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1. �±­®¢­»¥ ²¥®°¥¬» ¤¨´´¥°¥­¶¨ «¼­®£®¨±·¨±«¥­¨¿1.1. �¥®°¥¬  �¥°¬ �®·ª¨, £¤¥ ¤®±²¨£ ¥²±¿ ­ ¨¡®«¼¸¥¥ ¨«¨ ­ ¨¬¥­¼¸¥¥ §­ ·¥­¨¥ ´³­ª¶¨¨­ §»¢ ¾²±¿ ±®®²¢¥²±²¢¥­­® ²®·ª ¬¨ ¬ ª±¨¬³¬  ¨«¨ ¬¨­¨¬³¬  ´³­ª-¶¨¨.�¯°¥¤¥«¥­¨¥ 1. �®·ª  x0 ­ §»¢ ¥²±¿ ²®·ª®© ¬ ª±¨¬³¬  ´³­ª-¶¨¨ f(x), ¥±«¨ ¢ ­¥ª®²®°®© ®ª°¥±²­®±²¨ ²®·ª¨ x0 ¢»¯®«­¿¥²±¿ ­¥° -¢¥­±²¢® f(x) � f(x0) (±¬. °¨±. 1).
�¨±. 1.�¯°¥¤¥«¥­¨¥ 2. �®·ª  x1 ­ §»¢ ¥²±¿ ²®·ª®© ¬¨­¨¬³¬  ´³­ª¶¨¨f(x), ¥±«¨ ¢ ­¥ª®²®°®© ®ª°¥±²­®±²¨ ²®·ª¨ x1 ¢»¯®«­¿¥²±¿ ­¥° ¢¥­-±²¢® f(x) � f(x1) (±¬. °¨±. 1).�­ ·¥­¨¿ ´³­ª¶¨¨ ¢ ²®·ª µ x0 ¨ x1 ­ §»¢ ¾²±¿ ±®®²¢¥²±²¢¥­­® ¬ ª-±¨¬³¬®¬ ¨ ¬¨­¨¬³¬®¬ ´³­ª¶¨¨. � ª±¨¬³¬ ¨ ¬¨­¨¬³¬ ´³­ª¶¨¨ ®¡º¥¤¨-­¿¾²±¿ ®¡¹¨¬ ­ §¢ ­¨¥¬ ½ª±²°¥¬³¬  ´³­ª¶¨¨.�ª±²°¥¬³¬ ´³­ª¶¨¨ · ±²® ­ §»¢ ¾² «®ª «¼­»¬ ½ª±²°¥¬³¬®¬, ¯®¤-·¥°ª¨¢ ¿ ²¥¬ ± ¬»¬,·²® ¯®­¿²¨¥ ½ª±²°¥¬³¬  ±¢¿§ ­® «¨¸¼ ± ¤®±² ²®·-­® ¬ «®© ®ª°¥±²­®±²¼¾ ²®·ª¨ x0. � ª ·²® ­  ®¤­®¬ ¯°®¬¥¦³²ª¥ ´³­ª-¶¨¿ ¬®¦¥² ¨¬¥²¼ ­¥±ª®«¼ª® ½ª±²°¥¬³¬®¢, ¯°¨·¥¬ ¬®¦¥² ±«³·¨²¼±¿ ² ª,·²® ¬¨­¨¬³¬ ¢ ®¤­®© ²®·ª¥ ¡®«¼¸¥ ¬ ª±¨¬³¬  ¢ ¤°³£®©, ­ ¯°¨¬¥°, ­ °¨±.1 fmin(x3) > fmax(x0). � «¨·¨¥ ¬ ª±¨¬³¬  (¨«¨ ¬¨­¨¬³¬ ) ¢ ®²¤¥«¼-­®© ²®·ª¥ ¯°®¬¥¦³²ª  X ¢®¢±¥ ­¥ ®§­ · ¥², ·²® ¢ ½²®© ²®·ª¥ ´³­ª¶¨¿3



f(x) ¯°¨­¨¬ ¥² ­ ¨¡®«¼¸¥¥ (­ ¨¬¥­¼¸¥¥) §­ ·¥­¨¥ ­  ½²®¬ ¯°®¬¥¦³²ª¥(¨«¨, ª ª £®¢®°¿² ¨¬¥¥² £«®¡ «¼­»© ¬ ª±¨¬³¬ (¬¨­¨¬³¬)).�±«¨ ¤¨´´¥°¥­¶¨°³¥¬ ¿ ­  ¯°®¬¥¦³²ª¥ X ´³­ª¶¨¿ y = f(x) ¤®±²¨-£ ¥² ­ ¨¡®«¼¸¥£® ¨«¨ ­ ¨¬¥­¼¸¥£® §­ ·¥­¨¿ ¢ ¢­³²°¥­­¥© ²®·ª¥ x0,²®²®£¤  ¯°®¨§¢®¤­ ¿ ´³­ª¶¨¨ ¢ ½²®© ²®·ª¥ ° ¢­  ­³«¾, ².¥. f 0(x0) = 0.�³±²¼ ´³­ª¶¨¿ y = f(x) ¤¨´´¥°¥­¶¨°³¥¬  ­  ¯°®¬¥¦³²ª¥ X ¨ ¢²®·ª¥ x0 2 X ¯°¨­¨¬ ¥² ­ ¨¬¥­¼¸¥¥ §­ ·¥­¨¥ (±¬. °¨±. 2).
�¨±. 2.�®£¤  f(x0 +�x) � f(x0)¥±«¨ x0 +�x 2 X ¨, ±«¥¤®¢ ²¥«¼­®�y = f(x0 +�x)� f(x0) � 0¯°¨ ¤®±² ²®·­® ¬ «»µ �x ¨ ­¥§ ¢¨±¨¬® ®² §­ ª  �x.�®½²®¬³ �y�x � 0 ¯°¨ �x > 0 (±¯° ¢  ®² x0);�y�x � 0 ¯°¨ �x < 0 (±«¥¢  ®² x0):�¥°¥µ®¤¿ ª ¯°¥¤¥«³ ±¯° ¢  ¨ ±«¥¢  ¯®«³·¨¬lim�x!0+ �y�x � 0 ¨ lim�x!0� �y�x � 0:4



� ª ª ª ´³­ª¶¨¿ ¤¨´´¥°¥­¶¨°³¥¬  ­  ¯°®¬¥¦³²ª¥ X, ²® ¯°¥¤¥«» ±¯° -¢  ¨ ±«¥¢  ° ¢­» lim�x!0+ �y�x = lim�x!0� �y�x:�²±¾¤  f 0(x0) = 0.�­ «®£¨·­® ¤®ª §»¢ ¥²±¿ ¤«¿ ¬ ª±¨¬³¬ .�¥®°¥¬³ �¥°¬  · ±²® ­ §»¢ ¾² ­¥®¡µ®¤¨¬»¬ ³±«®¢¨¥¬ §ª±²°¥¬³¬ ¤¨´´¥°¥­¶¨°³¥¬®© ´³­ª¶¨¨.�¥®¬¥²°¨·¥±ª¨© ±¬»±« ²¥®°¥¬» �¥°¬ : ¢ ²®·ª¥ ½ª±²°¥¬³¬ , ¤®-±²¨£ ¥¬®£® ¢­³²°¨ ¯°®¬¥¦³²ª  X, ª ± ²¥«¼­ ¿ ª £° ´¨ª³ ´³­ª¶¨¨¯ ° ««¥«¼­  ®±¨  ¡±¶¨±±.1.2. �¥®°¥¬  �®««¿�³±²¼ ´³­ª¶¨¿ f(x)1) ®¯°¥¤¥«¥­  ¨ ­¥¯°¥°»¢­  ­  ¯°®¬¥¦³²ª¥ [a; b];2) ±³¹¥±²¢³¥² ª®­¥·­ ¿ ¯°®¨§¢®¤­ ¿ f 0(x), ¯® ª° ©­¥© ¬¥°¥ ­  ¨­-²¥°¢ «¥ ( ; b);3) ­  ª®­¶ µ ¯°®¬¥¦³²ª  ´³­ª¶¨¿ f(x) ¯°¨­¨¬ ¥² ° ¢­»¥ §­ ·¥­¨¿:f(a) = f(b).�®£¤  ¬¥¦¤³ a ¨ b ­ ©¤¥²±¿ ² ª ¿ ²®·ª , c (a < c < b), ·²® f 0(c) =0. �³­ª¶¨¿ f(x) ­¥¯°¥°»¢­  ­  [a; b], ¯®½²®¬³ ¯® ¢²®°®© ²¥®°¥¬¥ �¥¥©-¸²° ±±  f(x) ¤®±²¨£ ¥² ±¢®¥£® ­ ¨¬¥­¼¸¥£® m ¨ M ­ ¨¡®«¼¸¥£® §­ ·¥-­¨¿ (±¬ °¨±. 3).� ±±¬®²°¨¬ 2 ±«³· ¿:1. M = m. �®£¤  f(x) ±®µ° ­¿¥² ¯®±²®¿­­®¥ §­ ·¥­¨¥ ­  [a; b]. �¥©-±²¢¨²¥«¼­®, m � f(x) �M ¨ ¯®½²®¬³ f(x) = m = M ­  ¢±¥¬ ¯°®¬¥¦³²-ª¥. �®½²®¬³ f 0(x) = 0 ­  ¢±�¥¬ ¯°®¬¥¦³²ª¥,   ¢ ª ·¥±²¢¥ c ¬®¦­® ¢§¿²¼«¾¡³¾ ²®·ª³ ¨§ (a; b).2. M > m. �§¢¥±²­®, ·²® ®¡  ½²¨µ §­ ·¥­¨¿ ¤®±²¨£ ¾²±¿, ­® ² ª ª ªf(a) = f(b), ²® µ®²¿ ¡» ®¤­® §­ ·¥­¨¥ ¤®±²¨£ ¥²±¿ ¢ ²®·ª¥ c ¬¥¦¤³ a ¨b. � ² ª®¬ ±«³· ¥ ¨§ ²¥®°¥¬» �¥°¬  ±«¥¤³¥², ·²® ¯°®¨§¢®¤­ ¿ ¢ f 0(c)½²®© ²®·ª¥ ®¡° ¹ ¥²±¿ ¢ ­®«¼. 5



�¨±. 3.�¥®¬¥²°¨·¥±ª ¿ ¨­²¥°¯°¥² ¶¨¿ ²¥®°¥¬» �®««¿ ®§­ · ¥² ±«¥¤³¾¹¥¥:¥±«¨ ª° ©­¨¥ ®°¤¨­ ²» ª°¨¢®© f(x) ­  ®²°¥§ª¥ [a; b] ° ¢­», ²® ­  ª°¨-¢®© ­ ©¤¥²±¿ µ®²¿ ¡» ®¤­  ²®·ª , £¤¥ ª ± ²¥«¼­ ¿ ¯ ° ««¥«¼­  ®±¨Ox. � ½²®© ²®·ª¥ ¯°®¨§¢®¤­ ¿ ° ¢­  ­³«¾.�±«¨ f(a) = f(b) = 0, ²® ²¥®°¥¬³ �®««¿ ¬®¦­® ±´®°¬³«¨°®¢ ²¼ ² ª:¬¥¦¤³ ¤¢³¬¿ ¯®±«¥¤®¢ ²¥«¼­»¬¨ ­³«¿¬¨ ¤¨´´¥°¥­¶¨°³¥¬®© ´³­ª¶¨¨¨¬¥¥²±¿ µ®²¿ ¡» ®¤¨­ ­³«¼ ¯°®¨§¢®¤­®©.1.3. �¥®°¥¬  � £° ­¦ �³±²¼1) f(x) ®¯°¥¤¥«¥­  ¨ ­¥¯°¥°»¢­  ­  ®²°¥§ª¥ [a; b];2) ±³¹¥±²¢³¥² ª®­¥·­ ¿ ¯°®¨§¢®¤­ ¿ f 0(x), ¯® ª° ©­¥© ¬¥°¥, ­  ¨­-²¥°¢ «¥ (a; b).�®£¤  ¬¥¦¤³ a ¨ b ­ ©¤�¥²±¿ ²®·ª  c (a < c < b), ·²® ¤«¿ ­¥�¥ ¢»¯®«-­¿¥²±¿ ° ¢¥­±²¢® f(b)� f(a)b� a = f 0(c):�¢¥¤�¥¬ ¢±¯®¬®£ ²¥«¼­³¾ ´³­ª¶¨¾, ®¯°¥¤¥«¨¢ ¥¥ ¢ ¯°®¬¥¦³²ª¥ [a; b]° ¢¥­±²¢®¬: F (x) = f(x)� f(a)� f(b)� f(a)b� a � (x� a):6



�²  ´³­ª¶¨¿ F (x) ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¿¬ ²¥®°¥¬» �®««¿. �¥©±²¢¨-²¥«¼­® F (x) ­¥¯°¥°»¢­  ­  ®²°¥§ª¥ [a; b]. � ¨­²¥°¢ «¥ (a; b) ¨¬¥¥² ª®-­¥·­³¾ ¯°®¨§¢®¤­³¾, ° ¢­³¾F 0(x) = f 0(x)� f(b)� f(a)b� a :�°®¬¥ ²®£®, F (a) = F (b) = 0, ²® ¥±²¼ F (x) ¯°¨­¨¬ ¥² ° ¢­»¥ §­ ·¥­¨¿­  ª®­¶ µ [a; b].�°¨¬¥­¨¬ ª F (x) ²¥®°¥¬³ �®««¿. �®£¤  ­  ¨­²¥°¢ «¥ (a; b) ­ ©¤�¥²±¿²®·ª  c, £¤¥ F'(c)=0. � ª¨¬ ®¡° §®¬f 0(±)� f(b)� f(a)b� a = 0;®²ª³¤  f 0(c) = f(b)� f(a)b� a :�®ª § ­­³¾ ²¥®°¥¬³ ­ §»¢ ¾² ² ª¦¥ ²¥®°¥¬®© ® ±°¥¤­¥¬ §­ ·¥­¨¨.�²¬¥²¨¬, ·²® ²¥®°¥¬  �®««¿ ¿¢«¿¥²±¿ · ±²­»¬ ±«³· ¥¬ ²¥®°¥¬» � -£° ­¦ .�®ª § ­­ ¿ ´®°¬³«  f(b)� f(a)b� a = f 0(c);¨«¨ f(b)� f(a) = f 0(c)(b� a)­®±¨² ­ §¢ ­¨¥ ´®°¬³«» � £° ­¦  ¨«¨ ´®°¬³«  ª®­¥·­»µ ¯°¨° ¹¥­¨©.� ±±¬®²°¨¬ ¬¥µ ­¨·¥±ª¨© ¨ £¥®¬¥²°¨·¥±ª¨© ±¬»±« ²¥®°¥¬» � £° ­-¦ .�°¨° ¹¥­¨¥ f(b) � f(a) { ¨§¬¥­¥­¨¥ ´³­ª¶¨¨ f(x) ­  ®²°¥§ª¥ [a; b],  f(b)� f(a)b� a { ±°¥¤­¿¿ ±ª®°®±²¼ ¨§¬¥­¥­¨¿ ´³­ª¶¨¨ ­  ½²®¬ ®²°¥§ª¥.�­ ·¥­¨¿ ¯°®¨§¢®¤­®© f(x) ¢ ª ¦¤®© ²®·ª¥ { ½²® "¬£­®¢¥­­ ¿" ±ª®°®±²¼¨§¬¥­¥­¨¿ ´³­ª¶¨¨ f(x). � ª¨¬ ®¡° §®¬, ²¥®°¥¬  ³²¢¥°¦¤ ¥²: ±³¹¥-±²¢³¥² µ®²¿ ¡» ®¤­  ²®·ª  ¢­³²°¨ ®²°¥§ª  ² ª ¿, ·²® ±ª®°®±²¼ ¨§-¬¥­¥­¨¿ ´³­ª¶¨¨ ¢ ­¥© ° ¢­  ±°¥¤­¥© ±ª®°®±²¨ ¨§¬¥­¥­¨¿ ´³­ª¶¨¨ ­ ½²®¬ ®²°¥§ª¥. 7



�¥®¬¥²°¨·¥±ª ¿ ¨­²¥°¯°¥² ¶¨¿ ²¥®°¥¬  � £° ­¦  (±¬. °¨±. 4) ±«¥-¤³¾¹ ¿: ­  ª°¨¢®© AB ¢±¥£¤  ­ ©¤¥²±¿, ¯® ª° ©­¥© ¬¥°¥, ®¤­  ²®·ª M , ¢ ª®²®°®© ª ± ²¥«¼­ ¿ ¯ ° ««¥«¼­  µ®°¤¥ AB.
�¨±. 4.1.4. �¥®°¥¬  �®¸¨�³±²¼1) ´³­ª¶¨¨ f(x) ¨ g(x) ­¥¯°¥°»¢­» ­  ®²°¥§ª¥ [a; b];2) ±³¹¥±²¢³¾² ª®­¥·­»¥ ¯°®¨§¢®¤­»¥ f 0(x) ¨ g0(x), ¯® ª° ©­¥© ¬¥°¥,­  ¨­²¥°¢ «¥ (a; b);3) g0(x) ­¥ ° ¢­® ­³«¾ ­  ¨­²¥°¢ «¥ (a; b).�®£¤  ¬¥¦¤³ a ¨ b ­ ©¤�¥²±¿ ² ª ¿ ²®·ª  c (a < c < b), ·²®f(b)� f(a)g(b)� g(a) = f 0(c)g0(c) :�²  ´®°¬³«  ­®±¨² ­ §¢ ­¨¥ ´®°¬³«» �®¸¨.�²¬¥²¨¬, ·²® §­ ¬¥­ ²¥«¼ «¥¢®© · ±²¨ ° ¢¥­±²¢  ­¥ ° ¢¥­ ­³«¾g(b) 6= g(a). �±«¨ ¡» g(b) = g(a), ²® ¯® ²¥®°¥¬¥ �®««¿ ¯°®¨§¢®¤­ ¿ g0(x) ¢­¥ª®²®°®© ¢­³²°¥­­¥© ²®·ª¥ ®¡° ¹ « ±¼ ¢ ­³«¼, ·²® ¯°®²¨¢®°¥·¨² 3-¬³³±«®¢¨¾ ²¥®°¥¬». �­ ·¨² g(b) 6= g(a).�¢¥¤�¥¬ ¢±¯®¬®£ ²¥«¼­³¾ ´³­ª¶¨¾, ®¯°¥¤¥«¨¢ ¥¥ ¢ ¯°®¬¥¦³²ª¥ [a; b]8



° ¢¥­±²¢®¬: F (x) = f(x)� f(a)� f(b)� f(a)g(b)� g(a) � [g(x)� g(a)]:�²  ´³­ª¶¨¿ F (x) ³¤®¢«¥²¢®°¿¥² ¢±¥¬ ³±«®¢¨¿¬ ²¥®°¥¬» �®««¿. �¥©-±²¢¨²¥«¼­® F (x) ­¥¯°¥°»¢­  ­  ®²°¥§ª¥ [a; b], ² ª ª ª ­¥¯°¥°»¢­» ´³­ª-¶¨¨ f(x) ¨ g(x). � ¨­²¥°¢ «¥ (a; b) ´³­ª¶¨¿ F (x) ¨¬¥¥² ¯°®¨§¢®¤­³¾,° ¢­³¾ F 0(x) = f 0(x)� f(b)� f(a)g(b)� g(a) � g0(x):�°®¬¥ ²®£®, F (a) = F (b) = 0, ²® ¥±²¼ F (x) ¯°¨­¨¬ ¥² ° ¢­»¥ §­ ·¥­¨¿­  ª®­¶ µ [a; b].�°¨¬¥­¨¬ ª F (x) ²¥®°¥¬³ �®««¿. �®£¤  ­  ¨­²¥°¢ «¥ (a; b) ­ ©¤�¥²±¿²®·ª  c, £¤¥ F'(c)=0. � ª¨¬ ®¡° §®¬f 0(±)� f(b)� f(a)g(b)� g(a) � g0(c) = 0;¨«¨ f 0(c) = f(b)� f(a)g(b)� g(a) :� §¤¥«¨¢ ­  g0(c) (½²® ¢®§¬®¦­®, ² ª ª ª g0(c) 6= 0), ¯®«³· ¥¬ ²°¥¡³¥¬®¥° ¢¥­±²¢®.�²¬¥²¨¬, ·²® ²¥®°¥¬  � £° ­¦  ¿¢«¿¥²±¿ · ±²­»¬ ±«³· ¥¬ ²¥®°¥¬»�®¸¨. �«¿ ´®°¬³«» ª®­¥·­»µ ¯°¨° ¹¥­¨© ¢ ´®°¬³«¥ �®¸¨ ±«¥¤³¥²¯®«®¦¨²¼ g(x) = x.�®½²®¬³ ²¥®°¥¬³ �®¸¨ ­ §»¢ ¾² ®¡®¡¹¥­­®© ²¥®°¥¬®© ® ±°¥¤­¥¬§­ ·¥­¨¨.2. �®§° ±² ­¨¥ ¨ ³¡»¢ ­¨¥ ´³­ª¶¨©�¥®°¥¬  (¤®±² ²®·­®¥ ³±«®¢¨¥ ¢®§° ±² ­¨¿ ´³­ª¶¨¨). �±«¨ ¯°®-¨§¢®¤­ ¿ ¤¨´´¥°¥­¶¨°³¥¬®© ´³­ª¶¨¨ ¯®«®¦¨²¥«¼­  f 0(x) > 0) ¢­³²°¨­¥ª®²®°®£® ¯°®¬¥¦³²ª  X, ²® ®­  ¢®§° ±² ¥² ­  ½²®¬ ¯°®¬¥¦³²ª¥.� ±±¬®²°¨¬ ¤¢  §­ ·¥­¨¿ x1 ¨ x2 ­  ¤ ­­®¬ ¯°®¬¥¦³²ª¥ X. �³±²¼x2 > x1, x1; x2 2 X. �®ª ¦¥¬, ·²® f(x2) > f(x1).9



�«¿ ´³­ª¶¨¨ f(x) ­  ®²°¥§ª¥ [x1; x2] ¢»¯®«­¿¾²±¿ ³±«®¢¨¿ ²¥®°¥¬»� £° ­¦ , ¯®½²®¬³ f(x2)� f(x1) = f 0(�)(x2 � x1);£¤¥ x1 < � < x2, ².¥. � ¯°¨­ ¤«¥¦¨² ¯°®¬¥¦³²ª³, ­  ª®²®°®¬ ¯°®¨§¢®¤-­ ¿ ¯®«®¦¨²¥«¼­ , ®²ª³¤  ±«¥¤³¥², ·²® ¯° ¢ ¿ · ±²¼ ¯®±«¥¤­¥£® ° ¢¥­-±²¢  ¯®«®¦¨²¥«¼­ . �²±¾¤  f(x2)� f(x1) > 0 ¨f(x2) > f(x1):�­ «®£¨·­® ¤®ª §»¢ ¥²±¿ ¤°³£ ¿ ²¥®°¥¬ .�¥®°¥¬  (¤®±² ²®·­®¥ ³±«®¢¨¥ ³¡»¢ ­¨¿ ´³­ª¶¨¨). �±«¨ ¯°®-¨§¢®¤­ ¿ ¤¨´´¥°¥­¶¨°³¥¬®© ´³­ª¶¨¨ ®²°¨¶ ²¥«¼­  (f 0(x) < 0) ¢­³²°¨­¥ª®²®°®£® ¯°®¬¥¦³²ª  X, ²® ®­  ³¡»¢ ¥² ­  ½²®¬ ¯°®¬¥¦³²ª¥.�°¨¬¥°. �±±«¥¤®¢ ²¼ ­  ¢®§° ±² ­¨¥ ¨ ³¡»¢ ­¨¥ ´³­ª¶¨¾ y = x2�6x+ 2.y0 = 2x� 6, y0 > 0 ¯°¨ x > 3 y0 < 0 ¯°¨ x < 3�®½²®¬³ ´³­ª¶¨¿ ³¡»¢ ¥² ­  ¨­²¥°¢ «¥ (�1; 3) ¨ ¢®§° ±² ¥² ­  ¨­-²¥°¢ «¥ (3;1).� ¬¥²¨¬, ·²® ¥±«¨ ¯°®¨§¢®¤­ ¿ ´³­ª¶¨¨ f 0(x) � 0, ²® ®­  ¬®­®²®­­®¢®§° ±² ¥²   ¥±«¨ ¯°®¨§¢®¤­ ¿ ´³­ª¶¨¨ f 0(x) � 0, ²® ®­  ¬®­®²®­­®³¡»¢ ¥².3. �° ¢¨«® �®¯¨² «¿�°¥¤¥« ®²­®¸¥­¨¿ ¤¢³µ ¡¥±ª®­¥·­® ¬ «»µ ¨«¨ ¡¥±ª®­¥·­® ¡®«¼¸¨µ´³­ª¶¨© ° ¢¥­ ¯°¥¤¥«³ ®²­®¸¥­¨¿ ¨µ ¯°®¨§¢®¤­»µ (ª®­¥·­®¬³ ¨«¨ ¡¥±-ª®­¥·­®¬³), ¥±«¨ ¯®±«¥¤­¨© ±³¹¥±²¢³¥² ¢ ³ª § ­­®¬ ±¬»±«¥. �² ª, ¥±«¨¨¬¥¥²±¿ ­¥®¯°¥¤¥«¥­­®±²¼ �00� ¨«¨ �11� ;²® limx!x0 "f(x)g(x)# = limx!x0 "f 0(x)g0(x)#10



¨«¨ limx!1 "f(x)g(x)# = limx!1 " f 0(x)g; (x)# :� ±±¬®²°¨¬ ¯° ¢¨«® �®¯¨² «¿ ¤«¿ ­¥®¯°¥¤¥«�¥­­®±²¨ �00� ¯°¨ x! x0.�³±²¼ ´³­ª¶¨¨ f(x) ¨ g(x),   ² ª¦¥ ¨µ ¯°®¨§¢®¤­»¥ ­¥¯°¥°»¢­» ¢®ª°¥±²­®±²¨ ²®·ª¨ x0. �®£¤ limx!x0 f(x) = f(x0) = 0; limx!x0 g(x) = g(x0) = 0:� ¯¨¸¥¬ limx!x0 f(x)g(x) = limx!x0 f(x)� f(x0)g(x)� g(x0) ;£¤¥ x «¥¦¨² ¢ ®ª°¥±²­®±²¨ ²®·ª¨ x0.�±¯®«¼§³¥¬ ²¥®°¥¬³ � £° ­¦ f(x)� f(x0) = f 0(�1)(x� x0);g(x)� g(x0) = g0(�2)(x� x0);£¤¥ x < �1 < x0; x < �2 < x0. �®½²®¬³limx!x0 f(x)g(x) = limx!x0 f 0(�1)(x� x0)g0(�2)(x� x0) = limx!x0 f 0(�1)g0(�2) :�°¨ x! x0 ¢ ±¨«³ ­¥¯°¥°»¢­®±²¨ f 0(x) ¨ g0(x) ¨¬¥¥¬ f 0(�1)! f 0(x0)¨ g0(�2)! g0(x0).�²±¾¤  ¯®«³· ¥¬ limx!x0 f(x)g(x) = limx!x0 f 0(x)g0(x) :� ±±¬®²°¨¬ ¯°¨¬¥°» ­  ¨±¯®«¼§®¢ ­¨¥ ¯° ¢¨«  �®¯¨² «¿.�°¨¬¥°. � ©²¨ ¯°¥¤¥« limx!1 xex .limx!1 xex = �11� = limx!1 x0(ex)0 = limx!1 1ex = 0:11



�°¨¬¥°. � ©²¨ ¯°¥¤¥« limx!0 xex � 1 .limx!0 xex � 1 = �00� = limx!0 x0(ex � 1)0 = limx!0 1ex = 1:�°¨¬¥°. � ©²¨ ¯°¥¤¥« limx!0 ex + e�x � 2x2 .limx!0 ex + e�x � 2x2 = �00� = limx!0 (ex + e�x � 2)0(x2)0 = limx!0 ex � e�x2x = �00� :�¹¥ ° § ¯°¨¬¥­¨¬ ¯° ¢¨«® �®¯¨² «¿.limx!0 ex � e�x2x = limx!0 (ex � e�x)0(2x)0 = limx!0 ex + e�x2 = 1:�¥ ¢±¥£¤  ¯° ¢¨«® �®¯¨² «¿ ¯®§¢®«¿¥² ­ ©²¨ ¯°¥¤¥«.�°¨¬¥°. � ©²¨ ¯°¥¤¥« limx!1 x+ sinxx� sinx .�²® ­¥®¯°¥¤¥«¥­­®±²¼ ²¨¯  �11�.�«¿ ­ µ®¦¤¥­¨¿ ¯°¥¤¥«  ¨±¯®«¼§³¥¬ ¯° ¢¨«® �®¯¨² «¿. �¬¥¥¬limx!1 x+ sinxx� sinx = �11� = limx!1 (x+ sinx)0(x� sinx)0 = limx!1 1 + cosx1� cos x:�® ½²®² ¯°¥¤¥« limx!1 1 + cos x1� cosx­¥ ±³¹¥±²¢³¥².�  ± ¬®¬ ¤¥«¥ ­ µ®¦¤¥­¨¥ ¯°¥¤¥«  limx!1 x+ sinxx� sin x ±«¥¤³¥² ¯°®¨§¢®¤¨²¼±«¥¤³¾¹¨¬ ±¯®±®¡®¬.limx!1 x+ sinxx� sinx = limx!1 1 + sinxx1� sinxx = 1;² ª ª ª limx!1 sinxx = 0:12



4. �®°¬³«  �¥©«®° 4.1. �®°¬³«  �¥©«®°  ¤«¿ ¬­®£®·«¥­ �³±²¼ ¨¬¥¥²±¿ ¬­®£®·«¥­ p(x) c²¥¯¥­¨ n;p(x) = a0 + a1(x� x0) + a2(x� x0)2 + a3(x� x0)3 + � � �+ an(x� x0)n:�°®¤¨´´¥°¥­¶¨°³¥¬ p(x) n ° §:p0(x) = a1 + 2a2(x� x0) + 3a3(x� x0)2 + � � �+ n � an(x� x0)n�1;p00(x) = 2a2 + 2 � 3a3(x� x0) + � � � + (n� 1)n � an(x� x0)n�2;p000(x) = 2 � 3 � a3 + � � �+ (n � 2)(n � 1)n � an(x� x0)n�3;p(n)(x) = 1 � 2 � 3 � � � � n � an:�®«®¦¨¬ ¢ ½²¨µ ´®°¬³« µ x = x0. �®«³·¨¬a0 = p(x0); a1 = p0(x0)1! ; a2 = p00(x0)2! ; a3 = p000(x0)3! ; � � � ; an = pn(x0)n! :� ª¨¬ ®¡° §®¬ ª®½´´¨¶¨¥­²» ° §«®¦¥­¨¿ ¢»° ¦ ¾²±¿ ·¥°¥§ §­ ·¥-­¨¿ ± ¬®£® ¬­®£®·«¥­  ¨ ¥£® ¯°®¨§¢®¤­»µ ¯°¨ x = x0. �¥°¥¯¨¸¥¬p(x) = p(x0) + p0(x0)1! (x� x0) + p00(x0)2! (x� x0)2 + � � � + p(n)(x0)n! (x� x0)n:�®«³·¥­­ ¿ ´®°¬³«  ­®±¨² ­ §¢ ­¨¥ ´®°¬³«» �¥©«®°  ¤«¿ ¬­®£®·«¥­ .4.2. �®°¬³«  �¥©«®°  ¤«¿ ¯°®¨§¢®«¼­®© ´³­ª¶¨¨� ±±¬®²°¨¬ ¯°®¨§¢®«¼­³¾ ´³­ª¶¨¾ f(x), ¢®®¡¹¥ £®¢®°¿, ­¥ ¿¢«¿¾¹³-¾±¿ ¬­®£®·«¥­®¬. �°¥¤¯®«®¦¨¬, ·²® ¤«¿ ­¥¥ ¢ ­¥ª®²®°®© ²®·ª¥ x0 ±³-¹¥±²¢³¾² ¯°®¨§¢®¤­»¥ ¢±¥µ ¯®°¿¤ª®¢, ¤® n ¢ª«¾·¨²¥«¼­®.�²® ®§­ · ¥², ·²® ´³­ª¶¨¿ ®¯°¥¤¥«¥­  ¨ ¨¬¥¥² ¯°®¨§¢®¤­»¥ ¢±¥µ¯®°¿¤ª®¢ ¤® (n � 1) ¢ª«¾·¨²¥«¼­® ¢ ­¥ª®²®°®© ®ª°¥±²­®±²¨ ²®·ª¨ x0x 2 (a; b),   ¢ ± ¬®© ²®·ª¥ x0 ¯°®¨§¢®¤­³¾ n-­®£® ¯®°¿¤ª .�®  ­ «®£¨¨ ± ´®°¬³«®© �¥©«®°  ¤«¿ ¬­®£®·«¥­  § ¯¨¸¥¬ ±«¥¤³¾¹¨©¬­®£®·«¥­p(x) = f(x0) + f 0(x0)1! (x� x0) + f 00(x0)2! (x� x0)2 + � � � + f (n)(x0)n! (x� x0)n:13



�­®£®·«¥­ p(x) ¥±²¼ ­¥ª®²®°®¥ ¯°¨¡«¨¦¥­¨¥ ª ´³­ª¶¨¨ f(x).� ±±¬®²°¨¬ ° §­®±²¼ r(x) = f(x)� p(x):�® ±¢®©±²¢³ ¬­®£®·«¥­  p(x) ¤«¿ ´³­ª¶¨¨ r(x) ±®¡«¾¤ ¾²±¿ ° ¢¥­-±²¢  r(x0) = r0(x0) = r00(x0) = � � � = rn(x0):�®ª ¦¥¬, ·²® ¥±«¨ ¤«¿ ª ª®©-«¨¡® ´³­ª¶¨¨ r(x), ¨¬¥¾¹¥© ¢ ²®·ª¥x0 ¯°®¨§¢®¤­»¥ ¤® n�­®£® ¯®°¿¤ª  ¢»¯®«­¿¾²±¿ ½²¨ ³±«®¢¨¿, ²® ¨¬¥¥²¬¥±²® ±®®²­®¸¥­¨¥: r(x) = o((x� x0)n);²® ¥±²¼ limx!x0 r(x)(x� x0)n = 0:�³¤¥¬ ¨±¯®«¼§®¢ ²¼ ¬¥²®¤ ¬ ²¥¬ ²¨·¥±ª®© ¨­¤³ª¶¨¨.�® ¬¥²®¤³ ¬ ²¥¬ ²¨·¥±ª®© ¨­¤³ª¶¨¨ ¯°¨ n = 1 ½²® ³²¢¥°¦¤¥­¨¥¨¬¥¥² ¢¨¤: ¥±«¨ ´³­ª¶¨¿ r(x), ¨¬¥¾¹ ¿ ¢ ²®·ª¥ x0 ¯¥°¢³¾ ¯°®¨§¢®¤­³¾,³¤®¢«¥²¢®°¿¥² ³±«®¢¨¿¬: r(x0) = r0(x0) = 0;²® r(x) = o(x� x0):�¥©±²¢¨²¥«¼­®limx!x0 r(x)(x� x0) = limx!x0 r(x)� r(x0)(x� x0) = r0(x0) = 0:�°¥¤¯®«®¦¨¬ ²¥¯¥°¼, ·²® ±´®°¬³«¨°®¢ ­­®¥ ³²¢¥°¦¤¥­¨¥ ±¯° ¢¥¤-«¨¢® ¯°¨ n � 1. �®ª ¦¥¬, ·²® ®­® ®±² ¥²±¿ ¢¥°­»¬ ¨ ¯°¨ § ¬¥­¥ n ­ n+ 1, ²® ¥±²¼, ·²® ¥±«¨ ¤«¿ ª ª®©-«¨¡® ´³­ª¶¨¨ r(x), ¨¬¥¾¹¥© ¢ ²®·ª¥x0 ¯°®¨§¢®¤­»¥ ¤® n+1-£® ¯®°¿¤ª  ¢ª«¾·¨²¥«¼­®, ¢»¯®«­¿¾²±¿ ³±«®¢¨¿r(x0) = r0(x0) = r00(x0) = � � � = rn(x0) = rn+1(x0);²® r(x) = o((x� x0)n+1):14



�§ ½²¨µ ³±«®¢¨© ±«¥¤³¥², ·²® ´³­ª¶¨¿ r0(x) ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¿¬r(x0) = r0(x0) = r00(x0) = � � � = rn(x0);  §­ ·¨² ¤«¿ ­¥¥ ¯® ¯°¥¤¯®«®¦¥­­®¬³ ³¦¥ ¨¬¥¥¬r0(x) = o((x � x0)n):�® ´®°¬³«¥ ª®­¥·­»µ ¯°¨° ¹¥­¨© (� £° ­¦ )r(x) = r(x)� r(x0) = r0(c)(x� x0);£¤¥ c ­ µ®¤¨²±¿ ¬¥¦¤³ x ¨ x0. � ª ª ªjc� x0j < jx� x0j;²® r0(c) = o((c � x0)n) = o((x� xo)n)¨ r(x) = o((x� x0)n+1):�®«³· ¥¬ ´®°¬³«³, ª®²®° ¿ ­ §»¢ ¥²±¿ ´®°¬³«®© �¥©«®°  ± ¤®¯®«-­¨²¥«¼­»¬ ·«¥­®¬ r(x) ¢ ´®°¬¥ �¥ ­®f(x) = f(x0) + f 0(x0)1! (x� x0) + f 00(x0)2! (x� x0)2 + � � �+ f (n)(x0)n! (x� x0)n+ � � � + f (n)(x0)n! (x� x0)n + r(x);£¤¥ r(x) = o((x� x0)n).�°¨ x0 = 0 ¯®«³·¥­­ ¿ ´®°¬³«  ¯°¨­¨¬ ¥² ¢¨¤:f(x) = f(0) + f 0(0)1! x+ f 00(0)2! x2 + � � �+ f (n)(0)n! xn + r(x):� ½²®¬³ · ±²­®¬³ ±«³· ¾ ¢±¥£¤  ¬®¦­® ±¢¥±²¨ ¤¥«®, ¢§¿¢ x�x0 §  ­®¢³¾­¥§ ¢¨±¨¬³¾ ¯¥°¥¬¥­­³¾.� ±±¬®²°¨¬ ¢ ¢¨¤¥ ¯°¨¬¥°  ­¥ª®²®°»¥ ª®­ª°¥²­»¥ ° §«®¦¥­¨¿ ¯®½²®© ´®°¬³«¥ ¤«¿ ½«¥¬¥­² °­»µ ´³­ª¶¨© ex, sinx, cos x, xm, lnx.15



4.3. �°¥¤±² ¢«¥­¨¥ ¯® ´®°¬³«¥ �¥©«®°  ®±­®¢­»µ½«¥¬¥­² °­»µ ´³­ª¶¨©�²®¡» ­ ©²¨ ´®°¬³«³ �¥©«®°  ¤«¿ ­¥ª®²®°®© ´³­ª¶¨¨, ­¥®¡µ®¤¨¬® ­ ©-²¨ n ¯°®¨§¢®¤­»µ ½²®© ´³­ª¶¨¨1. � ©¤¥¬ ´®°¬³«³ �¥©«®°  ¤«¿ ½ª±¯®­¥­²» f(x) = ex. �¥±«®¦­®¯®«³·¨²¼, ·²® f (k)(x) = ex,   ®²±¾¤  ±«¥¤³¥², ·²® f(0) = f (k)(0) = 1.�®½²®¬³ ¤«¿ ° §«®¦¥­¨¿ ½ª±¯®­¥­²» ¯®«³· ¥¬ ±«¥¤³¾¹¨© °¿¤ex = 1 + x1! + x22! + x33! + � � � + xnn! + o(xn):2. � ©¤¥¬ ´®°¬³«³ �¥©«®°  ¤«¿ ±¨­³±  f(x) = sinx.�«¿ ¯¥°¢®© ¯°®¨§¢®¤­®© f 0(x) = cos x = sin(x+�=2). �­ «®£¨·­® ¤«¿k�²®© ¯°®¨§¢®¤­®© ¯®«³· ¥¬f (k)(x) = sin�x+ k�2� :�²±¾¤  ¯®«³· ¥¬, f(0) = 0;¤«¿ ·¥²­®© ¯°®¨§¢®¤­®© f (2m)(0) = sin(m�) = 0;  ¤«¿ ­¥·¥²­®© f (2m�1)(0) = sin(m� � �2 ) = (�1)m�1;£¤¥ m = 1; 2; 3; � � ��«¿ ° §«®¦¥­¨¿ sinx ¯®«³· ¥¬sin x = x� x33! + x55! + � � � + (�1)m�1 x2m�1(2m� 1)! + o(x2m):3. � ©¤¥¬ ´®°¬³«³ �¥©«®°  ¤«¿ ª®±¨­³±  f(x) = cosx.�«¿ ¯¥°¢®© ¯°®¨§¢®¤­®© f 0(x) = � sinx = cos(x + �=2). �­ «®£¨·­®¤«¿ k�²®© ¯°®¨§¢®¤­®© ¯®«³· ¥¬f (k)(x) = cos�x+ k�2� :16



�²±¾¤  ¯®«³· ¥¬ f(0) = 1;¤«¿ ·¥²­®© ¯°®¨§¢®¤­®©f (2m)(0) = cos(m�) = (�1)m;  ¤«¿ ­¥·¥²­®© f (2m�1)(0) = cos(m� � �2 ) = 0;£¤¥ m = 1; 2; 3; � � ��«¿ ° §«®¦¥­¨¿ cosx ¯®«³· ¥¬cos x = 1� x22! + x44! + � � �+ (�1)m x2m(2m)! + o(x2m+1):4. � ©¤¥¬ ° §«®¦¥­¨¥ ¢ °¿¤ �¥©«®°  ±²¥¯¥­­®© ´³­ª¶¨¾ f(x) = xm,£¤¥ m 6= 0 ¨ ­¥ ­ ²³° «¼­®¥ ·¨±«®. � ½²®¬ ±«³· ¥ ¯°¨ x ! 0 «¨¡® ± ¬ ´³­ª¶¨¿ (¥±«¨ m < 0), «¨¡® ¥¥ ¯°®¨§¢®¤­»¥ (­ ·¨­ ¿ ± ­¥ª®²®°®£® ¯®-°¿¤ª  ¯°¨ n > m ¡¥±ª®­¥·­® ¢®§° ±² ¾². �«¥¤®¢ ²¥«¼­®, ­¥«¼§¿ ¡° ²¼x0 = 0. �®§¼¬¥¬ x0 = 1 ¨ ¡³¤¥¬ ° §« £ ²¼ xm ¯® ±²¥¯¥­¿¬ (x � 1). �«¿¯°®±²®²», ¡³¤¥¬ ° §« £ ²¼ f(x) = (1 + x)m ¯® ±²¥¯¥­¿¬ x.�«¿ k�²®© ¯°®¨§¢®¤­®© f(x) ¯®«³· ¥¬f (k)(x) = m(m� 1) � � � (m� k + 1)(1 + x)m�k:�®£¤  §­ ·¥­¨¥ ´³­ª¶¨¨ ¨ ¥¥ ¯°®¨§¢®¤­»µ ¢ ­³«¥ ®¯°¥¤¥«¿¾²±¿ ¢»° -¦¥­¨¿¬¨: f(0) = 1; f (k)(0) = m(m� 1) � � � (m� k + 1):�² ª, ¯®«³· ¥¬ ¤«¿ ±²¥¯¥­­®© ´³­ª¶¨¨ f(x) = (1 + x)m ±«¥¤³¾¹¥¥° §«®¦¥­¨¥(1+x)m = 1+mx+m(m� 1)1 � 2 x2+ � � �+m(m� 1) � � � (m� n + 1)1 � 2 � � � n xn+o(xn):� ±±¬®²°¨¬ · ±²­»¥ ±«³· ¨ ½²®© ´®°¬³«» ¯°¨ n = 2 ¨ m =�1; 12 ;�12. 11 + x = 1� x+ x2 + o(x2);17



p1 + x = 1 + 12x� 18x2 + o(x2);1p1 + x = 1 � 12x+ 38x2 + o(x2):5.� ©¤¥¬ ´®°¬³«³ �¥©«®°  ¤«¿ ­ ²³° «¼­®£® «®£ °¨´¬  f(x) = lnx.� ª ª ª «®£ °¨´¬ ±²°¥¬¨²±¿ ! �1 ¯°¨ ±²°¥¬«¥­¨¨ x ! 0, ²® ¡³¤¥¬° §« £ ²¼ ¯® ±²¥¯¥­¿¬ x ´³­ª¶¨¾ f(x) = ln(1 + x).�«¿ k�¯°®¨§¢®¤­®© ´³­ª¶¨¨ ln(1+x) ­¥²°³¤­® ¯®«³·¨²¼ ±«¥¤³¾¹¥¥¢»° ¦¥­¨¥: f (k)(x) = (�1)k�1(k � 1)!(1 + x)k :�®£¤  f(0) = 1; f (k�1)(0) = (�1)k�1(k � 1)!:� ³·¥²®¬ ¯®«³·¥­­»µ ¢»° ¦¥­¨© ¤«¿ ´³­ª¶¨¨ f(x) = ln(1+x) ¯®«³· ¥¬±«¥¤³¾¹¥¥ ¢»° ¦¥­¨¥:ln(1 + x) = x� x22 + x33 � � � �+ (�1)n�1xnn + o(xn):4.4. �±² ²®·­»© ·«¥­ ´®°¬³«» �¥©«®°  ¢ ´®°¬¥ � -£° ­¦ �¥¤®±² ²®ª °¿¤  �¥©«®°  ± ®±² ²®·­»¬ ·«¥­®¬ ¢ ´®°¬¥ �¥ ­® ¢ ²®¬,·²® ­ ¬ ±«®¦­® ®¶¥­¨²¼ ¯®£°¥¸­®±²¼ ¯°¨¡«¨¦¥­¨¿ ¬­®£®·«¥­  p(x) ª´³­ª¶¨¨ f(x). �­  £®¢®°¨², ·²® r(x) ¥±²¼ o((x� x0)n).�³¹¥±²¢³¾² ®±² ²®·­»¥ ·«¥­» ¢ ¨­®© ´®°¬¥. � ¨¡®«¥¥ ¨§¢¥±²­»©¨§ ­¨µ ®±² ²®·­»© ·«¥­ ¢ ´®°¬¥ � £° ­¦ rn(x) = f (n+1)(c)(n+ 1)! (x� x0)n+1;£¤¥ c 2 (x0; x).�±«¨ x0 = 0, ²®rn(x) = f (n+1)(#x)(n + 1)! xn+1; £¤¥ 0 < # < 1:� ¯®¬®¹¼¾ ½²®© ´®°¬³«» ¬®¦­® ®¶¥­¨¢ ²¼ ¯®£°¥¸­®±²¼ ° §«®¦¥­¨©.18



�±«¨ ���f (n+1)(#x)��� < M ¯°¨ 0 < # < 1, ²® ¯®£°¥¸­®±²¼ ° §«®¦¥­¨¿®¶¥­¨¢ ¥²±¿ ¢»° ¦¥­¨¥¬: jrn(x)j � Mxn+1(n+ 1)! :�°¨¬¥°. � ©²¨ ¯®£°¥¸­®±²¼ ° §«®¦¥­¨¿ ½ª±¯®­¥­²» f(x) = ex ¯®´®°¬³«¥ �¥©«®° . ex � 1 + x1! + x22! + � � � + xnn! :�®£¤  rn(x) = e#x(n + 1)!xn+1:�°¨ x > 0 jrn(x)j � ex(n+ 1)!xn+1:�®¤®¡­»¥ ´®°¬³«» ¯®§¢®«¿¾² ®¶¥­¨¢ ²¼  ¡±®«¾²­³¾ ¯®£°¥¸­®±²¼.� ¯°¨¬¥°, ¬» µ®²¨¬ ¢»·¨±«¨²¼ ¯® ´®°¬³«¥ �¥©«®°  ½ª±¯®­¥­²³­  ®²°¥§ª¥ [0; 1] ± ¨±¯®«¼§®¢ ­¨¥¬ 5 ·«¥­®¢ ° §«®¦¥­¨¿. � ª±¨¬ «¼­ ¿®¸¨¡ª  ¯°¨ ½²®¬ ­¥ ¡³¤¥² ¯°¥¢»¸ ²¼e1 � 14+1(4 + 1)! = e5! � 0:008:�°¨¬¥°.� ©²¨ ¯®£°¥¸­®±²¼ ° §«®¦¥­¨¿ ±¨­³±  f(x) = sinx ¯® ´®°-¬³«¥ �¥©«®° .sinx � x� x33! + x55! � � � �+ (�1)m�1 x2m�1(2m� 1)! m � 1:� ½²®¬ ±«³· ¥r2m(x) = sin �#x+ (2m + 1)�2 �(2m+ 1)! x2m+1 = (�1)m cos(#x) x2m+1(2m+ 1)! :�²±¾¤  jr2m(x)j � jxj2m+1(2m + 1)!:19



� · ±²­®±²¨, ¥±«¨ ¨±¯®«¼§³¥¬ ° §«®¦¥­¨¥sin x � x(¢ ½²®¬ ±«³· ¥ m = 1), ²® ¤«¿ ²®£®, ·²®¡» ¯®£°¥¸­®±²¼ ¡»«  ¬¥­¼¸¥·¥¬ 0.001, ¬®¦­® ¡° ²¼x36 < 0:001 ¨«¨ x < 0:1817;·²® ¢ £° ¤³± µ ±®±² ¢«¿¥² ¯°¨¬¥°­® 10o. �°¨ ¨±¯®«¼§®¢ ­¨¨ ´®°¬³«»sinx � x� x36(¢ ½²®¬ ±«³· ¥ m = 2) ¤«¿ ¤®±²¨¦¥­¨¿ ²®© ¦¥ ²®·­®±²¨ ¬®¦­® ¡° ²¼x5120 < 0:001 ¨«¨ x < 0:6544;·²® ¢ £° ¤³± µ ±®±² ¢«¿¥² ³¦¥ ¯°¨¬¥°­® 37o.�±«¨ ®£° ­¨·¨²¼±¿ ³£« ¬¨ x < 0:4129( := 23o, ²® ¯®£°¥¸­®±²¼ ¡³¤¥²< 0:00001.
�¨±. 5.� ³¢¥«¨·¥­¨¥¬ ·¨±«  ·«¥­®¢ ° §«®¦¥­¨¿ °¿¤  �¥©«®° , ®­ ± ¢±¥ ¡®«¼-¸¥© ²®·­®±²¼¾ ¨ ­  ¡®«¼¸¥¬ ¯°®²¿¦¥­¨¨ ¢®±¯°®¨§¢®¤¨² ¨±µ®¤­³¾´³­ª¶¨¾. �²® ¨««¾±²°¨°³¥²±¿ ­  °¨±. 5, ­  ª®²®°®¬ ¯°¥¤±² ¢«¥­ ´ ©«MathCad' , £¤¥ ­ °¿¤³ ± £° ´¨ª®¬ ´³­ª¶¨¨ y = sinx ¯°¥¤±² ¢«¥­» £° -´¨ª¨ ¬­®£®·«¥­®¢y1 = x; y2 = x� x36 ; y3 = x� x36 + x5120 :20



5. �ª±²°¥¬³¬» ´³­ª¶¨©5.1. �¥®¡µ®¤¨¬®¥ ³±«®¢¨¥ ½ª±²°¥¬³¬ �±«¨ ¢ ²®·ª¥ x0 ¤¨´´¥°¥­¶¨°³¥¬ ¿ ´³­ª¶¨¿ f(x) ¨¬¥¥² ½ª±²°¥¬³¬, ²® ¢­¥ª®²®°®© ®ª°¥±²­®±²¨ ½²®© ²®·ª¨ ¢»¯®«­¿¾²±¿ ³±«®¢¨¿ ²¥®°¥¬» �¥°-¬ , ¨ ±«¥¤®¢ ²¥«¼­®, ¯°®¨§¢®¤­ ¿ ´³­ª¶¨¨ ¢ ½²®© ²®·ª¥ ° ¢­  ­³«¾, ².¥.f 0(x0) = 0. �® ´³­ª¶¨¿ ¬®¦¥² ¨¬¥²¼ ½ª±²°¥¬³¬ ¨ ¢ ²®·ª µ, ¢ ª®²®°»µ®­  ­¥ ¤¨´´¥°¥­¶¨°³¥¬ . � ª, ­ ¯°¨¬¥°, ´³­ª¶¨¿ y = jxj ¨¬¥¥² ½ª±²°¥-¬³¬ (¬¨­¨¬³¬) ¢ ²®·ª¥ x = 0, ­® ­¥ ¤¨´´¥°¥­¶¨°³¥¬  ¢ ­¥©. �³­ª¶¨¿y = 3px2 ² ª¦¥ ¨¬¥¥² ¢ ²®·ª¥ x = 0 ¬¨­¨¬³¬,   ¥¥ ¯°®¨§¢®¤­ ¿ ¢ ½²®©²®·ª¥ ¡¥±ª®­¥·­ : y0 = 23 3px, y0(0) =1.�®½²®¬³ ­¥®¡µ®¤¨¬®¥ ³±«®¢¨¥ ½ª±²°¥¬³¬  ¬®¦¥² ¡»²¼ ±´®°¬³«¨°®-¢ ­® ±«¥¤³¾¹¨¬ ®¡° §®¬.�«¿ ²®£® ·²®¡» ´³­ª¶¨¿ y = f(x) ¨¬¥«  ½ª±²°¥¬³¬ ¢ ²®·ª¥x0, ­¥®¡µ®¤¨¬®, ·²®¡» ¥¥ ¯°®¨§¢®¤­ ¿ ¢ ½²®© ²®·ª¥ ° ¢­¿« ±¼ ­³«¾(f 0(x0) = 0) ¨«¨ ­¥ ±³¹¥±²¢®¢ « .�®·ª¨, ¢ ª®²®°»µ ¢»¯®«­¥­® ­¥®¡µ®¤¨¬®¥ ³±«®¢¨¥ ½ª±²°¥¬³¬ , ­ §»-¢ ¾²±¿ ª°¨²¨·¥±ª¨¬¨ (¨«¨ ±² ¶¨®­ °­»¬¨). �® ª°¨²¨·¥±ª ¿ ²®·ª  ­¥®¡¿§ ²¥«¼­® ¿¢«¿¥²±¿ ²®·ª®© ½ª±²°¥¬³¬ .�°¨¬¥°. � ©²¨ ª°¨²¨·¥±ª¨¥ ²®·ª¨ ´³­ª¶¨¨ ¨ ³¡¥¤¨²¼±¿ ¢ ­ «¨·¨¨¨«¨ ®²±³²±²¢¨¨ ½ª±²°¥¬³¬  ¢ ½²¨µ ²®·ª µ:1:y = x2 + 1; 2:y = x3 � 1:1.y0 = 2x. y0(x) = 0 ¯°¨ x = 0. � ²®·ª¥ x = 0 ´³­ª¶¨¿ y = x2 + 1¨¬¥¥² ¬¨­¨¬³¬.2. y0 = 3x2. y0(x) = 0 ¯°¨ x = 0. � ²®·ª¥ x = 0 ´³­ª¶¨¿ y = x3 � 1 ­¥¨¬¥¥² ½ª±²°¥¬³¬ . �³­ª¶¨¿ y = x3�1 ¢®§° ±² ¥² ­  ¢±¥© ·¨±«®¢®© ®±¨.�² ª, ¤«¿ ­ µ®¦¤¥­¨¿ ½ª±²°¥¬³¬®¢ ´³­ª¶¨¨ ²°¥¡³¥²±¿ ¤®¯®«­¨²¥«¼-­®¥ ¨±±«¥¤®¢ ­¨¥ ª°¨²¨·¥±ª¨µ ²®·¥ª.5.2. �¥°¢®¥ ¤®±² ²®·­®¥ ³±«®¢¨¥ ½ª±²°¥¬³¬ �¥®°¥¬ . �±«¨ ¯°¨ ¯¥°¥µ®¤¥ ·¥°¥§ ²®·ª³ x0 ¯°®¨§¢®¤­ ¿ ¤¨´´¥°¥­¶¨-°³¥¬®© ´³­ª¶¨¨ y = f(x) ¬¥­¿¥² ±¢®© §­ ª ± ¯«¾±  ­  ¬¨­³±, ²® ²®·ª 21



x0 ¥±²¼ ²®·ª  ¬ ª±¨¬³¬  ´³­ª¶¨¨ y = f(x),   ¥±«¨ ± ¬¨­³±  ­  ¯«¾±,²® { ²®·ª  ¬¨­¨¬³¬ .�³±²¼ ¯°®¨§¢®¤­ ¿ ¬¥­¿¥² §­ ª ± ¯«¾±  ­  ¬¨­³±, ².¥. ¢ ­¥ª®²®°®¬¨­²¥°¢ «¥ (a; x0) ¯°®¨§¢®¤­ ¿ ¯®«®¦¨²¥«¼­  (f 0(x) > 0),   ¢ ­¥ª®²®°®¬¨­²¥°¢ «¥ (x0; b) { ®²°¨¶ ²¥«¼­  (f 0(x) < 0) (±¬. °¨±. 6). �®£¤  ¢ ±®®²¢¥²-±²¢¨¨ ± ¤®±² ²®·­»¬ ³±«®¢¨¥¬ ¬®­®²®­­®±²¨ ´³­ª¶¨¿ f(x) ¢®§° ±² ¥²­  ¨­²¥°¢ «¥ (a; x0) ¨ ³¡»¢ ¥² ­  ¨­²¥°¢ «¥ (x0; b).
�¨±. 6.�® ®¯°¥¤¥«¥­¨¾ ¢®§° ±² ¾¹¥© ´³­ª¶¨¨ f(x0) � f(x) ¯°¨ ¢±¥µ x 2(a; x0),   ¯® ®¯°¥¤¥«¥­¨¾ ³¡»¢ ¾¹¥© ´³­ª¶¨¨ f(x) � f(x0) ¯°¨ ¢±¥µx 2 (x0; b), ².¥. f(x0) � f(x) ¯°¨ ¢±¥µ x 2 (a; b), ±«¥¤®¢ ²¥«¼­®, x0 { ²®·ª ¬ ª±¨¬³¬  ´³­ª¶¨¨ y = f(x).�­ «®£¨·­® ° ±±¬ ²°¨¢ ¥²±¿ ±«³· ©, ª®£¤  ¯°®¨§¢®¤­ ¿ ¬¥­¿¥² §­ ª± ¬¨­³±  ­  ¯«¾±.�²¬¥²¨¬, ·²® ¤¨´´¥°¥­¶¨°³¥¬®±²¼ ´³­ª¶¨¨ ¢ ± ¬®© ²®·ª¥ x0 ­¥¨±¯®«¼§®¢ « ±¼ ¯°¨ ¤®ª § ²¥«¼±²¢¥ ²¥®°¥¬». �  ± ¬®¬ ¤¥«¥ ®­  ¨ ­¥²°¥¡³¥²±¿ { ¤®±² ²®·­®, ·²®¡» ´³­ª¶¨¿ ¡»«  ­¥¯°¥°»¢­  ¢ ²®·ª¥ x0.�±«¨ ¨§¬¥­¥­¨¥ §­ ª  ¯°®¨§¢®¤­®© ­¥ ¯°®¨±µ®¤¨², ²® ½ª±²°¥¬³¬ ­¥².5.3. �²®°®¥ ¤®±² ²®·­®¥ ³±«®¢¨¥ ½ª±²°¥¬³¬ �¥®°¥¬ . �±«¨ ¯¥°¢ ¿ ¯°®¨§¢®¤­ ¿ f 0(x) ¤¢ ¦¤» ¤¨´´¥°¥­¶¨°³¥¬®©´³­ª¶¨¨ y = f(x) ° ¢­  ­³«¾ ¢ ­¥ª®²®°®© ²®·ª¥ x0,   ¢²®° ¿ ¯°®-¨§¢®¤­ ¿ ¢ ½²®© ²®·ª¥ f 00(x0) ¯®«®¦¨²¥«¼­ , ²® x0 ¥±²¼ ²®·ª  ¬ ª-22



±¨¬³¬  ´³­ª¶¨¨ y = f(x); ¥±«¨ f 00(x0) ®²°¨¶ ²¥«¼­ , ²® x0 { ²®·ª ¬ ª±¨¬³¬ .�³±²¼ f 0(x0) = 0,   f 00(x0) > 0. �²® §­ ·¨², ·²®f 00(x) = (f 0(x))0 > 0² ª¦¥ ¨ ¢ ­¥ª®²®°®© ®ª°¥±²­®±²¨ ²®·ª¨ x0, ².¥. f 0(x) ¢®§° ±² ¥² ­ ­¥ª®²®°®¬ ¨­²¥°¢ «¥ (a; b), ±®¤¥°¦ ¹¥¬ ²®·ª³ x0.�® f 0(x0) = 0, ±«¥¤®¢ ²¥«¼­®, ­  ¨­²¥°¢ «¥ (a; x0) f 0(x) < 0,   ­ ¨­²¥°¢ «¥ (x0; b) f 0(x) > 0, ².¥. f 0(x) ¯°¨ ¯¥°¥µ®¤¥ ·¥°¥§ ²®·ª³ x0 ¬¥­¿¥²§­ ª ± ¬¨­³±  ­  ¯«¾±, ².¥. x0 { ²®·ª  ¬¨­¨¬³¬ .�­ «®£¨·­® ° ±±¬ ²°¨¢ ¥²±¿ ±«³· © f 0(x0) = 0 ¨ f 00(x0) < 0.5.4. �µ¥¬  ¨±±«¥¤®¢ ­¨¿ ´³­ª¶¨¨ y = f(x) ­  ½ª±²°¥-¬³¬1. � ©²¨ ¯°®¨§¢®¤­³¾ y0 = f 0(x).2. � ©²¨ ª°¨²¨·¥±ª¨¥ ²®·ª¨ ´³­ª¶¨¨, ¢ ª®²®°»µ ¯°®¨§¢®¤­ ¿f 0(x) = 0 ¨«¨ ­¥ ±³¹¥±²¢³¥².3.1. �±±«¥¤®¢ ²¼ §­ ª ¯°®¨§¢®¤­®© ±«¥¢  ¨ ±¯° ¢  ®² ª ¦¤®© ª°¨²¨-·¥±ª®© ²®·ª¨ ¨ ±¤¥« ²¼ ¢»¢®¤ ® ­ «¨·¨¨ ½ª±²°¥¬³¬®¢ ´³­ª¶¨¨.�«¨3.2. � ©²¨ ¢²®°³¾ ¯°®¨§¢®¤­³¾ f 00(x) ¨ ®¯°¥¤¥«¨²¼ ¥¥ §­ ª ¢ ª ¦¤®©ª°¨²¨·¥±ª®© ²®·ª¥.4. � ©²¨ ½ª±²°¥¬³¬» (½ª±²°¥¬ «¼­»¥ §­ ·¥­¨¿) ´³­ª¶¨¨.�°¨¬¥°. �±±«¥¤®¢ ²¼ ­  ½ª±²°¥¬³¬ ´³­ª¶¨¾ y = x(x� 1)3.1. y0 = (x� 1)3 + 3x(x� 1)2 = (x� 1)2(4x� 1).2. �°¨²¨·¥±ª¨¥ ²®·ª¨ x1 = 1 ¨ x2 = 14.3. �§¬¥­¥­¨¥ §­ ª  ¯°®¨§¢®¤­®© ¯°¨ ¯¥°¥µ®¤¥ ·¥°¥§ ²®·ª³ x1 ­¥ ¯°®-¨±µ®¤¨², ¯®½²®¬³ ¢ ½²®© ²®·ª¥ ­¥² ½ª±²°¥¬³¬ .y00 = 2(x�1)(4x�1)+4(x�1)2 = 2[(x�1)(6x�3)]. y00(x2) > 0, ¯®½²®¬³¢ ½²®© ²®·ª¥ ­ ¡«¾¤ ¥²±¿ ¬¨­¨¬³¬ ´³­ª¶¨¨ y = x(x� 1)3.4. ymin = y �14� = � 27256 . 23



5.5. � µ®¦¤¥­¨¥ £«®¡ «¼­»µ ½ª±²°¥¬³¬®¢ ´³­ª¶¨¨�®¤ £«®¡ «¼­»¬¨ ½ª±²°¥¬³¬ ¬¨ ´³­ª¶¨¨, § ¤ ­­®© ­  ­¥ª®²®°®¬ ¯°®-¬¥¦³²ª¥ X, ¯®­¨¬ ¥²±¿ ­ ¨¡®«¼¸¥¥ ¨ ­ ¨¬¥­¼¸¥¥ §­ ·¥­¨¥ ´³­ª¶¨¨,¤®±²¨£ ¥¬»µ ­  ¤ ­­®¬ ¯°®¬¥¦³²ª¥. � ¨¡®«¼¸¥¥ ¨«¨ ­ ¨¬¥­¼¸¥¥ §­ -·¥­¨¥ ´³­ª¶¨¨ ¬®¦¥² ¤®±²¨£ ²¼±¿ ª ª ¢ ²®·ª µ ½ª±²°¥¬³¬ , ² ª ¨ ¢²®·ª µ ­  ª®­¶ µ § ¤ ­­®£® ¯°®¬¥¦³²ª .�³±²¼ ´³­ª¶¨¿ y = f(x) ®¯°¥¤¥«¥­  ­  ­¥ª®²®°®¬ ®²°¥§ª¥ [a; b].� µ®¦¤¥­¨¥ £«®¡ «¼­»µ ½ª±²°¥¬³¬®¢ ´³­ª¶¨© ¯°®¨±µ®¤¨² ¯® ±«¥¤³-¾¹¥© ±µ¥¬¥.1. � ©²¨ ¯°®¨§¢®¤­³¾ f 0(x).2. � ©²¨ ª°¨²¨·¥±ª¨¥ ²®·ª¨ ´³­ª¶¨¨, ¢ ª®²®°»µ f 0(x0) = 0 ¨«¨ ­¥±³¹¥±²¢³¥².3. � ©²¨ §­ ·¥­¨¿ ´³­ª¶¨¨ ¢ ª°¨²¨·¥±ª¨µ ²®·ª µ ¨ ­  ª®­¶ µ ®²-°¥§ª  ¨ ¢»¡° ²¼ ¨§ ­¨µ ­ ¨¡®«¼¸¥¥ fMAX ¨ ­ ¨¬¥­¼¸¥¥ fMIN §­ ·¥­¨¿.�²® ¡³¤³² £«®¡ «¼­»¥ ½ª±²°¥¬³¬» ´³­ª¶¨¨ ­  § ¬ª­³²®¬ ®²°¥§ª¥ ¨«¨­ ¨¡®«¼¸¥¥ ¨ ­ ¨¬¥­¼¸¥¥ §­ ·¥­¨¥ ´³­ª¶¨¨ ­  ®²°¥§ª¥.�°¨¬¥°. � ©²¨ £«®¡ «¼­»¥ ½ª±²°¥¬³¬» ´³­ª¶¨¨ y = 3x2 � 6x ­ ®²°¥§ª¥ [0; 3].1. y0 = 6x� 6 ;y00 = 6.2. x0 = 1.3. y(1) = �3 ; y(0) = 0 ; y(3) = 9.� ²®·ª¥ x = 1 ­ ¨¬¥­¼¸¥¥ §­ ·¥­¨¥ ´³­ª¶¨¨,   ¢ ²®·ª¥ x = 3 {­ ¨¡®«¼¸¥¥.6. �»¯³ª«®±²¼ ´³­ª¶¨¨�¯°¥¤¥«¥­¨¥. �° ´¨ª ´³­ª¶¨¨ y = f(x) ­ §»¢ ¥²±¿ ¢»¯³ª«»¬ ¢ ¨­-²¥°¢ «¥ (a; b), ¥±«¨ ®­ ° ±¯®«®¦¥­ ­¨¦¥ ª ± ²¥«¼­®©, ¯°®¢¥¤¥­­®© ¢«¾¡®© ²®·ª¥ ½²®£® ¨­²¥°¢ «  (±¬. °¨±. 7 ).�° ´¨ª ´³­ª¶¨¨ y = f(x) ­ §»¢ ¥²±¿ ¢®£­³²»¬ ¢ ¨­²¥°¢ «¥ (a; b),¥±«¨ ®­ ° ±¯®«®¦¥­ ¢»¸¥ ª ± ²¥«¼­®©, ¯°®¢¥¤¥­­®© ¢ «¾¡®© ²®·ª¥½²®£® ¨­²¥°¢ «  (±¬. °¨±. 7¡). 24



�¨±. 7.6.1. �¥®¡µ®¤¨¬»¥ ¨ ¤®±² ²®·­»¥ ³±«®¢¨¿ ¢»¯³ª«®-±²¨ (¢®£­³²®±²¨) ´³­ª¶¨¨�«¿ ®¯°¥¤¥«¥­¨¿ ¢»¯³ª«®±²¨ (¢®£­³²®±²¨) ´³­ª¶¨¨ ­  ­¥ª®²®°®¬ ¨­-²¥°¢ «¥ ¬®¦­® ¨±¯®«¼§®¢ ²¼ ±«¥¤³¾¹¨¥ ²¥®°¥¬».�¥®°¥¬  1. �³±²¼ ´³­ª¶¨¿ f(x) ®¯°¥¤¥«¥­  ¨ ­¥¯°¥°»¢­  ­  ¨­²¥°-¢ «¥ X ¨ ¨¬¥¥² ª®­¥·­³¾ ¯°®¨§¢®¤­³¾ f 0(x). �«¿ ²®£®, ·²®¡» ´³­ª¶¨¿f(x) ¡»«  ¢»¯³ª«®© (¢®£­³²®©) ¢ X, ­¥®¡µ®¤¨¬® ¨ ¤®±² ²®·­®, ·²®¡»¥¥ ¯°®¨§¢®¤­ ¿ f 0(x) ³¡»¢ «  (¢®§° ±² « ) ­  ½²®¬ ¨­²¥°¢ «¥.�¥®°¥¬  2. �³±²¼ ´³­ª¶¨¿ f(x) ®¯°¥¤¥«¥­  ¨ ­¥¯°¥°»¢­  ¢¬¥±²¥ ±®±¢®¥© ¯°®¨§¢®¤­®© f 0(x) ­  X ¨ ¨¬¥¥² ¢­³²°¨ X ­¥¯°¥°»¢­³¾ ¢²®°³¾¯°®¨§¢®¤­³¾ f 00(x). �«¿ ¢»¯³ª«®±²¨ (¢®£­³²®±²¨) ´³­ª¶¨¨ f(x) ¢ X­¥®¡µ®¤¨¬® ¨ ¤®±² ²®·­®, ·²®¡» ¢­³²°¨ Xf 00(x) � 0; f 00(x) � 0:�®ª ¦¥¬ ²¥®°¥¬³ 2 ¤«¿ ±«³· ¿ ¢»¯³ª«®±²¨ ´³­ª¶¨¨ f(x).�¥®¡µ®¤¨¬®±²¼. �®§¬¥¬ ¯°®¨§¢®«¼­³¾ ²®·ª³ x0 2 X. � §«®¦¨¬´³­ª¶¨¾ f(x) ®ª®«® ²®·ª¨ x0 ¢ °¿¤ �¥©«®° f(x) = f(x0) + f 0(x0)(x� x0) + r1(x);r1(x) = (x� x0)22 f 00(x0 + #(x� x0)) (0 < # < 1):�° ¢­¥­¨¥ ª ± ²¥«¼­®© ª ª°¨¢®© f(x) ¢ ²®·ª¥, ¨¬¥¾¹¥©  ¡±¶¨±±³ x0:Y (x) = f(x0) + f 0(x0)(x� x0):25



�®£¤  ¯°¥¢»¸¥­¨¥ ª°¨¢®© f(x) ­ ¤ ª ± ²¥«¼­®© ª ­¥© ¢ ²®·ª¥ x0 ° ¢­®f(x)� Y (x) = r1(x):� ª¨¬ ®¡° §®¬, ®±² ²®ª r1(x) ° ¢¥­ ¢¥«¨·¨­¥ ¯°¥¢»¸¥­¨¿ ª°¨¢®© f(x)­ ¤ ª ± ²¥«¼­®© ª ­¥© ¢ ²®·ª¥ x0. � ±¨«³ ­¥¯°¥°»¢­®±²¨ f 00(x), ¥±«¨f 00(x0) > 0, ²® ¨ f 00(x0+#(x�x0)) > 0 ¤«¿ x, ¯°¨­ ¤«¥¦ ¹¨µ ¤®±² ²®·­®¬ «®© ®ª°¥±²­®±²¨ ²®·ª¨ x0,   ¯®²®¬³, ®·¥¢¨¤­®, ¨ r1(x) > 0 ¤«¿ «¾¡®£®®²«¨·­®£® ®² x0 §­ ·¥­¨¿ x, ¯°¨­ ¤«¥¦ ¹¥£® ª ³ª § ­­®© ®ª°¥±²­®±²¨.�­ ·¨², £° ´¨ª ´³­ª¶¨¨ f(x) «¥¦¨² ¢»¸¥ ª ± ²¥«¼­®© Y (x) ¨ ª°¨¢ ¿f(x) ¢»¯³ª«  ¢ ¯°®¨§¢®«¼­®© ²®·ª¥ x0 2 X.�®±² ²®·­®±²¼. �³±²¼ ª°¨¢ ¿ f(x) ¢»¯³ª«  ­  ¯°®¬¥¦³²ª¥ X. �®§-¬¥¬ ¯°®¨§¢®«¼­³¾ ²®·ª³ x0 2 X.�­ «®£¨·­® ¯°¥¤»¤³¹¥¬³ ° §«®¦¨¬ ´³­ª¶¨¾ f(x) ®ª®«® ²®·ª¨ x0 ¢°¿¤ �¥©«®°  f(x) = f(x0) + f 0(x0)(x� x0) + r1(x);r1(x) = (x� x0)22 f 00(x0 + #(x� x0)) (0 < # < 1):�°¥¢»¸¥­¨¥ ª°¨¢®© f(x) ­ ¤ ª ± ²¥«¼­®© ª ­¥© ¢ ²®·ª¥, ¨¬¥¾¹¥©  ¡-±¶¨±±³ x0, ®¯°¥¤¥«¿¥¬®© ¢»° ¦¥­¨¥¬ Y (x) = f(x0)+f 0(x0)(x�x0), ° ¢­®f(x)� Y (x) = r1(x):� ª ª ª ¯°¥¢»¸¥­¨¥ ¯®«®¦¨²¥«¼­® ¤«¿ ¤®±² ²®·­® ¬ «®© ®ª°¥±²­®±²¨²®·ª¨ x0, ²® ¯®«®¦¨²¥«¼­  ¨ ¢²®° ¿ ¯°®¨§¢®¤­ ¿ f 00(x0+#(x�x0)). �°¨±²°¥¬«¥­¨¨ x! x0 ¯®«³· ¥¬, ·²® ¤«¿ ¯°®¨§¢®«¼­®© ²®·ª¨ x0 f 00(x0) > 0.�°¨¬¥°.�±±«¥¤®¢ ²¼ ­  ¢»¯³ª«®±²¼ (¢®£­³²®±²¼) ´³­ª¶¨¾ y = x2�16x + 32.�¥ ¯°®¨§¢®¤­ ¿ y0 = 2x� 16 ¢®§° ±² ¥² ­  ¢±¥© ·¨±«®¢®© ®±¨, §­ ·¨²¯® ²¥®°¥¬¥ 1 ´³­ª¶¨¿ ¢®£­³²  ­  (�1;1).�¥ ¢²®° ¿ ¯°®¨§¢®¤­ ¿ y00 = 2 > 0, ¯®½²®¬³ ¯® ²¥®°¥¬¥ 2 ´³­ª¶¨¿¢®£­³²  ­  (�1;1).7. �®·ª¨ ¯¥°¥£¨¡ �¯°¥¤¥«¥­¨¥. �®·ª®© ¯¥°¥£¨¡  £° ´¨ª  ­¥¯°¥°»¢­®© ´³­ª¶¨¨ ­ §»-¢ ¥²±¿ ²®·ª , ° §¤¥«¿¾¹ ¿ ¨­²¥°¢ «», ¢ ª®²®°»µ ´³­ª¶¨¿ ¢»¯³ª«  ¨¢®£­³² . 26



�§ ½²®£® ®¯°¥¤¥«¥­¨¿ ±«¥¤³¥², ·²® ²®·ª¨ ¯¥°¥£¨¡  { ½²® ²®·ª¨ ²®·ª¨½ª±²°¥¬³¬  ¯¥°¢®© ¯°®¨§¢®¤­®©. �²±¾¤  ¢»²¥ª ¾² ±«¥¤³¾¹¨¥ ³²¢¥°-¦¤¥­¨¿ ¤«¿ ­¥®¡µ®¤¨¬®£® ¨ ¤®±² ²®·­®£® ³±«®¢¨© ¯¥°¥£¨¡ .�¥®°¥¬  (­¥®¡µ®¤¨¬®¥ ³±«®¢¨¥ ¯¥°¥£¨¡ ). �«¿ ²®£® ·²®¡»²®·ª  x0 ¿¢«¿« ±¼ ²®·ª®© ¯¥°¥£¨¡  ¤¢ ¦¤» ¤¨´´¥°¥­¶¨°³¥¬®© ´³­ª-¶¨¨ y = f(x), ­¥®¡µ®¤¨¬®, ·²®¡» ¥¥ ¢²®° ¿ ¯°®¨§¢®¤­ ¿ ¢ ½²®© ²®·ª¥° ¢­¿« ±¼ ­³«¾ (f 00(x0) = 0) ¨«¨ ­¥ ±³¹¥±²¢®¢ « .�¥®°¥¬  (¤®±² ²®·­®¥ ³±«®¢¨¥ ¯¥°¥£¨¡ ). �±«¨ ¢²®° ¿ ¯°®¨§-¢®¤­ ¿ f 00(x) ¤¢ ¦¤» ¤¨´´¥°¥­¶¨°³¥¬®© ´³­ª¶¨¨ y = f(x) ¯°¨ ¯¥°¥µ®¤¥·¥°¥§ ­¥ª®²®°³¾ ²®·ª³ x0 ¬¥­¿¥² §­ ª, ²® x0 ¥±²¼ ²®·ª  ¯¥°¥£¨¡ .�²¬¥²¨¬, ·²® ¢ ± ¬®© ²®·ª¥ ¢²®° ¿ ¯°®§¢®¤­ ¿ f 00(x0) ¬®¦¥² ­¥ ±³-¹¥±²¢®¢ ²¼.�¥®¬¥²°¨·¥±ª ¿ ¨­²¥°¯°¥² ¶¨¿ ²®·¥ª ¯¥°¥£¨¡  ¨««¾±²°¨°³¥²±¿°¨±. 8.
�¨±. 8.� ®ª°¥±²­®±²¨ ²®·ª¨ x1 ´³­ª¶¨¿ ¢»¯³ª«  ¨ £° ´¨ª ¥¥ «¥¦¨² ­¨¦¥ª ± ²¥«¼­®©, ¯°®¢¥¤¥­­®© ¢ ½²®© ²®·ª¥. � ®ª°¥±²­®±²¨ ²®·ª¨ x2 ´³­ª-¶¨¿ ¢®£­³²  ¨ £° ´¨ª ¥¥ «¥¦¨² ¢»¸¥ ª ± ²¥«¼­®©, ¯°®¢¥¤¥­­®© ¢ ½²®©²®·ª¥. � ²®·ª¥ ¯¥°¥£¨¡  x0 ª ± ²¥«¼­ ¿ ° §¤¥«¿¥² £° ´¨ª ´³­ª¶¨¨ ­ ®¡« ±²¨ ¢»¯³ª«®±²¨ ¨ ¢®£­³²®±²¨.7.1. �±±«¥¤®¢ ­¨¥ ´³­ª¶¨¨ ­  ¢»¯³ª«®±²¼ ¨ ­ «¨·¨¥²®·¥ª ¯¥°¥£¨¡ 1. � ©²¨ ¢²®°³¾ ¯°®¨§¢®¤­³¾ f 00(x).27



2. � ©²¨ ²®·ª¨, ¢ ª®²®°»µ ¢²®° ¿ ¯°®¨§¢®¤­ ¿ f 00(x) = 0 ¨«¨ ­¥±³¹¥±²¢³¥².3. �±±«¥¤®¢ ²¼ §­ ª ¢²®°®© ¯°®¨§¢®¤­®© ±«¥¢  ¨ ±¯° ¢  ®² ­ ©¤¥­-­»µ ²®·¥ª ¨ ±¤¥« ²¼ ¢»¢®¤ ®¡ ¨­²¥°¢ « µ ¢»¯³ª«®±²¨ ¨«¨ ¢®£­³²®±²¨¨ ­ «¨·¨¨ ²®·¥ª ¯¥°¥£¨¡ .�°¨¬¥°. �±±«¥¤®¢ ²¼ ´³­ª¶¨¾ y(x) = 2x3� 6x2+15 ­  ¢»¯³ª«®±²¼¨ ­ «¨·¨¥ ²®·¥ª ¯¥°¥£¨¡ .1. y0 = 6x2 � 12x; y00 = 12x� 12.2. �²®° ¿ ¯°®¨§¢®¤­ ¿ ° ¢­  ­³«¾ ¯°¨ x0 = 1.3. �²®° ¿ ¯°®¨§¢®¤­ ¿ y00(x) ¬¥­¿¥² §­ ª ¯°¨ x0 = 1, §­ ·¨² ²®·ª x0 = 1 { ²®·ª  ¯¥°¥£¨¡ .�  ¨­²¥°¢ «¥ (�1; 1) y00(x) < 0, §­ ·¨² ´³­ª¶¨¿ y(x) ¢»¯³ª«  ­ ½²®¬ ¨­²¥°¢ «¥.�  ¨­²¥°¢ «¥ (1;1) y00(x) > 0, §­ ·¨² ´³­ª¶¨¿ y(x) ¢®£­³²  ­  ½²®¬¨­²¥°¢ «¥.8. �¡¹ ¿ ±µ¥¬  ¨±±«¥¤®¢ ­¨¿ ´³­ª¶¨© ¨ ¯®-±²°®¥­¨¿ £° ´¨ª �°¨ ¨±±«¥¤®¢ ­¨¨ ´³­ª¶¨¨ ¨ ¯®±²°®¥­¨¨ ¥¥ £° ´¨ª  °¥ª®¬¥­¤¥²±¿ ¨±-¯®«¼§®¢ ²¼ ±«¥¤³¾¹³¾ ±µ¥¬³:1. � ©²¨ ®¡« ±²¼ ®¯°¥¤¥«¥­¨¿ ´³­ª¶¨¨.2. �±±«¥¤®¢ ²¼ ´³­ª¶¨¾ ­  ·¥²­®±²¼ { ­¥·¥²­®±²¼. � ¯®¬­¨¬, ·²®£° ´¨ª ·¥²­®© ´³­ª¶¨¨ ±¨¬¬¥²°¨·¥­ ®²­®±¨²¥«¼­® ®±¨ ®°¤¨­ ²,   £° -´¨ª ­¥·¥²­®© ´³­ª¶¨¨ ±¨¬¥²°¨·¥­ ®²­®±¨²¥«¼­® ­ · «  ª®®°¤¨­ ².3. � ©²¨ ¢¥°²¨ª «¼­»¥  ±¨¬¯²®²».4. �±±«¥¤®¢ ²¼ ¯®¢¥¤¥­¨¥ ´³­ª¶¨¨ ¢ ¡¥±ª®­¥·­®±²¨, ­ ©²¨ £®°¨§®­-² «¼­»¥ ¨«¨ ­ ª«®­­»¥  ±¨¬¯²®²».5. � ©²¨ ½ª±²°¥¬³¬» ¨ ¨­²¥°¢ «» ¬®­®²®­­®±²¨ ´³­ª¶¨¨.6. � ©²¨ ¨­²¥°¢ «» ¢»¯³ª«®±²¨ ´³­ª¶¨¨ ¨ ²®·ª¨ ¯¥°¥£¨¡ .7. � ©²¨ ²®·ª¨ ¯¥°¥±¥·¥­¨¿ ± ®±¿¬¨ ª®®°¤¨­ ².�±±«¥¤®¢ ­¨¥ ´³­ª¶¨¨ ¯°®¢®¤¨²±¿ ®¤­®¢°¥¬¥­­® ± ¯®±²°®¥­¨¥¬ ¥¥£° ´¨ª .�°¨¬¥°. �±±«¥¤®¢ ²¼ ´³­ª¶¨¾ y(x) = f(x) = 1 + x21� x2 ¨ ¯®±²°®¨²¼ ¥¥£° ´¨ª. 28



1. �¡« ±²¼ ®¯°¥¤¥«¥­¨¿ ´³­ª¶¨¨ { (�1;�1)S(�1; 1)S(1;1).2. �±±«¥¤³¥¬ ¿ ´³­ª¶¨¿ { ·¥²­ ¿ y(x) = y(�x), ¯®½²®¬³ ¥¥ £° ´¨ª±¨¬¬¥²°¨·¥­ ®²­®±¨²¥«¼­® ®±¨ ®°¤¨­ ².3. �­ ¬¥­ ²¥«¼ ´³­ª¶¨¨ ®¡° ¹ ¥²±¿ ¢ ­®«¼ ¯°¨ x = �1, ¯®½²®¬³£° ´¨ª ´³­ª¶¨¨ ¨¬¥¥² ¢¥°²¨ª «¼­»¥  ±¨¬¯²®²» x = �1 ¨ x = 1.�®·ª¨ x = �1 ¿¢«¿¾²±¿ ²®·ª ¬¨ ° §°»¢  ¢²®°®£® °®¤ , ² ª ª ª¯°¥¤¥«» ±«¥¢  ¨ ±¯° ¢  ¢ ½²¨µ ²®·ª µ ±²°¥¬¿²±¿ ª 1.limx!1�0 y(x) = limx!�1+0 y(x) =1; limx!1+0y(x) = limx!�1�0 y(x) = �1:4. �®¢¥¤¥­¨¥ ´³­ª¶¨¨ ¢ ¡¥±ª®­¥·­®±²¨.limx!�1 y(x) = �1;¯®½²®¬³ £° ´¨ª ´³­ª¶¨¨ ¨¬¥¥² £®°¨§®­² «¼­³¾  ±¨¬¯²®²³ y = �1.5. �ª±²°¥¬³¬» ¨ ¨­²¥°¢ «» ¬®­®²®­­®±²¨. � µ®¤¨¬ ¯¥°¢³¾ ¯°®¨§-¢®¤­³¾ y0(x) = 4x(1� x2) :y0(x) < 0 ¯°¨ x 2 (�1;�1)S(�1; 0), ¯®½²®¬³ ¢ ½²¨µ ¨­²¥°¢ « µ´³­ª¶¨¿ y(x) ³¡»¢ ¥².y0(x) > 0 ¯°¨ x 2 (0; 1)S(1;1), ¯®½²®¬³ ¢ ½²¨µ ¨­²¥°¢ « µ ´³­ª¶¨¿y(x) ¢®§° ±² ¥².y0(x) = 0 ¯°¨ x = 0, ¯®½²®¬³ ²®·ª  x0 = 0 ¿¢«¿¥²±¿ ª°¨²¨·¥±ª®©²®·ª®©.� µ®¤¨¬ ¢²®°³¾ ¯°®¨§¢®¤­³¾y00(x) = 4(1 + 3x2)(1� x2)3 :� ª ª ª y00(0) > 0, ²® ²®·ª  x0 = 0 ¿¢«¿¥²±¿ ²®·ª®© ¬¨­¨¬³¬  ´³­ª-¶¨¨ y(x).6. �­²¥°¢ «» ¢»¯³ª«®±²¨ ¨ ²®·ª¨ ¯¥°¥£¨¡ .�³­ª¶¨¿ y00(x) > 0 ¯°¨ x 2 (�1; 1), §­ ·¨² ­  ½²®¬ ¨­²¥°¢ «¥ ´³­ª-¶¨¿ y(x) ¢®£­³² .�³­ª¶¨¿ y00(x) < 0 ¯°¨ x 2 (�1;�1)S(1;1), §­ ·¨² ­  ½²¨µ ¨­²¥°-¢ « µ ´³­ª¶¨¿ y(x) ¢»¯³ª« . 29



�³­ª¶¨¿ y00(x) ­¨£¤¥ ­¥ ®¡° ¹ ¥²±¿ ¢ ­®«¼, §­ ·¨² ²®·¥ª ¯¥°¥£¨¡ ­¥².7. �®·ª¨ ¯¥°¥±¥·¥­¨¿ ± ®±¿¬¨ ª®®°¤¨­ ².�° ¢­¥­¨¥ f(0) = y, ¨¬¥¥² °¥¸¥­¨¥ y = 1, §­ ·¨² ²®·ª  ¯¥°¥±¥·¥­¨¿£° ´¨ª  ´³­ª¶¨¨ y(x) ± ®±¼¾ ®°¤¨­ ² (0; 1).�° ¢­¥­¨¥ f(x) = 0 ­¥ ¨¬¥¥² °¥¸¥­¨¿, §­ ·¨² ²®·¥ª ¯¥°¥±¥·¥­¨¿ ±®±¼¾  ¡±¶¨±± ­¥².� ³·¥²®¬ ¯°®¢¥¤¥­­®£® ¨±±«¥¤®¢ ­¨¿ ¬®¦­® ±²°®¨²¼ £° ´¨ª ´³­ª-¶¨¨ y(x) = 1 + x21� x2 :�µ¥¬ ²¨·¥±ª¨ £° ´¨ª ´³­ª¶¨¨ ¨§®¡° ¦¥­ ­  °¨±. 9.
�¨±. 9.�²¬¥²¨¬, ·²® ­ ¨¡®«¥¥ ¯°®±²® ¯®±²°®¥­¨¥ £° ´¨ª®¢ ´³­ª¶¨© ¢»-¯®«­¿¥²±¿ ± ¯®¬®¹¼¾ ¬ ²¥¬ ²¨·¥±ª¨µ ¯ ª¥²®¢ MathCad ¨«¨ � °le.
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