
2n−2k−d

2n+d .

Äîêàæåì, ÷òî äëÿ âñåõ x(·) ∈ X∞ âûïîëíåíî ðàâåíñòâî

Λx(t) =
1

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

(ψ(ξ)− λs(ξ)|φ(ξ)|2)Fx(ξ)ei⟨t,ξ⟩ dξ

+
λ

δ(2π)d

∫
Rd

|φ(ξ)|2Fx(ξ)Fx̂(ξ)ei⟨t,ξ⟩ dξ. (4.16)

Äåéñòâèòåëüíî,

1

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

(ψ(ξ)− λs(ξ)|φ(ξ)|2)Fx(ξ)ei⟨t,ξ⟩ dξ

+
λ

δ(2π)d

∫
Rd

|φ(ξ)|2Fx(ξ)Fx̂(ξ)ei⟨t,ξ⟩ dξ

=
1

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

(ψ(ξ)− λs(ξ)|φ(ξ)|2)Fx(ξ)ei⟨t,ξ⟩ dξ

+
1

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

λs(ξ)|φ(ξ)|2Fx(ξ)ei⟨t,ξ⟩ dξ

+
1

(2π)d

∫
|ψ(ξ)|<λ|φ(ξ)|2

ψ(ξ)Fx(ξ)ei⟨t,ξ⟩ dξ

=
1

(2π)d

∫
Rd

ψ(ξ)Fx(ξ)ei⟨t,ξ⟩ dξ = Λx(t).

Îöåíèì ïîãðåøíîñòü ìåòîäà

m(y)(t) =
1

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

(ψ(ξ)− λs(ξ)|φ(ξ)|2)y(ξ)ei⟨t,ξ⟩ dξ.
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Èìååì

|Λx(t)−m(y)(t)| =
∣∣∣∣ 1

(2π)d

∫
Rd

ψ(ξ)Fx(ξ)ei⟨t,ξ⟩ dξ

− 1

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

(ψ(ξ)− λs(ξ)|φ(ξ)|2)y(ξ)ei⟨t,ξ⟩ dξ
∣∣∣∣

6
∣∣∣∣ 1

(2π)d

∫
Rd

ψ(ξ)Fx(ξ)ei⟨t,ξ⟩ dξ

− 1

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

(ψ(ξ)− λs(ξ)|φ(ξ)|2)Fx(ξ)ei⟨t,ξ⟩ dξ
∣∣∣∣

+
1

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

|ψ(ξ)− λs(ξ)|φ(ξ)|2|Fx(ξ)− y(ξ)| dξ.

Äëÿ x(·) òàêèõ, ÷òî

∥Fx(·)− y(·)∥L∞(Rd) 6 δ,
1

(2π)d

∫
Rd

|φ(ξ)|2|Fx(ξ)|2 dξ 6 1,

ó÷èòûâàÿ (4.16), ïîëó÷àåì

|Λx(t)−m(y)(t)| 6 λ

δ(2π)d

∫
Rd

|φ(ξ)|2|Fx(ξ)||Fx̂(ξ)| dξ + µ 6 λ

δ
+ µ,

ãäå

µ =
δ

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

(|ψ(ξ)− λ|φ(ξ)|2) dξ.

Âûøå áûëî âû÷èñëåíî

δ

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

|ψ(ξ)| dξ = δλ−
k+d
2n−k

(2π)d(k + d)
I.

Äàëåå,

δλ

(2π)d

∫
|ψ(ξ)|>λ|φ(ξ)|2

|φ(ξ)|2 dξ = δλ

(2π)d

∫
Πd−1

φ̃2(ω)J(ω) dω

∫ Φ2(ω)

0

ρ2n+d−1 dρ

=
δλ−

k+d
2n−k

(2π)d(2n+ d)
I.

Òàêèì îáðàçîì,

µ =
δλ−

k+d
2n−k (2n− k)

(2π)d(k + d)(2n+ d)
I.

Íåòðóäíî óáåäèòüñÿ, ÷òî λ/δ + µ = ν, ïîýòîìó

e∞∞(Λ, D,m) 6 ν 6 E∞∞(Λ, D).

Îòñþäà âûòåêàåò, ÷òî m(y)(·) � îïòèìàëüíûé ìåòîä, à ïîãðåøíîñòü îïòèìàëü-

íîãî âîññòàíîâëåíèÿ ðàâíà ν. Íåñëîæíàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî ïðè p = ∞

1

(2π)d(1+γ1)/2
C̃∞(n, k)I1/q1δγ1 = ν.
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Âû÷èñëèì ξ1 ïðè p = ∞. Èìååì

ξ1 = δ(1− γ1)
q1
2

(
C̃∞(n.k)I1/q1

(2π)d(1+γ1)/2

)q1/2
= λ

n+d/2
2n−k . (4.17)

Ìåòîä m(y)(·) ìîæåò áûòü çàïèñàí â âèäå

m(y)(t) = F−1

((
1− λ

|φ(t)|2

|ψ(t)|

)
+

ψ(t)y(t)

)
.

Â ñèëó ðàâåíñòâà (4.17)

m(y)(t) = F−1

(
k

(
ξ

1
n+d/2

1 t

)
ψ(t)y(t)

)
= m̂(y)(t).

Ñëåäñòâèå 2. Ïóñòü k > 0, n > k, 1 6 p 6 ∞, k + p > 1. Òîãäà

Ep∞

(
dk

dtk
,
dn

dtn

)
=

1

(2π)(1+γ1)/2
C̃p(n, k)2

1/q1δγ1 ,

ãäå γ1, q1 è C̃p(n, k) îïðåäåëåíû ðàâåíñòâàìè (4.14) ïðè d = 1. Ìåòîä

m̂(y)(t) = F−1

(
k

(
ξ

1
n+1/2−1/p

1 t

)
(it)ky(t)

)
,

ãäå

ξ1 = δ

(
(1− γ1)

p−1

γ1

) q1
2p

(
C̃p(n.k)2

1/q1

(2π)(1+γ1)/2

)q1(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Óòâåðæäåíèÿ ñëåäñòâèÿ 2 äëÿ p = 1, 2,∞ áûëè ïîëó÷åíû â ðàáîòå [10]. Òàì

æå ðàññìîòðåí ñëó÷àé, êîãäà p = 1, à k = 0.

Ñëåäñòâèå 3. Ïóñòü k > 0, n > k + d/2, 1 6 p 6 ∞, k + p > 1. Òîãäà

Ep∞((−∆)k/2, (−∆)n/2) =
1

(2π)d(1+γ1)/2
C̃p(n, k)I

1/q1
0 δγ1 .

Ìåòîä

m̂(y)(t) = F−1

(
k

(
ξ

1
n+d(1/2−1/p)

1 t

)
ψ(t)y(t)

)
,

ãäå

ξ1 = δ

(
(1− γ1)

p−1

γ1

) q1
2p

(
C̃p(n.k)I

1/q1
0

(2π)d(1+γ1)/2

)q1(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Óòâåðæäåíèÿ ñëåäñòâèÿ 3 äëÿ p = ∞ áûëè ïîëó÷åíî â ðàáîòå [11].

Ðàññìîòðèì òåïåðü ïðèìåíåíèå òåîðåìû 7 ê îïåðàòîðàì Λ = Dα è D =

(−∆)n/2.
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Ñëåäñòâèå 4. Ïóñòü k = α1 + . . .+ αd > 0, n > k + d/2, 1 6 p 6 ∞. Òîãäà

Ep∞(Dα, (−∆)n/2) =
1

(2π)d(1+γ1)/2
C̃p(n, k)I

1/q1δγ1 ,

ãäå

I = 2
Γ((α1q1 + 1)/2) . . .Γ((αdq1 + 1)/2)

Γ((kq1 + d)/2)
. (4.18)

Ìåòîä

m̂(y)(t) = F−1

(
k

(
ξ

1
n+d(1/2−1/p)

1 t

)
(it)αy(t)

)
,

ãäå

ξ1 = δγ
− q1

2p

1 (1− γ1)
q1
2 (1−1/p)

(
C̃p(n.k)I

1/q1

(2π)d(1+γ1)/2

)q1(1/2−1/p)

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Âåëè÷èíà I èç òåîðåìû 7 â ðàññìàòðèâàåìîì ñëó÷àå
èìååò âèä

I =

∫
Πd−1

| cosω1|α1q1 . . . | sinω1 sinω2 . . . sinωd−2 sinωd−1|αdq1J(ω) dω.

Ó÷èòûâàÿ (4.7), ïîëó÷àåì ðàâåíñòâî (4.18). Òåïåðü óòâåðæäåíèå ñëåäñòâèÿ

íåïîñðåäñòâåííî âûòåêàåò èç òåîðåìû 7.
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