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MSC: where F'z(-) is the Fourier transform of z(-). The sharp value of K in the general

26A10 case (that is, for all n € N and 0 < k < n) was known only for ¢ = r = 2 and
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sharp constants is obtained for fractional degrees of the Laplace operator (—A)*/2
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1. Introduction

Inequalities for derivatives of Kolmogorov-type on the real line are traditionally understood as multi-
plicative inequalities of the form

290 ) < KO, ol O, g, .

where 0 < k < n are integers, 1 < p,¢,7 < 00, a, 8 > 0. It is assumed that the function z(-) € L,(R) has
the (n — 1)-st derivative which is locally absolutely continuous on R and x(™)(-) € L,(R). The problem is
to find the best possible constant K (the smallest constant) in (1). Inequalities (1) with the best possible
constant we call the sharp inequalities.
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The first sharp inequalities of type (1) were obtained by Landau [8] (for the half-line Ry, n =2, k =1,
p =q =r = co) and Hadamard [5] (for the line R, n =2,k =1, p = ¢ = r = o0). In the late 30 s
Kolmogorov [7] determined the exact constant in (1) for line, p = ¢ = r = oo in the general case, i.e., for
any n > 2 and 0 < k < n. This result remains one of the most remarkable ones in this area, and the sharp
inequalities of type (1) are often referred to as Kolmogorov’s inequalities. Paying tribute to the first result
in this area, these inequalities are also called Landau—Kolmogorov inequalities.

There are a lot of papers devoted to the search of the best constants in inequalities of such type (see
survey papers [19] and [2]). However, there are only three more complete results for the line comparable to
Kolmogorov’s were obtained (p = ¢ = r = 2 by Hardy, Littlewood, and Pélya [6], p = ¢ = r = 1 by Stein
[17], and p =1 = 2, ¢ = oo by Taikov [18]).

Sharp inequalities for derivatives are closely connected with the problems of optimal recovery of functions
and their derivatives from an inaccurate information about function itself or its Fourier transform (see [13]
and [10]). In the latter case sharp inequalities contain the Fourier transform of function instead of function.
It turns out that inequalities of this type can be obtained even in a more general form. Namely, they are
valid not only for all n € N and 0 < k < n but for some family of metrics in which the Fourier transform
of function is measured. One of the first result of such type was obtained in [10].

Let S be the Schwartz space of rapidly decreasing infinitely differentiable functions on R, S” the dual
space of distributions, and F': S’ — S’ the Fourier transform. Let 1 < p < oo and n € N. Set

Xr={ze€8 :Fa() € L,(R), 2" () € Ly(R) }.

It was proved in [10] that for all z(-) € X, 2 < p < oo, and all 0 < k < n the following sharp inequality
holds:

k+1/2—1/p

169 () oy < Kk, p)IF2 O a7 e Ol et (2)

where for 2 < p < oo

__n—k
K(k ) = n+1/2—-1/p i+ 1/2 — 1/pBY/2=V/p\ "F/2m
PN R 2= V2 (n — k)1-1/p ’

_ k+1/2—-1/p _1-1/p
B‘B<< —k><1—2/p>’21—2/p)

and B(:,-) is the Eiler beta-function; for p = 2

n

—k
1 2n
s

The case p = 2 immediately follows from the Hardy-Littlewood-Pdlya inequality, so (2) may be considered
as a generalized Hardy-Littlewood—Pdlya inequality.

This paper is devoted to the study of sharp inequalities of such type, including the multidimensional
situation.
2. The Carlson, Levin, and Taikov inequalities

The Carlson inequality [4]

1/2
le@liza@y) < VAl 2 i@l 2R, ), R = [0,400),
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was generalized by many authors (see [9], [1], [3], [15]).
In particular, it was proved by Levin [9] that for p > 1, ¢ > 1, A > 0, u > 0 the following sharp inequality
holds:

le®llz, @) < KIEF 22 g 185 2012 g, . (3)
where
__ K R
pr+ g\ pr+ g\
and

a b l—a—b
K— i i 1 B a , b .
pa qb A+ l—-a-b'1—a-1»

Lemma 1 (/3]). Let 1 < p,q < oo and A, > 0. The following sharp inequality holds:

—a— 1+ p=
Je(®)llamy < 2K O gy I T 2O ). (4)

Proof. For all positive ay, as, b1, by we have (see [6])
afb} + agby < 2'*"(ay + ag)®(by + b2)". (5)

Using this inequality we obtain

ez, m) /|x |dt+/|x |dt<K</ ) pdt) (/ )71 | (8) th)
o0 a o0

s frreora) ([ |t|q+“-1|x<t>|wt) < KA ) g [ (12
0 0

The sharpness of this inequality follows from the sharpness of (3) and the fact that (5) turns into equality
for ag = as and by = by. O

Theorem 1. Let n € N, 0 < k <n, 1 <p < oo, and p+ k > 1. For all z(-) € X, the following sharp
inequality holds:

n—k—1/2 _k+1—-1/p
125 Ol ) < Kl p) [Fr () 5@y 1™ Oll iy~ (6)
where
1-b a b 1—a—b
1/1 1 1 1 1-b b
Ki(kyn,p) == (= Ly (L B
1(kn.p) 2 <7r> (pa) <b> (n—kz—l/Q (1—a—b’ 1—a—b>>
and

n—k—1/2 B kE+1—-1/p

1 1
T hri2—1p TT 2 n+12-1/p
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Proof. Let 1 <p<oo. Put ¢ =2, A\=p(l+k)—1, u=2n— 2k —1in (4) and change z(¢) by y(§). Then
we obtain

()l @) < 2"~ Kl (@)l ) IE" ¥ my-

If we take y(&) = FFx(€) then we get

mew@&sfabKQhWM%@XZM%M@W@)

By virtue of the Plancherel theorem we have

b

2r|a® (1)) < 2" TP K 2n) | Fa ()7 gy 2™ Ol -

It follows from properties of beta-function that

a b a+b 1-5 b
B(l—a—b’l—a—b>_ a B(l—a—b’l—a—b>'

Substituting this value in the expression for K we obtain (6).
Suppose that z(-) € X. If we take Z(-) such that

, —is , F 0,
Fi(©) = (@ " Fafe), == ey 17
0, Fz(§) =0,
then
‘ﬂmwﬂwﬁﬂz/mWMM%.
R R
The cases p = 1, 00 were proved in [11] (see Corollaries 1, 2). O
For p = 2 inequality (6) has the form
1 271,—4‘2k—1
n 2n—2k—1 2k41
awmmﬂmsm(%) IFa() g IO,
where
2n—2k—1
C2k+1\ P 2k+41
K2 = <(2]€+1)Slnﬂ' 2n > (m)

In view of Plancherel’s theorem we have

(k) RO YA .
le® o) < KalleOll@ e Ol ).

This inequality was obtained by Taikov [18] (without using of the Levin inequality).
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3. Multidimensional inequalities

Let di(-) and do(-) be measurable functions on R. Assume that |d;(-)| and |d2(-)| be homogenous
functions of degrees k, n, respectively (k and n are not necessarily integer), d;(§) # 0, j = 1,2, for almost
all £ € RY. Consider the polar transformation

& =pcoswi,
&y = psinwy coswa,

g1 =psinw; sinws . ..sinwg_s coswg—1,
¢g=psinwy sinws . ..sinwg_9sinwg_1.

Put w = (w1,...,wi—1),
(w) |d1(coswy, ..., sinw; sinws ...sinwgy_s sinwg—1)|,
(w) |da(coswy, ..., sinw; sinws . ..sinwg_s sinwg_1)|,
J(w) = sin? 2 w; sin? 2 ws ... sinwg_o.
Set

i
qur(’f’”vf)=7‘%(1—7)—%< (@v/p+1,q(1 -~ )/T))I> |

rln—k—d(1/q—1/r)
where

nek—dlfg 1)) (1 4 1o\
n (i —1/p) q‘( ) | ™)

We will use the following result which was proved in [3, Theorem 2] (see also [15, Corollary 4]).
Theorem 2. Let 1 < g <p,r<oo, k>d(1/p—1/q), n>k+d(1/qg—1/r), and
; & (@) i
Iy = / Wj(w) dw < 0o, g1 =1[0,7]%"% x [0,27].
n, , 4o (w)
Then the following sharp inequality
s ()t < Kar s Ty 2O, e 2 (N 5)
holds.
For the case when p = ¢ we have

Theorem 3. Let 1 <p=qg<r<oo, k>0,n>k+d(l/p—1/r), and

7 (|da (1)) = 1) 57 dt < o0

I = [ 180 (0] = 177 dt < o0, L= [ laa(0)

R4 R4

(ug = max{u,0}). Then the following sharp inequality
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n—k—d(/p—1/r)

~ k
lx )zl mey < K@)l ggn™ " 202 Ol @ty
holds, where

1n k—d(1/p—1/r) 1

f((p, )_I n—d(1/p—1/7) I = d(l/p T77) (I 1+12)1/p

Proof. Consider the extremal problem

ldi()z( )z, ®aey = max, [[z(),®e <0, [d2()z()lL, ®e) < 1.

Denote by E the value of this problem. It follows from [14, Theorem 2] that
N re\ P
E = <)\15p + —)\2> ,
b

where Xl > ( satisfies the equation

(/ NG ©OF -3 d&)w =5( [ 1007 (P )77 ac)
J

1/r

and

xzzgap—r( [l e - 307 dﬁ) .
R4

Put Xl = aP* and change variables ¢ = at. Then we obtain

nr kp 1 np kp 1
oS te +I/p—6a - +I/r

1
1 n=d1/p=1/7)
1/r :
54

After the same change of variables we have

This implies that

}:2 _ ];96p—ra—nr+k,p+d(r/p—l)1:1/17*1.

Thus,

n—k—d(1/p—1/r) ~

1
E— (apkép+6p—ra—nr+kp+d(r/p—1)I:I/P*1> /P _ soakatlsentin K(p,r).

Let 20, o) < 00, ld2()2()l1 1, oy < 00, and da()a()l|, ety # 0. Put

7(t) = ———) — ) 1, e
= G0 PO

Then in view of (11) we have the sharp inequality

137

(10)

(11)
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n—k—d(1/p—1/r)

ld1()ZC) L, ey < K@) 1O msy” -
Passing to z(-) we obtain (9). O
Set
Y, = {2() € L2(RY) : Fa(-) € Ly(RY), da()Fa() € L2(R) }.

We define the operator Da: Y, — La(R) as follows

Dax(-) = F~ ! (da(-) Fa())(). (12)
Assume that di(-)Fz(-) € L2(R?) for all z(-) € Y,. Put

Dia(-) = F7H(di () Fa())(). (13)

We also assume that Dyz(-) € C(R?) for all z(-) € Y.
Set

Kpqa(k,n, I)
g2n/a—k+(1-2/q)d/p
(271-) 2n+d(1—2/p)

Mpg(k,n,I) =

Theorem 4. Let 1 < p < 0o, k > d(1/p—1), and n > k+d/2. If p > 1 and I, < oo then for all z(-) €'Y,
the sharp inequality

. _ n—k—d/2 k+d(1—-1/p)
[D12()| Lo ay < Mp1(k,n, Ing) || Fa(- )II};*&?” N D () dy (15)

holds. If p =1 and Iy, I22 < oo then for all x(-) € Y1 the sharp inequality

1 —2k
1D12()]| ey < WIIFﬂf( )IILfTﬁgf) (| Dy (- )||2" ]ﬁd) (16)

holds.
Proof. We have

Dia(t) = G [ GOFa© 9 de, =12

(2m)
Ra

where t = (t1,...,tq), £ = (&1,... &), and (t,&) = t1&1 +. .. + t4€q- It follows from Theorem 2 that for ¢ = 1

and r = 2 the following sharp inequality

lds (V20| ey < Kpra ko, i) [F2 O, gy 12 () PO e

holds. Taking into account the Plancherel theorem we obtain (15). Using similar arguments from Theorem 3
we obtain (16).
For any z(-) € Y, we take Z(-) such that

F./f(g) = 6(f)eii<t’E>Fx(£)7 e’:‘(f) _ |d1(§)FJC(§)|’ dl(f)F (6) #0,

0, d1(§)F(£) = 0.
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Then

\/dl €)Fi(e tﬁds‘ [l prtolde

This implies that inequalities (15) and (16) are sharp. O

4. Multidimensional generalizations of the Taikov inequality

Consider some examples. Define the operator (—A)™/?

(—A)"2a(-) = FTHE["Fa(€) (), 1€l = /& +...+ &

Put di(€) = |€]F and da(€) = [£]™. Then operators D; and D, defined above coincide with (—A)*/2 and
(—A)"/Q.

, n >0, as follows

Corollary 1. Let 1 <p < oo, k >d(1/p—1), and n > k + d/2. Then the sharp inequality

n—k—d/2 k+d(1—1/p)
1= AV"2a(() oy < My oy L) | Fa ()| TR0 7 [ (— A 20 (| ol 0 (17)
holds, where
/2
o= 2
I'(d/2)
Proof. Let 1 < p < co. Since d; (w) = cjg(w) =1 we have
~ 2rd/2
I = = —. 1

Mg—1

Now (17) immediately follows from Theorem 4.
Let p = 1. We have

o= [ - v T= [ - 12
[t]|>1 [t]>1
Passing to the polar transformation we get

—+oo

I = / p~2(p* —1)p dply = on
1

kI
“d@n—k—d)’

where I is defined by (18). The analogous calculations give

2k21 15
2n—d)2n—k—d)(2n—2k—d)’

122 =

Substituting these values in (10) we obtain that
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2n—k—d k
~ — 2n—d d/2 Zn—d
R )

20 — 2k —d T(d/2)(2n — k —d)

It is easy to verify that

I?(L 2) = K112<k’, n, Io)
The case p = 0o was obtained in [16]. O

Note that the value of My (k, n, Iy) was calculated in [15]. Constants Moy (k, n, Iy) and M1 (k, n, Ip) (as
M1 (k,n, Io)) can be written in a simpler form

2n—2k—d 71/2
_(_2%k+d " (a _2k+d
MQl(k,n7IO) = (m) (?(2k+d) S m 7T> y
Moot (k I)_(ner/Q)ZZtrdd o2n —k S
eet U5 1000 = T ~a(2n — 2k — d) ’
where
va =24 1x2710(d/2).
Consider one more example. Let o = (a,...,aq) € R%. We define D (the derivative of order «) as

follows

Dx(-) = F7((i€)*Fx(€))(),

where (i€)* = (i€1)* ... (i4)*. Let D1 = D® and Dy = (—A)"/2 (thus, dy(§) = (€)™ and da(&) = |€]™).
Set |a] = a1 + ... + g,

_ n+d(1/2—1/p)
N W= 1/p) —lal(1/2—1/p)

Theorem 5. Let 1 <p < oo, |a|+p > 1, and n > |a| + d/2. Then the sharp inequality

n—lal—d/2 lal+d(1-1/p)
1Dz () ey < Mpr(lal,n, L) | F ()l iy~ | (—a) 2 z()liady (19)

holds, where

I((aq +1)/2) ... T((aaqs +1)/2)

fo=2 T{(lalq - d)/2)

Proof. Let 1 < p < oo. It follows from Theorem 4 that sharp inequality (19) holds with the constant
M, (Jaf,n, I), where

T= / | cos wl|°‘1‘71 ...|sinw; sinwsy . . .sinwg_s sin wd_1|”‘d51J(w) dw.

Mg

From the well-known Dirichlet formula we have
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L(p1/2)...T(pa/2)

el epetlge o deg =
&1 Sa' Ay dea 20T (py /2 + ... + pa/2+ 1)

£120,...,£4>0
£+ 4€5<1

Pp1,-..,pq > 0. Passing to the polar transformation we obtain

L'(p1/2)...T(pa/2)
L(p1/2+...+pa/2)

/ D(w,p1,-..,pa)J (W) dw =2

g1
where
®(w,p1,...,pq) = |coswi P71 |sinwy sinws - - - sinwy_g sinwg_1 pa—l,

Consequently, I= 1,.
Now let p = 1. Let us use Theorem 3. We have

Iy = / 72 ([t = 1) dt = Ja1 — Jao,  T2o = / 72" ([t = 1)? dt = Jaz = 2Ja1 + Jao,

[t |>1 [t |>1

where

Jac = / |t|72n|tca|dt'

[te|>1
Passing to the polar transformation we have
+oo
oo = / D(w,car +1,...,caqg+1)J(w)dw / p2ntelaltd=1g,
g1 ql'o(td)

I, (a,d)

1
= d J(w)dw = ————————
2n —cla| —d / (@, By Ba) T(w) dw 2n —cla) —d’
Mag—1

where ®p(w) = ®(w, —a1/|a| +1,...,—aq/|a| + 1), B; = 2n —d)a;/|la|+1,j=1,...,d, and
2 n—d/2 n—d/2
In(a,d) = I‘(a +1/2>...F<ad +1/2).
L) "' af o]
Thus,
2 2
Iy = o] L(a,d), Tn— lo] I(a,d).

(2n —d)(2n — |a| — d) (2n —d)(2n — |a| — d)(2n — 2|a| — d)

Substituting these values in (10) we obtain
la] —d la

2n—
~ m —d 2n—d 2]n(a7d) 2n—d
K1,2)=| ———— —_— .
(1,2) <2n—2a|—d> <2n—|a|—d>

It may be easily verified that IN((I, 2) = Ki92(|af, n, I,).
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Now let p = co. Consider the extremal problem

1D%2(0)] = max, [[Fa()l| ma <6 1(=2)""22()] L@ < 1.
Set
(i€)*
b @ 07
sw@={ T &7
1, £ =
(we recall that £ = &7 ... &7 and |£%] = [&1]** ... [€4|**). Let Z(-) be such that
© dsa(8), €% = Mg,
Fz 5 - éW e} 2n
e e < g
where A > 0. We prove that for all z(-) € Yoo (for da2(§) = |£|™) the following equality
D"2(0) = (" = Asa(OIEPMFole)de + 5 [ (-2 a() ~B) 7200 d
[€=[=Al€]2m Rd
holds. Indeed, in view of Plancherel’s theorem we have
ISR FE) dé.
Rd
Consequently,
h ()" — Nsal€)lEP™) Fir(€) de + 5 FA(€) de
[€[=Al€>m
1 s\ 2n 1 2n
—am [ (" = AP Pa(€) de + g Nsal€)IEP" Fr(€) de-+
[ =Al€]2m [Ex|=Alg]2m
1 1
G RO = g [ Fa©)de = Do),
[€ <AL R4

Choose A from the condition ||(—

52 9 52 |§2a|

n v =1

(@) / S e+ e / e
[Ex|>N|g|2m [Ex|<A[g]2m

After passing to the polar transformation we obtain

D1 (w)

(Q(if)d / J(w) dw / P21 g

g1 0
+oo

T2
<I>1(w)

Mgy

(20)

)220 (r¢) = 1. Then we get the following equation to find A

522
/ D(w,201 +1,...,20q + 1)J (w) dw / p2ntRleltd=l g, — 1
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where

1 051 ad
P =\ 2n-Tal P —+1,...,—+1].
1(&}) (W, M — |a| + ) ) I — |a| + )

Further, we arrive at the equation

6% | _ 2ntd 4n — 2|
A" 2n-Tal Jo=1
(2m)d 2n+d)@2n —2a[—d)”" 7
in which
2n+d 2n+d
Jo = P 1,... 1) J(w)d
0 / <w7a12n ‘Oé| ) aad2n7 |Oé| ) (OJ) w
Mg
2n+d 2n+d
r 1/2)...T 1/2
2 <a14n—2lal Y ) (ad4n—2a| Y )
la] +d
'in—
2n — |«
Thus,
52(4n — 2Ja) o
A= 22
((27r)d(2n+d)(2n 2lal — d) 0) (22)
In view of (21) for any admissible function for problem (20) we have
D%2(0)] < (167 — MeP>™) de + (23)
- (2m)d 5
[€x[=Alg]2m

Since for Z(+) the inequality terns to equality inequality (23) is sharp. We have

Py (w)
(162 — Ag[>) dé = / Blw,an 11, g+ 1)I(w) do / plalta=t g,
€= |5\ g2 -, 2
D1 (w) 5 | |
la|+d n— |«

- J(w)d Zntd=1 gy — X" 2Tl Jo.

H/ (w) dw 0/ p p @n+d)(jo| +d)°°

d—1

Substituting this value in (23), taking into account (22), we obtain the sharp inequality

n—la|—d/2

1Dz (0)] < K& rarz

where

_ n+dj2 ( (n— |al/2)Jy )"nﬁyf
lal +d/2 \ 2m)4(n+d/2)(n — |a| — d/2)

This implies the sharp inequality
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n—|al—-d/2 lal+d

1D%a(0)] < KIIFe()ll, " mey I(=A)" 220l ey

Due to the invariance with respect to the shift we get

n—|a]—d/2 || +d

1D () pmey < KNP, A2
It is easy to check that K = Moo1(|al,n,I). O

For p = 2 the constant My (|a],n, I,) was found in [15]. It can be written in the form

2n—2|a|—d 71/2
2]a| +d ) n (2|a+d . 2ol +d >
— sin 7r )

2n — 2|al — | 2n

Max(al,m, 1) = (

where

[(on +1/2)...T(aq +1/2)

Tad = (2m)d- 1F(|a|+d/2)

5. Multidimensional generalizations of the Hardy—Littlewood—Pdlya inequality

Assume that functions d; () and dx(-) satisfy the conditions stated at the beginning of paragraph 3. We
obtain an analog of Theorem 3 for the case when ¢ = r.

Theorem 6. Let 1 <g=r<p<oo, k>0,n>k, and

Sqt =/(|d1(t)|q— |da(t)]? )p Tdt < oo, Sp _/|d2 9(|dy ()] — ‘d2<t)|q>ﬁ df < oo,

Rd
Then the sharp inequality

k+d(1/q9—=1/p)

11 ()2 ()l (me) Squllaf()HZM“/q O Nde (Y (N TRy~ (24)

holds, where

1 k+d(1/q—1/p)

qu _ S » n+d(1/q 1/p>S g n+d(1/q—1/p) (Sql + ng)l/q.

Proof. Consider the extremal problem

ldi()z( ), ®ey = max, [z()|lL, ®e) <6 [da(-)2()]|L, ®ey < 1.

Denote by E the value of this problem. It follows from [14, Theorem 1] that
P~ o\ Va
E = (—)\151’ + )\2) ,
q

where /)\\2 > 0 satisfies the equation

([ (s ~Satasiorr) ™ ac) " =5 R/ 1 (0~ )

Rd
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and
= Lgvr ([ (1an(@lr - Selaatepr) ™" ac)
p +
Rd
Put /)\\2 = a*=")9 and change variables £ = at. Then we obtain
ar-ats §HP = ga" it i gL,

This implies that

1/p eIy
a = Sql
5sl/f1 ’

After the same change of variables we have
N = Lga-pgatetat/a-—1/m) g "
p e

Thus,
n—~k
F = qu6n+d(1/tr1/17),

By arguments analogous to those that were used in the proof of Theorem 3 we obtain sharp inequality
(24). O

Consider the operators Dy and Dy defined by (13) and (12). It follows from (24) that for all z(-) € Y,
we have

k+d(1/2-1/p)

Hdl(')Fx(')”LQ(]Rd) < Lp2||F37( )H n+d(1/2 17p) ||d2( ) ( )H n+t}({1d/)2 ntd(1/2—1/p) )

In view of Plancherel’s theorem we obtain

ktd(1/2-1/p)

. n—k
1D12 Ol aceey < Ll PO s 7 1D e (25)
where
- L
Lap = p2

Ak -
(27r) 2n+d(1—2/p)

Put dy(€) = |€|* and dy(€) = |€]™. Then operators D; and D, defined above coincide with (—A)*/2 and
(_A)n/2_

Theorem 7. Let 2 <p < oo, k >0, and n > k. Then the sharp inequality

k+d(1/2-1/p)

1(=2)* 22 ()| ., may SMpz(k,n,fo)llFfv()HZ”“” TN PO Ly

holds, where Mya(k,n, Iy) is defined by (14) for 2 < p < oo and Maa(k,n, Iy) = (2r)(1=k/m)d/2,
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Proof. The case p = 2 follows from [12]. Let 2 < p < oo. It follows from (25) that

k+d(1/2-1/p)

1(=2)* 22 ()| ., ma) SLdeFfv()\IF"KJf N8P (O frwdy

We calculate S3; and Sss which are used in de. We have
1
S = [P~ 1T de = [ 15— ) de = [ (- )
Rd [t]<1 0

where I;5 is defined by (18). Changing variables z = p>(»~*) we obtain

~ 1 _
Sﬂzﬁ/x%ﬂ(lﬂ)ﬁmz Ly o 2kp+d(p—2)’ )
n 2(n —k) 2(p—2)(n—k) p—2
0

The analogous calculations give

i I 2kp + d(p — 2)

2n 142k 21\ p—2 12 14 p p

= — p = —+ 1 .

S22 / 7 el H7) 3 dt 2(n—k) <2(p —2)(n—k) "p— 2)
R4

By properties of beta-function

B Lo 2kp+d(p—2) p
= S d —2/) (ﬂp—mm—krp—i>
G T(@k+d(l-2/p)) ( 2kp+d(p—2) p )
27 2n—k)@n+d(1-2/p) \2p-2)(n—k)p-2)

Hence,

~ ~ ~ \ 1/q
1=y _ _1—~ (B +1,q(1 — 2) T
Ly = 521 5’22 = (Sa1+ Sa2) /2 =770 (1—7)" = ( @/ 2(nq£ k) 02 12) )

where v and ¢ are defined by (7) for ¢ = r = 2. Consequently,

Lpo

L d—_n—k___ = MPQ(ka n, IO)'
(27‘-) Zntd(1—2/p)

Now let p = co. Consider the extremal problem
H(_A)k/zx(')HZLQ(]Rd) — max, \|F:1:(-)||ioo(]Rd) <42, ||(—A)n/2 ()HL Rd) = L.
Passing to the Fourier transform we have

(O dg = max, [[Fe()|7_me < 0% ()2 de < 1.

Let Z(-) be such that

(26)

(27)
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N é <o
Fig =" 1<
0, [£l=o0,

where o > 0 is chosen from the condition

gt [ EFRE)R e = 1.
R4

Thus the following equality must be satisfied

5 / € de = (2m)°.

l€l<o

Passing to the polar transformation we obtain that

(gd—lﬁdﬂr(d/m@n + d)) mmra
g = 52 .

Consider the Lagrange function for problem (27)

La() () he) = == a /(—I£|2k+(2ﬂ)dA1(£)+>\2|€\2”)\Fﬂc(§)lzd§-

(2m)?
Rd

Put Ay = o2(F=1) and

M(E) = {<271r)d('€|2’“ = dalél?), fél <o,
0, €] > o.
Then
= _1 2k 2(k—n)|¢|2n 2
L) M) A2) = G [ et o rae)R e 2 0

l€1>e
and L(Z(-), A1(+), A2) = 0. Consequently, for any admissible function z(-) we have
~ G | PP OF & >~ [1EPHIPa P de+ [ M@ (Fa©)F —67)de
R R

Rd

¥ Ag( Lo [l ae - 1) = LM 00— 8 [ (@ de

(2m)?
R4 R4

[ lePER©P de

> LE(), (), A) — 6 / M(E)dE = e = — 505
Rd R

d

It means that the value of problem (27) (and (26)) is equal to

ﬁ / RO = (271T)d / €2k de = M6 5
Ré

l€l<o
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where
R i 1 Bt
V2k+d <2d17rd/2F(d/2)> '
Thus,

2(n—k)
(=222 ()| py@ay < M 2nsd .

It follows from this inequality (as in the proof of Theorem 3) that

(=AY 22()yqme) < MIP2()] g (A 220l s
It remains to note that M = My2(k,n,Ip). O
Consider the case when D; = D%, Dy = (—A)™/? and p = oco.
Theorem 8. Let n > |«|. Then the sharp inequality
1020 oty < Mall F ) - A) 220 iy

holds, where

lal+d/2

M (n+d/2) 2ntd n—|o

_ 2n+d
R ——)

T Jlalraz !

and

—lof gl (8]

o (2L 1)

n—|af

2 2
r(a1”+d/ +1/2)...P<adﬂ+1/2>
J = n n .

Proof. Consider the extremal problem
HDQJJ(')H%Z(Rd) — max, HFUU(')H%OO(Rd) <% ||(*A)n/2 ()HL (Ré) < L.

Passing to the Fourier transform we have

(O de = max, [|Fa()|?_ ey < 6%, /|§|2”|Fx ()2 de < 1.

Let Z(-) be such that

N O
)= {07 €22 < g,

where A > 0 is chosen from the condition

(28)

(30)
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gt [ 1€ IFRER de = 1.
R4

Thus the following equality is valid
# [ s =)
[E2>|>A[¢]>m
Passing to the polar transformation we obtain

@2(0))
52 / J(w) dw / p?" T dp = (27)9,
IMg_1 0

where

Py(w) = " ZTaD (w’ My 1,..., Qd 1) .
n— |af n— |a

Hence,

n—|af
52J1 n¥d/2
A= .
(n + d/2>

Consider the Lagrange function for problem (30)

L0 M0 M) = gy [ (16 + @m0 (E) + Ml Fa(O) de.
Rd

Put Ay = X and

1 2« 2n 2 2n
- A A
) — {m)d('f = AalélPm), g2 > g,
0, 62 < e[,
Then
L0 M0 Ae) = (— 162+ AJe[)| Fa(€)[2 g > 0

g2 | gl
and L(Z(+), A\1(+), A2) = 0. Consequently, for any admissible function z(-) we have
o1 20 2 1 / 2a 2 / 2 _ 52
o) R/ A = =g [P+ [ (OF0 )k

R4

0y [1EPMIPROP dE = 1) = Ll M) 20) — 2 [ M)~
R 2

> LG M) =8 [N de =% =~ [IlIFa© ds
R4 R4
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Thus, the value of problem (30) (and (29)) is equal to

1
d

20 _ 2 sinolal)
(271_) |€ |d§ - ]\4'cl(s T

1 .
e ISR GI
Rd [€2|>A[¢]>m

Hence, for any admissible function z(-)

n—|af

D2 () L,®e) < Mysnrarz .,
This implies (28). O
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