RECOVERY OF DIFFERENTIAL OPERATORS FROM A NOISY
FOURIER TRANSFORM

K.YU. OSIPENKO

ABSTRACT. The paper concerns problems of the recovery of differential op-
erators from a noisy Fourier transform. In particular, optimal methods are
obtained for the recovery of powers of generalized Laplace operators from a
noisy Fourier transform in the Lo-metric.

1. INTRODUCTION

Let X be a linear space, Y, Z be normed linear spaces. The problem of optimal
recovery of the linear operator A: X — Z by inaccurately given values of the linear
operator I: X — Y on the set W C X is posed as a problem of finding the value

EAW,1,0)= inf  sup |[[Az—op(y)l|z,
©: Y—=>Z xzeW, yeY
[Tz—ylly <6
called the error of optimal recovery, and the mapping ¢ on which the lower bound
is attained, called the optimal recovery method (here 6 > 0 is a parameter that
characterizes the error of setting the values of the operator I). Initially, this problem
was posed for the case when A is a linear functional, Y is a finite-dimensional space
and the information is known exactly (6 = 0), by S. A. Smolyak [1]. In fact,
this statement was a generalization of A. N. Kolmogorov’s problem about the best
quadrature formula on the class of functions [2], in which the integral and the
values of the functions are replaced by arbitrary linear functionals and there is no
condition for the linearity of the recovery method. Subsequently, much research has
been devoted to extensions of this problem (see [3]-[11], and the references given
therein).

One of the first papers in which the problem of constructing an optimal recovery
method for a linear operator was considered was the paper [4]. This topic was
further developed in the papers [12]-[20]. It turned out that in some cases it
is possible to construct a whole family of optimal recovery methods for a linear
operator. The study of such families began in [21] and continued in [22], [23], [15],
[20]. Some general approach to constructing of family of optimal recovery methods
was proposed in [24].

The aim of this paper is to construct families of optimal recovery methods for
powers of generalized Laplace operators and the Weil derivative from a noisy Fourier
transform in the Lo-metric.
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2. OPTIMAL RECOVERY METHODS FROM A NOISY FOURIER TRANSFORM

Let S be the Schwartz space of rapidly decreasing C>°-functions on R?, S’ be the
corresponding space of distributions, and let F': 8" — S’ be the Fourier transform.
Set

X, ={z() €S :p()Fz(-) € Lo(RY), Fa(-) € L,(R%) }.

We define the operator D as follows

Da(-) = F~ (p()Fz(-))().

Put

(1) Az() = F7H () Fa(-))().

Consider the problem of the optimal recovery of values of the operator A on the
class

Wy ={2() € Xp: [Dz()|Lymey <1}

from the noisy Fourier transform of the function z(-). Assume that Ax(-) € Lo(R?)
for all (-) € X,. As recovery methods we consider all possible mappings
m: L,(R?) — Ly(R?). The error of a method m is defined by

ep(A, D,m) = sup 1Az () = m(y) ()| re)-
z(-)EW,, y()ELy(RY)
HF‘T(')_y(')HLP(Rd)Sé

The quantity

2 E,(A,D) = inf A, D
( ) P( ’ ) m:Lp(]Rl’%—)Lz(Rd)ep( ) 7m)

is called the error of optimal recovery, and the method on which the infimum is
attained, an optimal method.
It is easily checked that

(3) Ep(A, D) > sup Az ()| La (ra)-
z(-)EW)
1F2 ()l ) <

Indeed, let z(-) € Wy, [|[Fz()|[L,®e) < 0, and let m: L,(RY) — Ly(RY) be an
arbitrary recovery method. Since z(-) € W, and —z(-) € W), we have

A2 Laqrsy < [A2()=m(0) () oy~ A2 () =m(O) ()| o) < 2ep(A, D, m).
It follows that, for any method m,

ep(Avam) > (S)u?/v HAJ:()”LQ(R(’)
z(-)eWp
”F:E(A)”Lp(Rd)Sé

Now the required inequality follows by taking the lower bound on the left over all
methods.
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3. OPTIMAL RECOVERY METHODS FOR AJ/”
Consider the polar transformation in R¢

t1 =pcoswy,
ty = psinw; coswa,

ta—1 =psinw; sinwy . ..sinwg_9 coswg—_1,
tqg=psinwi sinws ...sinwg_oSinwg_1.

Set w = (w1, ...,wq—1). For any function f(-) we put
f(w) = |f(coswy,...,sinw; sinws ...sinwg_9sinwgy_1)|.

Note that if |f(-)] is a homogenous function of degree «, then f(w) = p~*|f(t)|.
Let |1 (+)| be homogenous function of degree n and |¢(+)| be homogenous functions
of degrees v, 1(t) # 0 and ,(t) # 0 for almost all t € R%. Set

V-1 s 1
vrd12—1/p) 1 T 02 —1/p)

1o < (¢ y/p+1,¢ (1 -~ )/2)>1/q*

’y:

Cplvm) =7 7 (1—7)" =
P( ) ( ) 2|I/ o ,’7|
where B(,-) is the Euler beta-function.
It follows from [25, Theorem 6] (see also [20, Theorem 3]) the following result
Theorem 1. Let 2 < p < oo, v € (0,1). Assume that

(4) I/H“MJ( )dw < oo, T =0,7]%2 x [0, 27].

Then

E,(A, D) = @m%ucp(y, IV 57,
The method
) (t) = F- (( - 41 wg'z)+w<t>y<t>),
where
8= e Gt (s121m)
is optimal.
Moreover, the sharp inequality
1A () | ey < %IIF O, oy | DO ey
holds.
Put

Po(€) = (1617 + ...+ [€”)??, 6>0.

We denote by Ag/Q the operator A which is defined by (1) for ¢(-) = 3/2(~). In
particular, Ao = —A, where A is the Laplace operator.
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Consider problem (2) for A = AZ/2 and D = AZ/Q. Then for I from (4) we have

a0 ng /0
o . (Z(Z ;;fi)iZWJ<w> da
k=1tg W

where

t (w) =coswy,

%Vg(w) =sinwj coswa,

t~d_1(w) =sinwy sinws . .. sinwg_s COSWq_1,

?d(w) =sinw; sinwsy . ..sinwg_g sinwg_1.

Note that .
PIAD)
k=1
If u <2, then
4,
(6) Z >t (w)=1.
k=1
For i > 2 by Holder’s inequahty
d_, d » 2 ,
1= k (w) S ( tk (w)) dl_;
k=1 k=1
Thus,
d
(7) D t(w) = d 5.
k=1

It follows by (6) and (7) that I < oco.
Corollary 1. Let2 <p<oo,v>n>0, and 8,u > 0. Then

E,(A)? AY/?) = Coplv,m) IV 67,

_
(2m) 172
where I is defined by (5). The method

At = P! ((1 —sred) 2<t>y<t>> ,
+

where . )
8= Gy Catvon) (31277)
is optimal.
Moreover, the sharp inequality
2 C (V 77)‘[ v —
1822 ()| ey < WHM MY, oy 18522 )1 G
holds.

Now we consider the case when p = 2.
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Theorem 2. Letv >n >0 and 0 <0 < pu. Then
1-n/v
(8) By(A1/2, AV/2) = qn(1/o=1/m) 0
0 >y (2m) 72 ,
and all methods

(9) y)(t) = F~ (aug >0y

where a(-) are measurable functions satisfying the condition

1 —a(é)]? a(é)[?
(o) 0 (U@ ) <
in which

_ Ya% Jv—1
A = a2/ (1 _ Q) (2m)*\ " Ay = d2n(1/0=1/i) 1 2m)?\"
(2m) v 62 ’ v\ 62 ’

are optimal.
The sharp inequality

qn(1/0—=1/p)

(1) 1AF () ey < an(.)uggg)||A;/2x(.)||g/;Rd)
holds.

Proof. Tt follows from (3) that

(12) Ex(A)P A% > sup MY () e

(-
IFz()l L, gd)<d
Consider the extremal problem
2 v
IAZ22() 13 ey = max,  [|F2()[, ey <% 1A 22013, ) < 1.

Given 0 < & < d~Y/#(27)/V§=2/" we set

&= () e, B erTie-El <l

Consider a function z.(-) such that

0
B e > Bk 5 € BE7
Fz. (&) = mes B,
0, ¢ ¢ B..
Then HF:UE(~)||2L2(R4) =62 and
/2 2 82 2w/

AY - = —F Hgpol. VIR dg < 1.
IO sw) = oyt (1" Il <

By virtue of (12) we have

B2(A)? A% > |A) e <~>||%2<Rd>

- mesB / vy (€ )w@s) & e B..
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Letting e — 0 we obtain the estimate

1-n/v
(13) EQ(An/2 AV/Z) > 2n1(1/60=1/p) i ! .
2000 4 - (27‘(‘)d

We will find optimal methods among methods (9). Passing to the Fourier trans-
form we have

||A;'/2x(~> - ﬁ%(y)(-)lliz(md) - G / ) Fa(©) — @y de

We set z(+) —y(+) and note that

/ |2(€)|? d¢ < 62,
Then

2 . 1 n 2
1A 22 () = () OIF ey = @ /Rd Py (&) [(1 = a(§)) Fz(§) 4 a(§)z(8)[” dE.
We write the integrand as

(= oWV OF () | al©) o yan i
Ve Emam VA

Applying the Cauchy-Bunyakovskii-Schwarz inequality we obtain the estimate
2 _
1A5"%2() = ()7, ey

: 1 v 2 d 2
< VgilggpS(ﬁ)wAd (Aot (O Fz(&)] + (2m) i |2(6)[?) dE,

)| Fa(§)? dg < 1.

A

where

1—a(é)? a2
566 =986 (i * erin )

If we assume that S(§) <1 for almost all £, then taking into account (13), we get
2 Au/2 o~
(14) e3(A7” A )

i [, Gt OIFa(©P + @n"A[OP) de < da + Mio®

= 2n)

o (0% T /2 ww)
*dan 1/ <E2A77 AVQ.
(27T) = 2( 6 tu )
This proves (8) and shows that the methods under consideration are optimal.
It remains to verify that the set of functions a(-) satisfying (10) is nonempty.
Put

- (27T)d/\1
) = @iay + A (E)
Then
s = VO

(2m)9A1 + Aoty (&)
Since 6 < p by Holder’s inequality

d d 0/p
Sl < (Z |5j|“) -/
i=1

Jj=1
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Putting p = (|&1]% + ... 4 [€4|%)"/?, we obtain

d
Solg = prd

j=1

Thus,

P>
S(8) < (2m)9N; + Agp2rd2v(1/n=1/0)"

It is easily checked that the function f(p) = (2m)I\; + Agp?*d?(1/n=1/0) _ p2n
reaches a minimum on [0, +00) at

B 27{ d 1/(21/)
po = d1/9 1/p <( 52) > )

Moreover, f(pg) = 0. Consequently, f(p) > 0 for all p > 0. Hence S(§) < 1 for all
£

Let z(-) € X; for p(-) = Z/2(~). Put A = HAZ/230(~)||L2(Rd) +¢, e > 0. Consider

z(-) = z()/A. Put 6 = [|[FZ(-)|| 1, ey It follows from (14) that
(15)
wp A = Ea(A1%, A2y = /o (0N
z()EW? ’ 2(RY) 0 u (2m)d/2
1F2()l . gty <6
Thus,
/2 (1/6-1/p) ) 1=n/v
’r] 7 —
o e = ’ ((%)d/z) '
Consequently,

, 41(1/6-1/m) Lon/v (1 av "
18522 Oy < Govarrmarrra 12Ol (14722 Ol +¢)

Letting ¢ — 0 we obtain (11).
If there exists a
qn(1/0—1/p)

U< Gmiaamre

for which

183722 oy < CIFRC) L, Mo AL 22

then

L, dne=ym
sup [N P2 ()| gy < COTIY < Lonfv,

)EWs (2m)d(1=n/v)/2

<é

1P (), ) <

This contradicts with (15). O

Let o = (ov, ..., aq) € R%. We define the operator D® (the derivative of order
«) by

Dx(-) = F7H((i€)* Fa(€))(-),
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where (i€)® = (i&1)** ... (i§q)“*. For p = 2v we have

A2 sy = g L, (6P oo ) [Pa(e) e
d
=> D45 2()[|7, may
j=1
where ej, j =1...,d, is a standard basis in R4,

From Theorem 2 we obtain the following result.

Corollary 2. Let v >n >0 and 0 < 0 <2v. Then

n/2 z\v/2 1/6—1/(2 g iy
Ey(Ay", Ay)7) = an/o= 1) ((27r)d/2> ’

and all methods
y)(®) = P~ (alt)w > Ou0))
where a(-) are measurable functions satisfying the condition

o (L= a©F . la(©)?
Yo (&) ( U5, () <2w>dxl) =h

in which
. d2n(1/6-1/(2v)) (1_ﬂ) (2m)d\ """
! (2m)d v 52 ’
n/v—1
v = genso-1@n (TN
2 |y 52 )

are optimal.
The sharp inequality

(16)
) qn(1/0-1/(2v)) 1 , , n/(2v)
||AZ/ x(')”Lg(Rd) < WHFQU Lz&éd) Z [ DY (- ||L2(Rd
holds.
For integer v inequality (16) can be rewritten in the form
qn(1/6—1/(2v)) . O x n/(2v)
87220l agaty < o 1RO (Z\ ) .
(2m) Lz(Rd)

4. OPTIMAL RECOVERY METHODS FOR D¢

Now we consider problem (2) for A = D* and D = AZ/ ®. Then for I from (4)
we have

B (B (w) .. 5 (W) " i
(17) I_/Hd 1 (Zz_l%v’g(w))Vm(l—’h)/HJ( )d ’

where
B v—|al B 1
NV rdaz -1/ T 2 -1/p)

o] =a1+ ...+ ag.
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It follows by (6) and (7) that I < oc.

Corollary 3. Let2 <p<oo, v > |a| >0, and u > 0. Then

1
Gmym

where I is defined by (17). The method

M) = £ ((1 - ﬁ}ﬂ) <z’t>ay<t>> ,
)

B,(D%, A1) = Cylw.la) /07,

where )

1 Y

8= Gy Caws lal) (512777)
is optimal.
Moreover, the sharp inequality
o A v
D%z ()| Ly (re) < p(%)—dwzl\F (D gy 1A 22 (O L (i

holds.

Consider the case when p = 2.
Theorem 3. Let 2v > 1> 0 and 0 < |a| < v. Then
1—|al/v d
a Av)2 0 “lal/u a;/n
(18) E2(D aAM ) = 7T>d/2 |O(| H aj ’

(2 :
Jj=1
(xj;éO

and all methods

(19) m(y)(t) = F~ (a(t)(it)*y(1)) ,

where a(-) are measurable functions satisfying the condition
1—a@? , la@

20) Wﬁ)( @) (%)%) =b

in which

_ |l /v d
_ Jaf el lal\ ((2m)? 20/
A= (2m)d 1 v 62 JE[1 @ ’

Oéj;ﬁo
_ |la|/v—=1 d
o “2lel/pdt f (2m) 205/
Ag = ]y 52 H @ o
=1
#£0
are optimal.
The sharp inequality
d
«@ |Oé| \a|/,u o 1—|a|/v v «@ 1/
@1) 10Ol < Goaaarzms L1 o5 POl 147 22 O
j=1

Qg 960
holds.



10 K.YU. OSIPENKO

Proof. Tt follows from (3) that
(22) Ey(D*, A% > sup  [[D%z ()|, re)-
z(-)EWs
1F(l . ) <6

Consider the extremal problem

1D 2 ()7, gey = max,  [|[Fe( )] ge < 0% A 22()]7,@e) < 1.

Given
9 )d\ 1/ 2¥)
0<€<min{|a1/”(“;)> a;/”:aj>07j:1,...,d ,
we set
1/(2v)
= — (QW)d 1 1 g, a; >0,
& =lal/® ((yz (™. a") = (e, ea), &= N a;:: 0

BEZ{SERd:|€_EE|<5}-

Consider a function z.(-) such that

5 52 \M@\ T
Fze(§) =< \/mes B (1 e ((27r)d> ) » &€ B
0, £ ¢ B..

-1
A n/(2v)
|w%m@ﬂa=*<“”5<wm> =

Then

and

||AZ/2$(')||22(R(1)
-1

52 , 52\ M/ (@) ., s
:m 1+de (W) /BE(|§1 + .o+ &l") d¢

1 2v/1
52 , 52 w/(2v) 9r)d p/(2v) - d
SwwGﬂkaﬁ () ol e
j=1

By virtue of (22) we have

=1

E3 (D AL/%) 2 |00 ()|}, xe)

52 52 p/(2v)\ 71 , ,
= — L aq g
(2m) mes B. 1+de ((Qﬂ)d) /BE (ST 1 2] /3

52 L 62 \MeY -t , . N R
:(ZT)d 1+d€ <(27T)d> ‘§1| 1|£d| d7 (61775(1)635
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Letting ¢ — 0 we obtain the estimate

2 1—|a|/v d
a v —2la 20
(23) R ) B T | O

Jj=1
a; #0

We will find optimal methods among methods (19). Passing to the Fourier
transform we have

ID%a() ~ ﬁ%(y)(-)Hiz(Rd) - % / €12 JEal?0 [Fa(€) — a©)(©) de.

We set z(+) = —y(+) and note that

/lz s < g [ wOIPalOP de <1,

Then
1D () = () ()13, ey
_ 1 201 2004 1 r 2 d
G L, Il (1 = al) Pa(e) + a©)=(€) de.
We write the integrand as
(1= oWV OF ) | al©) oy s
N B STV G

Applying the Cauchy-Bunyakovskii-Schwarz inequality we obtain the estimate

1D () = m(y) (I, @e)

< vraisup S(E)ﬁ/ﬂ{d (>\2¢Z(§)|F1’(§)|2 + (27r)d)\1|z(§)|2) dg,

£ERY

R )

If we assume that S(§) <1 for almost all £, then taking into account (23), we get

(ST TR

where

(24) e3(D™, AY/2 i)

L [ et @R + N OF) de < 2o+ 2

= @ne

52\ lel/v sal) / ) p
_ —2| g/ « v
() e T < g0
Jj=1
aj;éO
This proves (18) and shows that the methods under consideration are optimal.
It remains to verify that the set of functions a(-) satisfying (20) is nonempty.

Put

o (27T)d)\1
YO = oDy i@
Then
S(E) — ‘€1|2a1 "'|£d|2ad

(2m)Ih + At ()
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Consider the function

d 2v/p
H(t)= -1+ (27")(1)\1672(“” + A2 <Z e“tjﬁ(o‘*t)> ,

j=1
where (o, t) = aqt1 + ... agtq. It is easy to prove that H(:) is a convex function.
Moreover, H(t) =0 and the derivative of H(-) at the point ¢ is also zero, where
~ 1. o 1, (2n)¢ 1, ag 1, (2n)
t=(—-In— 1 ciy=In— +—1
,un|\+21/n52’ ’un|a\+2un52

Consequently, H(t) > 0 for all t € R%. It means that

d 2v/p
e~ 2(at) < (27r)d/\1 T Ay (Z e““) .

j=1
Put |¢;] =€, j=1,...,d. Then we obtain
EaPr el < (2m) A + Aol (6).

Thus, S(§) <1
The proof of (21) is similar to the proof of (11). O

For p = 2v we obtain

Corollary 4. Let 0 < |a| < v. Then

/2 4 el la|/(2 4 /(2 )
E(DQA”)( d> ||~ ”|| il
/2
o) o

and all methods
m(y)(t) = F~ (a(t)(it)y(t)),

where a(-) are measurable functions satisfying the condition

noor (11— a()]? Ia(f)l2>
¢9(§) ( )\2¢5V(€) + (27T)d)\1 S 17
in which
_ 1 al\ (0N S
M= gy (1‘u)<|a|62> LT 5™
j=1
a;#0
o] f@n)?\ T L qlv,
AQU(W) I«
o

are optimal.
The sharp inequality

(25) D@ () Lo (re

lal/@y) Jal/(20)
‘Cl| lol/(2v) aj/(2v) 1 v ve;
= @mdiTame | o | Fa () ) Z”D "2 ()|IZ, @a)

Jj=1
aj;éO

holds.
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For integer v inequality (25) can be rewritten in the form

||Da95(')||L2(Rd)

_ 2 d d 2 lal/(2v)
< |a] lel/(2v) aaj/(Qu)“Fx(.)”l—\aL/u (Z avx(') >
= d(1- 2 J Lo (R%) v )
(27‘(‘) ( |Oé‘/l/)/ j:l 2 j:l 8t] Lz(Rd)
aj;£0
REFERENCES
[1] S. A. Smolyak, On optimal recovery of functions and functionals of them, Diss.... Cand.

Phys.-Math. Sci., Moscow State Univ., Moscow, 1965. (Russian)

[2] S. M. Nikol’skii, “On the question of estimates for approximation by quadrature formulae”,
Uspekhi Mat. Nauk 5:2(36) (1950), 165-177. (Russian)

[3] C. A. Micchelli and T. J. Rivlin, “A survey of optimal recovery”, Optimal estimation in
approzimation theory, Proc. Internat. Sympos. (Freudenstadt 1976), Plenum, New York 1977,
pp. 1-54.

[4] A. A. Melkman and C. A. Micchelli, “Optimal estimation of linear operators in Hilbert spaces
from inaccurate data” SIAM J. Numer. Anal., 16 (1979), 87-105.

[5] J. F. Traub and H. WoZniakowski, A general theory of optimal algorithms, ACM MMonograph
Series, Academic Press, New York—London 1980; Russian transl., Mir, Moscow 1983.

[6] V. V. Arestov, “Optimal recovery of operators and related problems”, Proc. All-Union School
in Function Theory (Dushanbe, August 1986), Trudy Mat. Inst. Steklov., vol. 189, Nauka,
Moscow 1989, pp. 3-20; English transl., Proc. Steklov Inst. Math. 189:4 (1990), 1-20.

[7] G. G. Magaril-II'’yaev and K. Yu. Osipenko, “Optimal recovery of functionals based on in-
accurate data”, Mat. Zametki 50:6 (1991), 85-93; English transl., Math. Notes 50:6 (1991),
1274-1279.

[8] L. Plaskota, Noisy information and computational complerity, Cambridge University Press,
Cambridge 1996.

[9] K. Yu. Osipenko, Optimal recovery of analytic functions, Nova Science Publ., Inc., Hunting-
ton, New York 2000.

[10] G. G. Magaril-Il'yaev and V. M. Tikhomirov, Convex analysis: theory and applications,
Editorial URSS, Moscow 2011; English transl. of 1st ed., Transl. Math. Monogr., vol. 222,
Amer. Math. Soc., Providence, RI 2003.

[11] K. Yu. Osipenko, Introduction to optimal recovery theory, Lan Publishing House, St. Peters-
burg. 2022 (Russian).

[12] G. G. Magaril-Il'’yaev and K. Yu. Osipenko, “Optimal recovery of functions and their deriva-
tives from Fourier coefficients prescribed with an error”, Mat. Sb. 193:3 (2002), 79-100;
English transl., Sb. Math. 193:3 (2002), 387-407.

[13] G. G. Magaril-II'yaev and K. Yu. Osipenko, “Optimal recovery of functions and their deriva-
tives from inaccurate information about a spectrum and inequalities for derivatives”, Funkt-
stonal. Anal. | Prilozhen. 37:3 (2003), 51-64; English transl., Funct. Anal. Appl. 37:3 (2003),
203-214.

[14] K. Yu. Osipenko, “The Hardy-Littlewood—Pdlya inequality for analytic functions from
Hardy—Sobolev spaces”, Mat. Sb. 197:3 (2006), 15-34; English transl., Sb. Math. 197:3
(2006), 315-334.

[15] K. Yu. Osipenko, “Optimal recovery of linear operators in non-Euclidean metrics”, Mat. Sb.
205:10 (2014), 77-106; English transl., Sb. Math. 205:10 (2014), 1442-1472.

[16] K. Yu. Osipenko, “Optimal recovery of operators and multidimensional Carlson type inequal-
ities”, J. Complezity 32:1 (2016), 53-73.

[17] V. V. Arestov, “Best uniform approximation of the differentiation operator by operators
bounded in the space Ly”, Tr. Inst. Mat. Mekh. 24:4 (2018), 34-56; English transl., Proc.
Steklov Inst. Math. 308:1 (2030), 9-30.

[18] V. V. Arestov, “Best approximation of a differentiation operator on the set of smooth func-
tions with exactly or approximately given Fourier transform”, Mathematical Optimization
Theory and Operation Research. MOTOR 2019. Lecture Notes in Comput. Sci., vol. 11548,
Springer, Cham 2019, pp. 434-448.



14

K.YU. OSIPENKO

[19] V. V. Arestov, “Uniform approximation of differentiation operators by bounded linear oper-

ators in the space L,”, Anal. Math., 46:3 (2020), 425-445.

[20] K. Yu. Osipenko, “Optimal recovery in weighted spaces with homogeneous weights”, Mat.

Sb. 213:3 (2022), 111-138; English transl., Sb. Math. 213:3 (2022), 385-411.

[21] G. G. Magaril-Il’yaev and K. Yu. Osipenko, “On optimal harmonic synthesis from inaccurate

spectral data”, Funktsional. Anal. | Prilozhen. 44:3 (2010), 76-79; English transl., Funct.
Anal. Appl. 44:3 (2010), 223-225.

[22] G. G. Magaril-II’yaev and K. Yu. Osipenko, “The Hardy-Littlewood—P6lya inequality and the

reconstruction of derivatives from inaccurate data”, Dokl. Ross. Akad. Nauk 438:3 (2011),
300-302; English transl., Dokl. Math. 83:3 (2011), 337-339.

(23] G. G. Magaril-II'yaev and K. Yu. Osipenko, “On optimal recovery of solutions to difference

equations from inaccurate data”, Probl. Mat. Anal. 69 (2013), 47-54; English transl., J.
Math. Sci., New York 189:4 (2013), 596-603.

[24] K. Yu. Osipenko, “On the construction of families of optimal recovery methods for linear

operators”, Izv. RAN. Ser. Mat. 88:1 (2024), 98-120.

[25] K. Yu. Osipenko, “Optimal recovery and generalized Carlson inequality for weights with

symmetry properties”, J. Complezity 81 101807 (2024), pp.35.

Moscow STATE UNIVERSITY, INSTITUTE OF INFORMATION TRANSMISSION PROBLEMS (KHARKE-

VICH INSTITUTE), RAS, Moscow

E-mail address: kosipenko@yahoo.com



