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ʄʝʪʦʜʠʯʝʩʢʠʝ ʫʢʘʟʘʥʠʷ 

 
 

ʅʘʯʠʥʘʡʪʝ ʢʘʞʜʦʝ ʟʘʥʷʪʠʝ ʩ ʠʟʫʯʝʥʠʷ ʣʝʢʮʠʠ. ʇʨʠ ʵʪʦʤ: 

V ʚʥʘʯʘʣʝ ʚʥʠʤʘʪʝʣʴʥʦ ʧʨʦʯʪʠʪʝ ʦʧʨʝʜʝʣʝʥʠʷ ʠ ʦʩʦʟʥʘʡʪʝ ʩʤʳʩʣ 

ʠʩʧʦʣʴʟʫʝʤʳʭ ʪʝʨʤʠʥʦʚ 

V ʟʘʪʝʤ ʧʨʦʯʪʠʪʝ ʬʦʨʤʫʣʠʨʦʚʢʠ ʪʝʦʨʝʤ, ʢʦʪʦʨʳʝ ʟʘʜʘʶʪ ʩʚʦʡʩʪʚʘ 

ʠʟʫʯʘʝʤʳʭ ʦʙʲʝʢʪʦʚ 

V ʨʘʟʙʝʨʠʪʝ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʪʝʦʨʝʤ ʠ ʚʳʚʦʜʳ ʬʦʨʤʫʣ 

V ʚ ʟʘʚʝʨʰʝʥʠʝ ʨʘʙʦʪʳ ʧʨʦʯʪʠʪʝ ʚʩʶ ʣʝʢʮʠʶ ʝʱʝ ʨʘʟ, ʯʪʦʙʳ ʫʙʝʜʠʪʴʩʷ, 
ʯʪʦ ʪʝʦʨʝʪʠʯʝʩʢʠʡ ʤʘʪʝʨʠʘʣ ʦʩʚʦʝʥ. 

 

ʉʣʝʜʫʶʱʠʡ ʵʪʘʧ ʨʘʙʦʪʳ ï ʚʳʧʦʣʥʝʥʠʝ ʟʘʜʘʥʠʡ ʧʨʘʢʪʠʢʫʤʘ.  

V ʢʘʞʜʫʶ ʟʘʜʘʯʫ ʧʦʧʨʦʙʫʡʪʝ ʨʝʰʠʪʴ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ 

V ʚ ʩʣʫʯʘʝ ʥʝʫʜʘʯʠ ʧʦʩʤʦʪʨʠʪʝ ʫʢʘʟʘʥʠʝ ʠ ʚʥʦʚʴ ʧʦʚʪʦʨʠʪʝ ʧʦʧʳʪʢʫ 

V ʚ ʩʣʫʯʘʝ ʧʦʚʪʦʨʥʦʡ ʥʝʫʜʘʯʠ ʚʥʠʤʘʪʝʣʴʥʦ ʨʘʟʙʝʨʠʪʝ ʧʨʠʚʝʜʝʥʥʦʝ 
ʨʝʰʝʥʠʝ 

V ʝʩʣʠ ʚʳ ʨʝʰʠʣʠ ʟʘʜʘʯʫ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ (ʚʦ ʚʩʷʢʦʤ ʩʣʫʯʘʝ, ʚʘʰ ʦʪʚʝʪ 
ʦʢʘʟʘʣʩʷ ʚʝʨʥʳʤ), ʚʩʝ ʨʘʚʥʦ ʦʙʷʟʘʪʝʣʴʥʦ ʧʨʦʯʪʠʪʝ ʨʝʰʝʥʠʝ, ʜʘʥʥʦʝ ʚ 

ʫʯʝʙʥʦʤ ʢʫʨʩʝ ï ʵʪʦ ʧʦʤʦʞʝʪ ʚʘʤ ʧʨʦʚʝʨʠʪʴ ʧʨʘʚʠʣʴʥʦʩʪʴ 

ʧʨʠʤʝʥʝʥʥʦʛʦ ʤʝʪʦʜʘ ʨʝʰʝʥʠʷ 

V ʟʘʢʦʥʯʠʚ ʨʝʰʝʥʠʝ ʚʩʝʭ ʟʘʜʘʯ ʧʨʘʢʪʠʢʫʤʘ, ʦʙʷʟʘʪʝʣʴʥʦ ʚʝʨʥʠʪʝʩʴ ʢ ʪʝʤ 
ʠʟ ʥʠʭ, ʢʦʪʦʨʳʝ ʥʝ ʧʦʣʫʯʠʣʠʩʴ ʚ ʧʝʨʚʳʡ ʨʘʟ, ʠ ʧʦʧʨʦʙʫʡʪʝ ʚʥʦʚʴ 

ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ ʨʝʰʠʪʴ ʠʭ. 

 

ʇʨʠ ʚʳʧʦʣʥʝʥʠʠ ʜʦʤʘʰʥʝʛʦ ʟʘʜʘʥʠʷ ʠʩʧʦʣʴʟʫʡʪʝ ʤʘʪʝʨʠʘʣ ʣʝʢʮʠʠ ʠ 

ʧʨʘʢʪʠʢʫʤʘ. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



1. ʈʗɼʓ 

 

1.1. ʏʀʉʃʆɺʓɽ ʈʗɼʓ 

 

1.1.1. ʏʠʩʣʦʚʳʝ ʨʷʜʳ. ʉʭʦʜʠʤʦʩʪʴ ʠ ʩʫʤʤʘ ʨʷʜʘ. ʇʨʠʤʝʨʳ. 

ʇʨʦʩʪʝʡʰʠʝ ʩʚʦʡʩʪʚʘ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ. ʅʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ 

ʩʭʦʜʠʤʦʩʪʠ. ʆʩʪʘʪʦʢ ʨʷʜʘ. ʈʷʜʳ ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ 

ʯʣʝʥʘʤʠ, ʢʨʠʪʝʨʠʡ ʩʭʦʜʠʤʦʩʪʠ 
 

 

ɹʝʩʢʦʥʝʯʥʘʷ ʩʫʤʤʘ ʯʠʩʝʣ 

u1 + u2 +é+ un +é (ʠʣʠ 
1

n
n

u ),   (1) 

ʛʜʝ ʢʘʞʜʦʝ ʯʠʩʣʦ ʠʧ ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ, 

ʟʥʘʷ ʝʛʦ ʥʦʤʝʨ ʧ, ʥʘʟʳʚʘʝʪʩʷ ʯʠʩʣʦʚʳʤ ʨʷʜʦʤ. 

 

 

 

ʇʨʠ ʵʪʦʤ ʬʦʨʤʫʣʘ un = f(n), ʧʦʟʚʦʣʷʶʱʘʷ ʥʘʡʪʠ ʢʘʞʜʳʡ ʯʣʝʥ ʨʷʜʘ, 

ʥʘʟʳʚʘʝʪʩʷ ʬʦʨʤʫʣʦʡ ʦʙʱʝʛʦ ʯʣʝʥʘ ʨʷʜʘ. 

ʉʫʤʤʘ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʧ ʧʝʨʚʳʭ ʯʣʝʥʦʚ ʨʷʜʘ ʥʘʟʳʚʘʝʪʩʷ ʯʘʩʪʠʯʥʦʡ ʩʫʤʤʦʡ 

ʨʷʜʘ: 

sn = u1 + u2 +é+ un 

 ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ ʨʷʜʘ: 

lim ,n
n

s s  

ʪʦ ʛʦʚʦʨʷʪ, ʯʪʦ ʨʷʜ ʩʭʦʜʠʪʩʷ, ʘ ʯʠʩʣʦ s ʥʘʟʳʚʘʝʪʩʷ ʩʫʤʤʦʡ ʨʷʜʘ. ɽʩʣʠ  

ʢʦʥʝʯʥʳʡ lim n
n

s  ʥʝ ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʨʷʜ ʥʘʟʳʚʘʝʪʩʷ ʨʘʩʭʦʜʷʱʠʤʩʷ. 

 

ɿʘʤʝʯʘʥʠʝ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʚʦʡʩʪʚʘ ʯʠʩʣʦʚʳʭ ʨʷʜʦʚ ʚʦ ʤʥʦʛʦʤ 

ʦʧʨʝʜʝʣʷʶʪʩʷ ʩʚʦʡʩʪʚʘʤʠ ʯʠʩʣʦʚʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ {sn}.  

 

ʇʨʠʤʝʨ 1.  

ʈʷʜ  
1 1 1

... ...
2 4 2ɛ

 

ʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʙʝʩʢʦʥʝʯʥʦ ʫʙʳʚʘʶʱʫʶ 

ʛʝʦʤʝʪʨʠʯʝʩʢʫʶ ʧʨʦʛʨʝʩʩʠʶ ʩʦ ʟʥʘʤʝʥʘʪʝʣʝʤ  
1

, | | 1,
2

q q  

ʩʫʤʤʫ ʢʦʪʦʨʦʡ ʤʦʞʥʦ ʥʘʡʪʠ ʧʦ ʬʦʨʤʫʣʝ  



1

1

2 1.
11 1
2

b
s

q
 

ʇʨʠʤʝʨ 2.  

ʈʘʩʩʤʦʪʨʠʤ ʨʷʜ  
1 1 1

... ...
2 3 3 4 ( 1)( 2)n n

 

ʇʨʝʜʩʪʘʚʠʤ ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ ʚ ʚʠʜʝ:  
1 1 1

.
( 1)( 2) 1 2

nu
n n n n

 

ʊʦʛʜʘ ʯʘʩʪʠʯʥʘʷ ʩʫʤʤʘ sn ʙʫʜʝʪ ʚʳʛʣʷʜʝʪʴ ʪʘʢ: 
1 1 1 1 1 1 1 1 1 1

... .
2 3 3 4 4 5 1 2 2 2

ns
n n n

 

ʊʦʛʜʘ  
1 1 1

lim lim( ) .
2 2 2

n
n n

s
n

 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʩʭʦʜʠʪʩʷ, ʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ 
2

1
. 

ʇʨʠʤʝʨ 3.  

ʈʷʜ 1+1+1+é+1+é ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ  

lim lim .n
n n

s n  

 

ʇʨʠʤʝʨ 4.  

ʈʷʜ 1-1+1-1+é+(-1)
ʧ+1
+é ʪʦʞʝ ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʝʛʦ 

ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ ʠʤʝʝʪ ʚʠʜ: s1 = 1, s2 = 0, s3 = 1, s4 = 0 ʠ ʪ.ʜ., ʘ ʪʘʢʘʷ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʧʨʝʜʝʣʘ ʥʝ ʠʤʝʝʪ. 

 

ʇʨʦʩʪʝʡʰʠʝ ʩʚʦʡʩʪʚʘ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ 

 

ʊʝʦʨʝʤʘ 1. ʀʩʢʣʶʯʝʥʠʝ ʠʣʠ ʜʦʙʘʚʣʝʥʠʝ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʩʣʘʛʘʝʤʳʭ ʥʝ 

ʚʣʠʷʝʪ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ʀʩʢʣʶʯʠʤ ʠʟ ʨʷʜʘ (1) ʧʨʦʠʟʚʦʣʴʥʳʝ k ʯʣʝʥʦʚ ʠ ʚʳʙʝʨʝʤ ʟʥʘʯʝʥʠʝ ʧ, ʧʨʠ 

ʢʦʪʦʨʦʤ ʚʩʝ ʦʪʙʨʦʰʝʥʥʳʝ ʯʣʝʥʳ ʩʦʜʝʨʞʘʪʩʷ ʚ ʯʘʩʪʠʯʥʦʡ ʩʫʤʤʝ sn. ʊʦʛʜʘ sn 

= ck + Sn-k , ʛʜʝ ck ï ʩʫʤʤʘ ʦʪʙʨʦʰʝʥʥʳʭ ʯʣʝʥʦʚ ʨʷʜʘ, ʘ Sn-k ï ʩʫʤʤʘ ʯʣʝʥʦʚ, 

ʚʭʦʜʷʱʠʭ ʚ sn, ʥʦ ʥʝ ʚʭʦʜʷʱʠʭ ʚ ck . ʊʦʛʜʘ  

lim lim lim lim ,n k n k k n k
n n n n

s c S c S  

ʪʘʢ ʢʘʢ ck ï ʧʦʩʪʦʷʥʥʘʷ ʚʝʣʠʯʠʥʘ, ʥʝ ʟʘʚʠʩʷʱʘʷ ʦʪ ʧ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

ʢʦʥʝʯʥʳʝ ʧʨʝʜʝʣʳ lim n
n

s  ʠ lim n k
n

S  ʩʫʱʝʩʪʚʫʶʪ ʠʣʠ ʥʝ ʩʫʱʝʩʪʚʫʶʪ 

ʦʜʥʦʚʨʝʤʝʥʥʦ, ʯʪʦ ʠ ʜʦʢʘʟʳʚʘʝʪ ʫʪʚʝʨʞʜʝʥʠʝ ʪʝʦʨʝʤʳ. 

 



ʊʝʦʨʝʤʘ 2. ɽʩʣʠ ʩʭʦʜʠʪʩʷ ʨʷʜ  u1 + u2 +é+ un +é ʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ s, ʪʦ 

ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ  cu1 + cu2 +é+ cun +é, ʩʫʤʤʘ ʢʦʪʦʨʦʛʦ ʨʘʚʥʘ cs. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

ʆʙʦʟʥʘʯʠʤ ʯʘʩʪʠʯʥʫʶ ʩʫʤʤʫ ʚʪʦʨʦʛʦ ʨʷʜʘ cn . ʊʦʛʜʘ 

lim lim lim ,n n n
n n n

c cs c s cs 

ʯʪʦ ʠ ʪʨʝʙʦʚʘʣʦʩʴ ʜʦʢʘʟʘʪʴ. 

 

ʊʝʦʨʝʤʘ 3. ɽʩʣʠ ʨʷʜʳ  

ʘ1 + ʘ2 +é+ ʘʧ +é  (2) 

ʠ 

b1 + b2 +é+ bn +é  (3) 

ʩʭʦʜʷʪʩʷ ʠ ʠʭ ʩʫʤʤʳ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʨʘʚʥʳ sa ʠ sb, ʪʦ ʨʷʜʳ  

(a1 + b1) + (a2 + b2) +é   (4) 

ʠ 

(a1 ï b1) + (a2 ï b2) +é   (5) 

ʪʦʞʝ ʩʭʦʜʷʪʩʷ, ʠ ʠʭ ʩʫʤʤʳ ʨʘʚʥʳ sa + sb  ʠ sa ï sb . 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

ʇʫʩʪʴ n ï ʯʘʩʪʠʯʥʘʷ ʩʫʤʤʘ ʨʷʜʘ (4), ʘ (sa)n ʠ (sb)n ï ʯʘʩʪʠʯʥʳʝ ʩʫʤʤʳ ʠʟ ʪʦʛʦ 

ʞʝ ʯʠʩʣʘ ʩʣʘʛʘʝʤʳʭ ʨʷʜʦʚ (2) ʠ (3). ʊʦʛʜʘ n = (sa)n + (sb)n, ʧʦʵʪʦʤʫ 

lim lim(( ) ( ) ) .n a n b n a b
n n

s s s s  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ (4) ʩʭʦʜʠʪʩʷ, ʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ  sa + sb . ɸʥʘʣʦʛʠʯʥʳʤ 

ʦʙʨʘʟʦʤ ʜʦʢʘʟʳʚʘʝʪʩʷ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ (5). 

 

ʅʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ 

 

ɻʣʘʚʥʳʤ ʚʦʧʨʦʩʦʤ ʧʨʠ ʠʩʩʣʝʜʦʚʘʥʠʠ ʯʠʩʣʦʚʦʛʦ ʨʷʜʘ ʷʚʣʷʝʪʩʷ ʚʦʧʨʦʩ ʦ ʝʛʦ 

ʩʭʦʜʠʤʦʩʪʠ ʠʣʠ ʨʘʩʭʦʜʠʤʦʩʪʠ. ʉʬʦʨʤʫʣʠʨʫʝʤ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ 

ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ, ʪʦ ʝʩʪʴ ʫʩʣʦʚʠʝ, ʧʨʠ ʥʝʚʳʧʦʣʥʝʥʠʠ ʢʦʪʦʨʦʛʦ ʨʷʜ 

ʨʘʩʭʦʜʠʪʩʷ. 

 

ʊʝʦʨʝʤʘ 4. ɽʩʣʠ ʨʷʜ (1) ʩʭʦʜʠʪʩʷ, ʪʦ 

 

 

lim 0.n
n

u  

 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

ʇʨʝʜʩʪʘʚʠʤ ʠʧ ʢʘʢ ʨʘʟʥʦʩʪʴ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ sn ï sn-1. ʊʘʢ ʢʘʢ ʨʷʜ (1) 

ʩʭʦʜʠʪʩʷ,  

1lim lim .n n
n n

s s s 

ʊʦʛʜʘ 

1 1lim lim( ) lim lim 0.n n n n n
n n n n

u s s s s s s  



 

ɿʘʤʝʯʘʥʠʝ. ʕʪʦ ʫʩʣʦʚʠʝ ʷʚʣʷʝʪʩʷ ʥʝʦʙʭʦʜʠʤʳʤ, ʥʦ ʥʝ ʜʦʩʪʘʪʦʯʥʳʤ 

ʧʨʠʟʥʘʢʦʤ ʩʭʦʜʠʤʦʩʪʠ, ʪʦ ʝʩʪʴ ʠʟ ʩʪʨʝʤʣʝʥʠʷ ʦʙʱʝʛʦ ʯʣʝʥʘ ʨʷʜʘ ʢ ʥʫʣʶ ʥʝ 

ʦʙʷʟʘʪʝʣʴʥʦ ʩʣʝʜʫʝʪ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ. 

 

ʆʩʪʘʪʦʢ ʨʷʜʘ 

 

ɼʣʷ ʨʷʜʘ 
1

n
n

u  ʨʷʜ 
1

n k
k

u ʥʘʟʳʚʘʝʪʩʷ n-ʤ ʦʩʪʘʪʢʦʤ ʜʘʥʥʦʛʦ ʨʷʜʘ. 

ʆʙʦʟʥʘʯʠʤ ʩʫʤʤʫ ʦʩʪʘʪʢʘ ʨʷʜʘ (ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʦʥ ʩʭʦʜʠʪʩʷ) ʯʝʨʝʟ 

1

.n n k
k

r u . ʊʦʛʜʘ ʠʟ ʪʝʦʨʝʤʳ 1 ʩʣʝʜʫʝʪ, ʯʪʦ ʝʩʣʠ ʨʷʜ (1) ʩʭʦʜʠʪʩʷ, ʪʦ 

ʩʭʦʜʠʪʩʷ ʠ ʣʶʙʦʡ ʝʛʦ ʦʩʪʘʪʦʢ, ʠ ʥʘʦʙʦʨʦʪ ï ʠʟ ʩʭʦʜʠʤʦʩʪʠ ʢʘʢʦʛʦ-ʣʠʙʦ 

ʦʩʪʘʪʢʘ ʨʷʜʘ ʩʣʝʜʫʝʪ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ʚ ʮʝʣʦʤ. 

ɼʦʢʘʞʝʤ ʝʱʝ ʦʜʥʦ ʩʚʦʡʩʪʚʦ ʦʩʪʘʪʢʘ ʩʭʦʜʷʱʝʛʦʩʷ ʨʷʜʘ: 

ʊʝʦʨʝʤʘ 5. ɽʩʣʠ ʨʷʜ (1) ʩʭʦʜʠʪʩʷ, ʪʦ lim 0.n
n

r  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

ɽʩʣʠ ʨʷʜ ʩʭʦʜʠʪʩʷ, ʪʦ  

lim ,n
n

s s  

ʪʦʛʜʘ  

lim lim( ) 0,n n
n n

r s s s s  

ʯʪʦ ʠ ʪʨʝʙʦʚʘʣʦʩʴ ʜʦʢʘʟʘʪʴ. 

 

ʈʷʜʳ ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ 

 

ʇʫʩʪʴ ʜʣʷ ʚʩʝʭ ʯʣʝʥʦʚ ʨʷʜʘ (1) ʚʳʧʦʣʥʝʥʦ ʫʩʣʦʚʠʝ  un > 0. 

 

ʊʝʦʨʝʤʘ 6 (ʢʨʠʪʝʨʠʡ ʩʭʦʜʠʤʦʩʪʠ). ʈʷʜ ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ 

ʩʭʦʜʠʪʩʷ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʝʛʦ ʯʘʩʪʠʯʥʳʝ ʩʫʤʤʳ ʦʛʨʘʥʠʯʝʥʳ 

ʩʚʝʨʭʫ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

1) ɽʩʣʠ ʨʷʜ 
1

n
n

u  ʩʭʦʜʠʪʩʷ, ʪʦ  

lim ,n
n

s s  

ʥʦ  

1 1 ,n n n ns s u s  

ʪʦ ʝʩʪʴ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ ʷʚʣʷʝʪʩʷ ʚʦʟʨʘʩʪʘʶʱʝʡ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ,  
,ns s n  

ʪʦ ʝʩʪʴ {sn} ʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ ʯʠʩʣʦʤ s. 



2) ʇʫʩʪʴ {sn} ʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ. ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ s ʚʝʨʭʥʶʶ ʛʨʘʥʴ {sn}. 

ʊʦʛʜʘ, ʪʘʢ ʢʘʢ {sn} ʚʦʟʨʘʩʪʘʝʪ,  

:| | ,nN s s n N    

ʪʦ ʝʩʪʴ ʯʠʩʣʦ s ʷʚʣʷʝʪʩʷ ʧʨʝʜʝʣʦʤ {sn}, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʩʭʦʜʠʪʩʷ. 

 

ʇʈʀʄɽʈʓ ʈɽʐɽʅʀʗ ɿɸɼɸʏ 

 

ɿʘʜʘʯʘ 1. 
ʅʘʡʪʠ ʩʫʤʤʫ ʨʷʜʘ 

0,5 0,05 0,005 5 0,1n  

 

ʋʢʘʟʘʥʠʝ 
 

ɺʦʩʧʦʣʴʟʫʡʪʝʩʴ ʬʦʨʤʫʣʦʡ ʩʫʤʤʳ ʙʝʩʢʦʥʝʯʥʦ ʫʙʳʚʘʶʱʝʡ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ 

ʧʨʦʛʨʝʩʩʠʠ: 

1 .
1

b
S

q
 

 

ʈʝʰʝʥʠʝ 
ɿʘʜʘʥʥʳʡ ʨʷʜ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʫʤʤʫ ʙʝʩʢʦʥʝʯʥʦ ʫʙʳʚʘʶʱʝʡ 

ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʧʨʦʛʨʝʩʩʠʠ, ʧʝʨʚʳʡ ʯʣʝʥ ʢʦʪʦʨʦʡ b1 = 0,5, ʘ ʟʥʘʤʝʥʘʪʝʣʴ q = 
0,1. ʊʦʛʜʘ 

1 0,5 5
.

1 1 0,1 9

b
S

q
 

ʆʪʚʝʪ: 
5

.
9

 

 

ɿʘʜʘʯʘ 2. 
ʅʘʡʪʠ ʩʫʤʤʫ ʨʷʜʘ 

1 1 1 1 1 1

3 4 4 5 2 3n n
 

 

ʋʢʘʟʘʥʠʝ 
 

ʇʨʝʜʩʪʘʚʴʪʝ ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ ʚ ʚʠʜʝ ʩʫʤʤʳ ʧʨʦʩʪʝʡʰʠʭ ʜʨʦʙʝʡ: 
1 1

.
2 3 2 3

A B

n n n n
 

 

ʈʝʰʝʥʠʝ 
ʇʨʝʜʩʪʘʚʠʤ ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ ʚ ʚʠʜʝ ʩʫʤʤʳ ʧʨʦʩʪʝʡʰʠʭ ʜʨʦʙʝʡ: 

( ) (3 2 )1 1
.

2 3 2 3 2 3

A B n A BA B

n n n n n n
 

ʆʪʩʶʜʘ 



0
1, 1.

3 2 1

A B
A B

A B
 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʯʘʩʪʠʯʥʫʶ ʩʫʤʤʫ ʨʷʜʘ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ: 

1 1 1 1 1 1 1 1

3 4 4 5 2 3 3 3
nS

n n n
 

(ʚʩʝ ʦʩʪʘʣʴʥʳʝ ʩʣʘʛʘʝʤʳʝ ʩʦʢʨʘʱʘʶʪʩʷ ʧʨʠ ʨʘʩʢʨʳʪʠʠ ʩʢʦʙʦʢ). 

ʊʦʛʜʘ 

1 1 1
lim lim .

3 3 3
n

n n
S

n
 

ʆʪʚʝʪ: 
1

.
3

 

 

ɿʘʜʘʯʘ 3. 

ʅʘʡʪʠ ʩʫʤʤʫ ʨʷʜʘ 

1

2 3
.

6

n n

n
n

 

 

ʋʢʘʟʘʥʠʝ 

ʇʨʝʜʩʪʘʚʴʪʝ ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ ʚ ʚʠʜʝ ʩʫʤʤʳ: 

2 3 1 1
.

6 3 2

n n

n n n
 

 

ʈʝʰʝʥʠʝ 
ʇʨʝʜʩʪʘʚʠʤ ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ ʚ ʚʠʜʝ ʩʫʤʤʳ: 

2 3 1 1
.

6 3 2

n n

n n n
 

ʊʦʛʜʘ S = S1 + S2, ʛʜʝ S1 ʠ S2 ï ʩʫʤʤʳ ʨʷʜʦʚ 
1

1

3n
n

 ʠ 
1

1
.

2n
n

 ɺʳʯʠʩʣʠʤ ʵʪʠ 

ʩʫʤʤʳ, ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʩʫʤʤʳ ʙʝʩʢʦʥʝʯʥʦ ʫʙʳʚʘʶʱʝʡ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ 

ʧʨʦʛʨʝʩʩʠʠ: 

1 2

1 1
1 1 33 2, 1, 1 .

1 12 2 21 1
3 2

S S S  

ʆʪʚʝʪ: 
3

.
2

 

 

ɿʘʜʘʯʘ 4. 

ʂʘʢʠʝ ʠʟ ʨʷʜʦʚ 

2 2

1 1 1

, 1 1 ,
50 63 2

n

n n n

n n
n n n n

n n
 



ʩʭʦʜʷʪʩʷ? 

 

ʋʢʘʟʘʥʠʝ 
ʇʨʦʚʝʨʴʪʝ ʜʣʷ ʢʘʞʜʦʛʦ ʨʷʜʘ ʚʳʧʦʣʥʝʥʠʝ ʥʝʦʙʭʦʜʠʤʦʛʦ ʫʩʣʦʚʠʷ ʩʭʦʜʠʤʦʩʪʠ. 

 

ʈʝʰʝʥʠʝ 
ʇʨʦʚʝʨʠʤ ʜʣʷ ʢʘʞʜʦʛʦ ʨʷʜʘ ʚʳʧʦʣʥʝʥʠʝ ʥʝʦʙʭʦʜʠʤʦʛʦ ʫʩʣʦʚʠʷ ʩʭʦʜʠʤʦʩʪʠ: 

1 1
1) lim lim 0

6350 63 5050
n n

n

n
n

 

ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ ʥʝ ʚʳʧʦʣʥʝʥʦ. 

2 2

2 2

2 2

2 2
2) lim 1 1 lim

1 1

1
2

lim 1 0
1 1 1 2

1 1

n n

n

n
n n n n

n n n n

n

n n n n

 

ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ ʥʝ ʚʳʧʦʣʥʝʥʦ. 

2

1 1
3) lim lim 0

2 2
1

n

n
n n

n

n e

n

 

ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ ʥʝ ʚʳʧʦʣʥʝʥʦ. 

 

ʆʪʚʝʪ: ʚʩʝ ʨʘʩʭʦʜʷʪʩʷ. 

 

1.1.2. ʇʨʠʟʥʘʢʠ ʩʨʘʚʥʝʥʠʷ. ʇʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ. ʈʘʜʠʢʘʣʴʥʳʡ 

ʧʨʠʟʥʘʢ ʂʦʰʠ. ʀʥʪʝʛʨʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʩʭʦʜʠʤʦʩʪʠ 
 

ʇʨʠ ʠʩʩʣʝʜʦʚʘʥʠʠ ʯʠʩʣʦʚʳʭ ʨʷʜʦʚ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʳʡ ʧʦʠʩʢ 

ʧʨʝʜʝʣʘ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ ʷʚʣʷʝʪʩʷ ʚ ʙʦʣʴʰʠʥʩʪʚʝ ʩʣʫʯʘʝʚ ʚʝʩʴʤʘ 

ʟʘʪʨʫʜʥʠʪʝʣʴʥʳʤ. ɺʤʝʩʪʦ ʵʪʦʛʦ ʫʜʦʙʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʩʧʝʮʠʘʣʴʥʳʝ ʧʨʠʟʥʘʢʠ 

ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʦʚ. ɺ ʯʘʩʪʥʦʩʪʠ, ʚ ʵʪʦʡ ʣʝʢʮʠʠ ʙʫʜʫʪ ʩʬʦʨʤʫʣʠʨʦʚʘʥʳ ʠ 

ʜʦʢʘʟʘʥʳ ʥʝʢʦʪʦʨʳʝ ʧʨʠʟʥʘʢʠ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʦʚ ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ 

ʯʣʝʥʘʤʠ. 

 

ʀʥʪʝʛʨʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʂʦʰʠ 

 

ʊʝʦʨʝʤʘ 1. ɽʩʣʠ ʬʫʥʢʮʠʷ f ʥʝʦʪʨʠʮʘʪʝʣʴʥʘ ʠ ʫʙʳʚʘʝʪ ʥʘ ʧʦʣʫʧʨʷʤʦʡ ʭ > 1, ʪʦ 

ʨʷʜ 
1

( )
n

f n  ʩʭʦʜʠʪʩʷ ʠʣʠ ʨʘʩʭʦʜʠʪʩʷ ʦʜʥʦʚʨʝʤʝʥʥʦ ʩ ʥʝʩʦʙʩʪʚʝʥʥʳʤ  



ʠʥʪʝʛʨʘʣʦʤ 
1

( ) .f x dx  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

 

 
 

ɺʳʙʝʨʝʤ ʥʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ k ʠ ʨʘʩʩʤʦʪʨʠʤ ʟʥʘʯʝʥʠʷ ʭ ʥʘ ʦʪʨʝʟʢʝ k < x < k + 

1. 

ʊʦʛʜʘ ʚ ʩʠʣʫ ʫʙʳʚʘʥʠʷ ʬʫʥʢʮʠʠ f   

f(k) Ó f(x) Ó f(k + 1).  

ʇʨʦʠʥʪʝʛʨʠʨʦʚʘʚ ʪɻʦ ʥʝʨʘʚʝʥʩʪʚʦ ʧʦ ʦʪʨʝʟʢʫ ʝʜʠʥʠʯʥʦʡ ʜʣʠʥʳ [k, k + 1], 

ʧʦʣʫʯʠʤ: 
1 1 1

( ) ( ) ( 1) ,
k k k

k k k

f k dx f x dx f k dx  

ʦʪʢʫʜʘ 
1

( ) ( ) ( 1)
k

k

f k f ɡ dx f k. 

ʉʢʣʘʜʳʚʘʷ ʧʦʜʦʙʥʳʝ ʥʝʨʘʚʝʥʩʪʚʘ, ʧʦʣʫʯʝʥʥʳʝ ʧʨʠ ʟʥʘʯʝʥʠʷʭ k ʦʪ 1 ʜʦ ʧ, 

ʧʨʠʭʦʜʠʤ ʢ ʥʝʨʘʚʝʥʩʪʚʫ: 
1

1 1 1

( 1) ( ) ( ),
kn n n

k k kk

f k f x dx f k  

ʦʪʢʫʜʘ 
1

1

1

(1) ( ) , (1)
n

n ns f f x dx s  

ʛʜʝ  

1

( ).
n

n
k

s f k  

ɽʩʣʠ ʨʷʜ 
1

( )
n

f n  ʩʭʦʜʠʪʩʷ ʠ ʩʫʤʤʘ ʝʛʦ ʨʘʚʥʘ s, ʪʦ sn < s, ʩʣʝʜʦʚʘʪʝʣʴʥʦ,  

x 
k k+1 

y=f(x) 

1 O 

y 



1

1

( ) ,
n

f x dx s  

ʧʦʵʪʦʤʫ 
1

( )f x dx  ʩʭʦʜʠʪʩʷ (ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʩʚʦʡʩʪʚʦ ʦʧʨʝʜʝʣʝʥʥʦʛʦ 

ʠʥʪʝʛʨʘʣʘ ʠʟʫʯʘʣʦʩʴ ʚ ʢʫʨʩʝ 2-ʛʦ ʩʝʤʝʩʪʨʘ). 

ɽʩʣʠ ʞʝ, ʥʘʦʙʦʨʦʪ, ʧʨʝʜʧʦʣʦʞʠʪʴ, ʯʪʦ ʩʭʦʜʠʪʩʷ 
1

( ) ,f x dx  ʪʦ ʠʟ (1) ʩʣʝʜʫʝʪ, 

ʯʪʦ 
1

1

1 1

(1) ( ) (1) ( ) .
n

ns f f x dx f f x dx  

ɿʥʘʯʠʪ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ ʨʷʜʘ 
1

( )
n

f n  ʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ 

ʠ ʚʦʟʨʘʩʪʘʝʪ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʩʭʦʜʠʪʩʷ. 

 

ʇʨʠʤʝʨ 1.  

ʇʨʠʤʝʥʠʤ ʠʥʪʝʛʨʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʂʦʰʠ ʢ ʠʩʩʣʝʜʦʚʘʥʠʶ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʦʚ 

ʚʠʜʘ 
1

1
,

n n
 ʩʨʘʚʥʠʚʘʷ ʠʭ ʩ ʠʥʪʝʛʨʘʣʘʤʠ 

1

1
.dx

x
 ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʠʝ 

ʚʦʟʤʦʞʥʳʝ ʟʥʘʯʝʥʠʷ : 

ʘ)  > 1.  ʊʦʛʜʘ  

1

1

1

1 1 1
lim lim

1 ( 1) 1 1
1

b b

b
x

x dx
b

 

(ʪʘʢ ʢʘʢ ʧʨʠ  > 1  
1

1
lim 0
b b

).  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ, ʘ ʟʥʘʯʠʪ, ʩʭʦʜʠʪʩʷ ʠ 

ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʡ ʨʷʜ. 

ʙ)  = 1. ʇʨʠ ʵʪʦʤ  

1

1
lim ln lim ln

1
b b

b

dx x b
x

 

ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ, ʧʦʵʪʦʤʫ ʨʘʩʭʦʜʠʪʩʷ ʠ ʨʷʜ. 

ʚ)  < 1. ʊʦʛʜʘ  

1

1

1

1 1
lim lim

1 ( 1) 1
1

b b

b
x

x dx
b

 



(ʪʘʢ ʢʘʢ ʧʨʠ Ŭ < 1  
1

1
lim
b b

).  

ʀʟ ʨʘʩʭʦʜʠʤʦʩʪʠ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʩʣʝʜʫʝʪ ʨʘʩʭʦʜʠʤʦʩʪʴ 

ʠʩʩʣʝʜʫʝʤʦʛʦ ʨʷʜʘ. 

 

ɿʘʤʝʯʘʥʠʝ. ʀʪʘʢ, ʨʷʜ ʚʠʜʘ 
1

1

n n
 ʩʭʦʜʠʪʩʷ ʧʨʠ  > 1 ʠ ʨʘʩʭʦʜʠʪʩʷ ʧʨʠ  < 

1. ʕʪʦ ʩʚʦʡʩʪʚʦ ʨʷʜʘ 
1

1

n n
 ʙʫʜʝʪ ʯʘʩʪʦ ʠʩʧʦʣʴʟʦʚʘʪʴʩʷ ʚ ʜʘʣʴʥʝʡʰʝʤ. 

 

ʇʨʠʟʥʘʢʠ ʩʨʘʚʥʝʥʠʷ 

 

ʊʝʦʨʝʤʘ 2 (1-ʡ ʧʨʠʟʥʘʢ ʩʨʘʚʥʝʥʠʷ).  
ɽʩʣʠ ʜʣʷ ʜʚʫʭ ʨʷʜʦʚ ʩ ʧʦʣʦʞʠʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ 

u1 + u2 +é+ un +é   (2) 

ʠ 

v1 + v2 +é+ vn +é   (3) 

ʚʳʧʦʣʥʝʥʦ ʫʩʣʦʚʠʝ   un Ò vn, ʪʦ: 

ʘ) ʝʩʣʠ ʨʷʜ (3) ʩʭʦʜʠʪʩʷ, ʪʦ ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ (2); 

ʙ) ʝʩʣʠ ʨʷʜ (2) ʨʘʩʭʦʜʠʪʩʷ, ʪʦ ʨʘʩʭʦʜʠʪʩʷ ʠ ʨʷʜ (3). 

 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

ʇʫʩʪʴ ʯʘʩʪʠʯʥʘʷ ʩʫʤʤʘ ʨʷʜʘ (2)  

1

,
n

n i
i

s u  

ʯʘʩʪʠʯʥʘʷ ʩʫʤʤʘ ʨʷʜʘ (3) 

1

.
n

n i
i

v  

ʀʟ ʫʩʣʦʚʠʷ ʪʝʦʨʝʤʳ ʩʣʝʜʫʝʪ, ʯʪʦ sn Ò n . ʇʫʩʪʴ ʨʷʜ (3) ʩʭʦʜʠʪʩʷ. ʊʦʛʜʘ 

ʩʫʱʝʩʪʚʫʝʪ ʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ ʝʛʦ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ: lim .n
n

 ʅʦ sn Ò n < , 

ʪʦ ʝʩʪʴ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ ʨʷʜʘ (2) ʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ (2) ʩʭʦʜʠʪʩʷ. 

ʊʝʧʝʨʴ ʧʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʨʷʜ (2) ʨʘʩʭʦʜʠʪʩʷ . ʊʦʛʜʘ   

lim , ,n n n
n

s s  

ʟʥʘʯʠʪ, 

lim ,n
n

 ʪʦ ʝʩʪʴ ʨʷʜ (3) ʪʦʞʝ ʨʘʩʭʦʜʠʪʩʷ. ʊʝʦʨʝʤʘ ʜʦʢʘʟʘʥʘ. 

 

ʉʣʝʜʩʪʚʠʝ.  

ʋʩʣʦʚʠʝ un Ò vn  ʤʦʞʝʪ ʚʳʧʦʣʥʷʪʴʩʷ ʥʘʯʠʥʘʷ ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʩ ʧ = 1. 

ʋʪʚʝʨʞʜʝʥʠʝ ʪʝʦʨʝʤʳ ʩʧʨʘʚʝʜʣʠʚʦ, ʝʩʣʠ ʵʪʦ ʫʩʣʦʚʠʝ ʚʳʧʦʣʥʷʝʪʩʷ ʜʣʷ ʚʩʝʭ 

ʧ, ʙʦʣʴʰʠʭ ʥʝʢʦʪʦʨʦʛʦ N. 



 

ʇʨʠʤʝʨ 2.  

ʀʩʩʣʝʜʫʝʤ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ 
1

1
,

2n
n n

 ʩʨʘʚʥʠʚ ʝʛʦ ʩ ʨʷʜʦʤ 
1

1
.

2n
n

 ʕʪʦʪ ʨʷʜ 

ʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʝʛʦ ʯʣʝʥʦʚ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ 

ʙʝʩʢʦʥʝʯʥʦ ʫʙʳʚʘʶʱʫʶ ʛʝʦʤʝʪʨʠʯʝʩʢʫʶ ʧʨʦʛʨʝʩʩʠʶ ʩʦ ʟʥʘʤʝʥʘʪʝʣʝʤ 
1

,
2

q  ʩʫʤʤʘ ʢʦʪʦʨʦʡ ʨʘʚʥʘ 
1

.
2

 ʇʨʠ ʣʶʙʦʤ n > 1  nĀ 2
n
 > 2

n
, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

1 1
,

2 2n nn
 ʧʦʵʪʦʤʫ ʧʦ ʪʝʦʨʝʤʝ 2 ʠʩʩʣʝʜʫʝʤʳʡ ʨʷʜ ʩʭʦʜʠʪʩʷ. 

 

ʊʝʦʨʝʤʘ 3 (2-ʡ ʧʨʠʟʥʘʢ ʩʨʘʚʥʝʥʠʷ). ɽʩʣʠ ʜʣʷ ʨʷʜʦʚ (2) ʠ (3) ʚʳʧʦʣʥʝʥʦ 

ʫʩʣʦʚʠʝ 

lim , 0 ,n

n
n

u
A A

v
 

ʪʦ ʨʷʜʳ (2) ʠ (3) ʩʭʦʜʷʪʩʷ ʠ ʨʘʩʭʦʜʷʪʩʷ ʦʜʥʦʚʨʝʤʝʥʥʦ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

ɺʳʙʝʨʝʤ ʯʠʩʣʦ N  ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʚʩʝʭ n > N  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 

1.n

n

u
A

v
 

ʊʦʛʜʘ  un < (A + 1)vn. ɽʩʣʠ ʨʷʜ 
1

n
n

v ʩʭʦʜʠʪʩʷ, ʪʦ ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 
1

( 1) ,n
n

A v  

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦ ʪʝʦʨʝʤʝ 2 ʩʭʦʜʠʪʩʷ ʨʷʜ 
1

.n
n

u  ʅʘʦʙʦʨʦʪ, ʠʟ ʨʘʩʭʦʜʠʤʦʩʪʠ 

ʨʷʜʘ 
1

n
n

u ʩʣʝʜʫʝʪ ʧʨʠ ʵʪʦʤ ʨʘʩʭʦʜʠʤʦʩʪʴ 
1

.n
n

v  

ʊʝʧʝʨʴ ʚʳʙʝʨʝʤ ʯʠʩʣʦ ɸ ʪʘʢʦʝ, ʯʪʦ 0 < A < A, ʠ ʟʘʜʘʜʠʤ ʥʦʤʝʨ N, ʧʨʠ 

ʢʦʪʦʨʦʤ n

n

u
A

v
 ʧʨʠ ʣʶʙʦʤ  n > N. ʆʪʩʶʜʘ  un > Avn , ʠ, ʧʨʦʚʦʜʷ 

ʨʘʩʩʫʞʜʝʥʠʷ, ʘʥʘʣʦʛʠʯʥʳʝ ʧʨʝʜʳʜʫʱʠʤ, ʤʦʞʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʠʟ ʩʭʦʜʠʤʦʩʪʠ 

1
n

n

u ʩʣʝʜʫʝʪ ʩʭʦʜʠʤʦʩʪʴ  
1

,n
n

v  ʘ ʠʟ ʨʘʩʭʦʜʠʤʦʩʪʠ  
1

n
n

v  ʨʘʩʭʦʜʠʤʦʩʪʴ 

1

.n
n

u  ʊʝʦʨʝʤʘ ʜʦʢʘʟʘʥʘ ʧʦʣʥʦʩʪʴʶ. 

 

ʉʣʝʜʩʪʚʠʝ.  

ʇʨʠ ʧʨʠʤʝʥʝʥʠʠ 2-ʛʦ ʧʨʠʟʥʘʢʘ ʩʨʘʚʥʝʥʠʷ ʫʜʦʙʥʦ ʙʨʘʪʴ ʚ ʢʘʯʝʩʪʚʝ ʨʷʜʘ, ʩ 

ʢʦʪʦʨʳʤ ʩʨʘʚʥʠʚʘʝʪʩʷ ʜʘʥʥʳʡ ʨʷʜ, ʨʷʜ ʚʠʜʘ 
1

1

n n
 (ʩʤ. ʧʨʠʤʝʨ 1). ʅʘʧʦʤʥʠʤ 

ʝʱʝ ʨʘʟ, ʯʪʦ ʪʘʢʦʡ ʨʷʜ ʩʭʦʜʠʪʩʷ ʧʨʠ  > 1 ʠ ʨʘʩʭʦʜʠʪʩʷ ʧʨʠ  Ò 1. 



 

ʇʨʠʤʝʨ 3.  

ʆʙʱʠʡ ʯʣʝʥ ʨʷʜʘ  

3 2
1

2 3

3 7n

ɛ

ɛ ɛ ɛ
 

ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ  

2

3
2

7
3 1

ɛ

ɛ ɛ
ɛ

 

(ʨʘʟʜʝʣʠʚ ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʥʘ ʧ). ʊʝʧʝʨʴ ʦʯʝʚʠʜʥʦ, ʯʪʦ  

2

lim 2.
1
n

n

u

ɛ

 

ʇʦʩʢʦʣʴʢʫ ʨʷʜ 
2

1

1

n n
 ʩʭʦʜʠʪʩʷ (ʪʘʢ ʢʘʢ  = 2 >1), ʩʭʦʜʠʪʩʷ (ʧʦ ʪʝʦʨʝʤʝ 3) ʠ 

ʠʩʭʦʜʥʳʡ ʨʷʜ. 

 

ʇʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ 

 

ʊʝʦʨʝʤʘ 4. ɽʩʣʠ ʜʣʷ ʨʷʜʘ  

1

, 0,n n
n

u u  

ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ  

1lim ,n

n
n

u
l

u
 

ʪʦ ʧʨʠ l < 1 ʨʷʜ 
1

n
n

u ʩʭʦʜʠʪʩʷ, ʘ ʧʨʠ l > 1 ʨʘʩʭʦʜʠʪʩʷ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ʘ) ʇʫʩʪʴ l < 1. ɺʳʙʝʨʝʤ ʯʠʩʣʦ q ʪʘʢ, ʯʪʦ l < q < 1. ʊʦʛʜʘ ʤʦʞʥʦ ʥʘʡʪʠ ʪʘʢʦʡ 

ʥʦʤʝʨ N, ʯʪʦ ʜʣʷ ʚʩʝʭ n > N ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ  

1

,n

n

u
q

u
 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, un < qun-1. ʇʨʠʤʝʥʷʷ ʵʪʦ ʥʝʨʘʚʝʥʩʪʚʦ ʜʣʷ n = N + 1, n = N + 2 

ʠ ʪ.ʜ., ʧʦʣʫʯʠʤ: 

1

2
2 1

,

,

.............................

.

................................

N N

N N N

k
N k N

u qu

u qu q u

u q u

 

ʈʷʜ  



1 1

k k
N N

k k

q u u q  

ʩʭʦʜʠʪʩʷ (ʢʘʢ ʛʝʦʤʝʪʨʠʯʝʩʢʘʷ ʧʨʦʛʨʝʩʩʠʷ ʩʦ ʟʥʘʤʝʥʘʪʝʣʝʤ, ʤʝʥʴʰʠʤ 1), 

ʧʦʵʪʦʤʫ ʧʦ ʪʝʦʨʝʤʝ 22 ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 
1

,N k
k

u  ʘ ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠ ʨʷʜ 
1

.n
n

u  

ʙ) ʇʫʩʪʴ ʪʝʧʝʨʴ l > 1, ʪʦʛʜʘ ʜʣʷ ʚʩʝʭ ʧ, ʙʦʣʴʰʠʭ ʥʝʢʦʪʦʨʦʛʦ N,  

1

1,n

n

u

u
 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, un > un-1 . C ʫʯʝʪʦʤ ʟʥʘʢʦʧʦʣʦʞʠʪʝʣʴʥʦʩʪʠ ʨʷʜʘ ʠʟ ʵʪʦʛʦ 

ʩʣʝʜʫʝʪ, ʯʪʦ lim 0,n
n

u  ʪʦ ʝʩʪʴ ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ (ʥʝ ʚʳʧʦʣʥʝʥʦ ʥʝʦʙʭʦʜʠʤʦʝ 

ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ). 

 

ɿʘʤʝʯʘʥʠʝ. ʇʨʠ l = 1 ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ ʥʝ ʜʘʝʪ ʦʪʚʝʪʘ ʥʘ ʚʦʧʨʦʩ ʦ 

ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ (ʨʷʜ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʤʦʞʝʪ ʠ ʩʭʦʜʠʪʴʩʷ, ʠ ʨʘʩʭʦʜʠʪʴʩʷ).  

 

ʇʨʠʤʝʨ 4.  

ʇʨʠʤʝʥʠʤ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ ʢ ʠʩʩʣʝʜʦʚʘʥʠʶ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ 
1

3
.

!

n

n n
 

1 1
1 3 3 3 ! 3

lim lim : lim lim 0 1,
( 1)! ! 3 ( 1)! 1

n n n
n

nn n n n
n

u n

u n n n n
 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʩʭʦʜʠʪʩʷ (ʫʯʠʪʳʚʘʝʤ, ʯʪʦ (ʧ + 1)! = ʧ!(ʧ + 1)  ). 

 

ʈʘʜʠʢʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʂʦʰʠ 

 

ʊʝʦʨʝʤʘ 5. ɽʩʣʠ ʜʣʷ ʨʷʜʘ  

1

, 0,n n
n

u u  

ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ 

lim ,n
n

n
u l  

ʪʦ ʧʨʠ l < 1 ʨʷʜ 
1

n
n

u ʩʭʦʜʠʪʩʷ, ʘ ʧʨʠ l > 1 ʨʘʩʭʦʜʠʪʩʷ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ʘ) ʇʫʩʪʴ l < 1. ɺʳʙʝʨʝʤ ʯʠʩʣʦ q ʪʘʢʦʝ, ʯʪʦ l < q < 1. ʊʦʛʜʘ ʤʦʞʥʦ ʥʘʡʪʠ ʪʘʢʦʡ 

ʥʦʤʝʨ N, ʯʪʦ ʜʣʷ ʚʩʝʭ n > N ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ n
nu q  ʠ, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, un < q
n
. ʊʘʢ ʢʘʢ ʨʷʜ 

0

n

n

q ʩʭʦʜʠʪʩʷ, ʪʦ ʧʦ 1-ʤʫ ʧʨʠʟʥʘʢʫ 

ʩʨʘʚʥʝʥʠʷ ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 
1

N k
k

u , ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʭʦʜʠʪʩʷ ʨʷʜ 
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u  



ʙ) ʇʫʩʪʴ ʪʝʧʝʨʴ l > 1, ʪʦʛʜʘ ʜʣʷ ʚʩʝʭ ʧ, ʙʦʣʴʰʠʭ ʥʝʢʦʪʦʨʦʛʦ N, 1,n
nu  ʪʦ 

ʝʩʪʴ ʠʧ >  1. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʝ ʚʳʧʦʣʥʝʥʦ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ, 

ʠ ʨʷʜ 
1

n
n

u  ʨʘʩʭʦʜʠʪʩʷ. 

 

ɿʘʤʝʯʘʥʠʝ 1. ʊʘʢ ʞʝ, ʢʘʢ ʚ ʧʨʠʟʥʘʢʝ ɼʘʣʘʤʙʝʨʘ, l = 1 ʥʝ ʜʘʝʪ ʦʪʚʝʪʘ ʥʘ ʚʦʧʨʦʩ 

ʦ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ. 

ɿʘʤʝʯʘʥʠʝ 2. ɽʩʣʠ ʜʣʷ ʦʜʥʦʛʦ ʠ ʪʦʛʦ ʞʝ ʨʷʜʘ ʩʫʱʝʩʪʚʫʶʪ ʧʨʝʜʝʣʳ ʧʦ 

ɼʘʣʘʤʙʝʨʫ ʠ ʧʦ ʂʦʰʠ, ʪʦ ʦʥʠ ʨʘʚʥʳ ʜʨʫʛ ʜʨʫʛʫ. 

 

ʇʨʠʤʝʨ 5.  

ɼʣʷ ʨʷʜʘ 
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ʨʷʜ ʩʭʦʜʠʪʩʷ. 

 

ʇʈʀʄɽʈʓ ʈɽʐɽʅʀʗ ɿɸɼɸʏ 
 

ɿʘʜʘʯʘ 1. 
ʂʘʢʠʝ ʠʟ ʨʷʜʦʚ 

3 5
1 1
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1 2 1
1) ; 2) ;
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3) 2 ; 4)
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ʩʭʦʜʷʪʩʷ? 

 

ʋʢʘʟʘʥʠʝ 

ɺʦʩʧʦʣʴʟʫʡʪʝʩʴ ʚʪʦʨʳʤ ʧʨʠʟʥʘʢʦʤ ʩʨʘʚʥʝʥʠʷ ʠ ʩʨʘʚʥʠʪʝ ʦʙʱʠʡ ʯʣʝʥ 

ʢʘʞʜʦʛʦ ʨʷʜʘ ʧʨʠ n  ʩ ʜʨʦʙʴʶ 
1

.
n

 

 

ʈʝʰʝʥʠʝ 
ʇʨʠ n  ʧʦʨʷʜʦʢ ʤʥʦʛʦʯʣʝʥʘ ʦʧʨʝʜʝʣʷʝʪʩʷ ʝʛʦ ʩʪʘʨʰʝʡ ʩʪʝʧʝʥʴʶ. 

ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʵʪʠʤ ʜʣʷ ʦʮʝʥʢʠ ʦʙʱʝʛʦ ʯʣʝʥʘ ʢʘʞʜʦʛʦ ʠʟ ʜʘʥʥʳʭ ʨʷʜʦʚ: 

3 3 2

1 1
1) 3 .

3 5 3

n n

n n n n
 



ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

2

lim 3.
1
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 ʈʷʜ 
2

1

1

n n
 ʩʭʦʜʠʪʩʷ, ʧʦʵʪʦʤʫ ʧʦ ʚʪʦʨʦʤʫ 

ʧʨʠʟʥʘʢʫ ʩʨʘʚʥʝʥʠʷ ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 1. 

5 5 2

2

2 1 2 1
2) 2

7 8

lim 2
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ʨʷʜ 2 ʩʭʦʜʠʪʩʷ. 
2 2 1

3) 2 .
2 2

n n
n n

n n n n n
 

ʈʷʜ 
1

1

n n
 ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ 

1
1,

2
 ʧʦʵʪʦʤʫ ʨʷʜ 3 ʪʦʞʝ ʨʘʩʭʦʜʠʪʩʷ. 

1

2

4 54 43 3
3 6

1 1 5
4) ; 1

67

n n n

n n n n n

 

ʨʷʜ 4 ʨʘʩʭʦʜʠʪʩʷ. 

ʆʪʚʝʪ: 1,2. 

 

 

ɿʘʜʘʯʘ 2. 
ʂʘʢʠʝ ʠʟ ʨʷʜʦʚ 

3
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1 1 1
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1 1
1) sin ; 2) ; 3) 2 1 ;

1
4) ln 1

n
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n

tg
n nn
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ʩʭʦʜʷʪʩʷ? 

 

ʋʢʘʟʘʥʠʝ 

ʀʩʧʦʣʴʟʫʡʪʝ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ: ʧʨʠ 0x  

sin , , 1 ln , ln 1 .xx x tgx x a x a x x 

 

ʈʝʰʝʥʠʝ 

1) 0 sin .Ȼɜɔ n
n n n

 

ʈʷʜ 
1n n

 ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ 
1

1,
2

 ʧʦʵʪʦʤʫ ʨʷʜ 1 ʪʦʞʝ ʨʘʩʭʦʜʠʪʩʷ. 

2

1 1 1 1 1 1
2) 0 , .Ȼɜɔ n tg tg

n n n n n n
 



ʈʷʜ 
2

1

1

n n
 ʩʭʦʜʠʪʩʷ, ʧʦʵʪʦʤʫ ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 2. 

3

1

3 3

1 1
3) 0 2 1nȻɜɔ n

n n
 

ʨʷʜ 3 ʩʭʦʜʠʪʩʷ. 

1 1 1
4) 0 ln 1Ȼɜɔ n

n n n
 

ʨʷʜ 4 ʨʘʩʭʦʜʠʪʩʷ. 

ʆʪʚʝʪ: 2,3. 

 

ɿʘʜʘʯʘ 3. 
ʂʘʢʠʝ ʠʟ ʨʷʜʦʚ 

2

3
1 1 1

1

sin ln 1
1) ; 2) ; 3) ;
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1
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n n n

n
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ʩʭʦʜʷʪʩʷ? 

 

 

ʋʢʘʟʘʥʠʝ 

ʇʨʠʤʝʥʠʪʝ ʧʝʨʚʳʡ ʧʨʠʟʥʘʢ ʩʨʘʚʥʝʥʠʷ. 

 

ʈʝʰʝʥʠʝ 
2

2

3 3

sin 1
1) sin 1 .

n
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n n
 

ʈʷʜ 
3

1

1

n n
 ʩʭʦʜʠʪʩʷ, ʧʦʵʪʦʤʫ ʧʦ ʧʝʨʚʦʤʫ ʧʨʠʟʥʘʢʫ ʩʨʘʚʥʝʥʠʷ ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 

2. 
ln 1

2) 2 ln 1 .
n

Ȼɜɔ n n
n n

 

ʈʷʜ 
1

1

n n
 ʨʘʩʭʦʜʠʪʩʷ, ʧʦʵʪʦʤʫ ʧʦ ʧʝʨʚʦʤʫ ʧʨʠʟʥʘʢʫ ʩʨʘʚʥʝʥʠʷ ʨʘʩʭʦʜʠʪʩʷ ʠ 

ʨʷʜ 2. 
1 1

3) ln
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n n
n n

 

ʨʷʜ 3 ʨʘʩʭʦʜʠʪʩʷ. 
1 1

4) 2 2 .
2 2

n n

n n
n
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ʈʷʜ 
1

1

2n
n

 ʩʭʦʜʠʪʩʷ, ʧʦʵʪʦʤʫ ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 4. 

ʆʪʚʝʪ: 1,4. 



 

ɿʘʜʘʯʘ 4. 
ʂʘʢʠʝ ʠʟ ʨʷʜʦʚ 
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ʩʭʦʜʷʪʩʷ? 

 

ʋʢʘʟʘʥʠʝ 

ʇʨʠʤʝʥʠʪʝ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ. 

 

ʈʝʰʝʥʠʝ 
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ʨʷʜ 1 ʨʘʩʭʦʜʠʪʩʷ ʧʦ ʧʨʠʟʥʘʢʫ ɼʘʣʘʤʙʝʨʘ. 
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ʨʷʜ 2 ʩʭʦʜʠʪʩʷ. 
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ʨʷʜ 3 ʨʘʩʭʦʜʠʪʩʷ. 
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ʨʷʜ 4 ʩʭʦʜʠʪʩʷ. 

ʆʪʚʝʪ: 2,4. 

 

ɿʘʜʘʯʘ 5. 
ʂʘʢʠʝ ʠʟ ʨʷʜʦʚ 
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ʩʭʦʜʷʪʩʷ? 

 

ʋʢʘʟʘʥʠʝ 

 

ʇʨʠʤʝʥʠʪʝ ʨʘʜʠʢʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʂʦʰʠ. 
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ʨʷʜ 1 ʩʭʦʜʠʪʩʷ. 
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ʨʷʜ 2 ʨʘʩʭʦʜʠʪʩʷ. 
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ʨʷʜ 3 ʩʭʦʜʠʪʩʷ. 
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4) lim lim 1
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ʨʷʜ 4 ʨʘʩʭʦʜʠʪʩʷ. 

ʆʪʚʝʪ: 1,3. 

 



ɿʘʜʘʯʘ 6. 

ʂʘʢʠʝ ʠʟ ʨʷʜʦʚ 
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ʩʭʦʜʷʪʩʷ? 

 

ʋʢʘʟʘʥʠʝ 

ʇʨʠʤʝʥʠʪʝ ʠʥʪʝʛʨʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʂʦʰʠ. 

 

ʈʝʰʝʥʠʝ 
1) ʀʩʩʣʝʜʫʝʤ ʩʭʦʜʠʤʦʩʪʴ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 

2 2 2

2

1 1 1
lim lim ln

ln ln ln

lim ln ln lim ln ln ln ln 2

B

B B

B

B B

dx dx d x
x x x x x

x B

 

ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʘʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 1. 

2) ʀʩʩʣʝʜʫʝʤ ʩʭʦʜʠʤʦʩʪʴ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 
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ln ln ln
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ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 2. 

3) ʀʩʩʣʝʜʫʝʤ ʩʭʦʜʠʤʦʩʪʴ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 
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ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 3. 

4) ʀʩʩʣʝʜʫʝʤ ʩʭʦʜʠʤʦʩʪʴ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 
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lnln
ln

ln2ln2

1 1 1
lim lim ln

ln ln ln ln ln ln ln ln ln

1
lim lim ln ln lim ln ln ln ln ln ln 2

ln

B

B B

BB
t x

B B B

dx dx d x
x x x x x x x x

dt t B
t t

 



ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʘʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 4. 

ʆʪʚʝʪ: 2,3. 

 

1.1.3. ɿʥʘʢʦʧʝʨʝʤʝʥʥʳʝ ʨʷʜʳ. ɸʙʩʦʣʶʪʥʘʷ ʠ ʫʩʣʦʚʥʘʷ 

ʩʭʦʜʠʤʦʩʪʠ. ʇʨʠʟʥʘʢ ʃʝʡʙʥʠʮʘ. ʉʚʦʡʩʪʚʘ ʘʙʩʦʣʶʪʥʦ 

ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ 
 

ɼʣʷ ʯʠʩʣʦʚʳʭ ʨʷʜʦʚ, ʯʣʝʥʳ ʢʦʪʦʨʳʭ ʠʤʝʶʪ ʨʘʟʥʳʝ ʟʥʘʢʠ, ʟʘʜʘʶʪʩʷ ʜʚʘ ʚʠʜʘ 

ʩʭʦʜʠʤʦʩʪʠ. 
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u ʥʘʟʳʚʘʝʪʩʷ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʷʱʠʤʩʷ, 

ʝʩʣʠ ʩʭʦʜʠʪʩʷ ʨʷʜ ʠʟ ʝʛʦ ʤʦʜʫʣʝʡ, ʪʦ ʝʩʪʴ ʨʷʜ 
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| |.n
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ʊʝʦʨʝʤʘ 1.. ɽʩʣʠ ʨʷʜ 
1

n
n

u ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʠʪʩʷ, ʪʦ ʦʥ ʩʭʦʜʠʪʩʷ ʠ ʚ ʦʙʳʯʥʦʤ 

ʩʤʳʩʣʝ, ʪʦ ʝʩʪʴ ʩʫʱʝʩʪʚʫʝʪ ʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ ʝʛʦ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ.  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ʇʫʩʪʴ sn = u1 + u2 +é+ un ,  s'n ï ʩʫʤʤʘ ʚʩʝʭ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʯʣʝʥʦʚ ʩʨʝʜʠ 

ʧʝʨʚʳʭ ʧ ʯʣʝʥʦʚ ʜʘʥʥʦʛʦ ʨʷʜʘ, s''n ï ʩʫʤʤʘ ʤʦʜʫʣʝʡ ʚʩʝʭ ʦʪʨʠʮʘʪʝʣʴʥʳʭ 

ʯʣʝʥʦʚ ʩʨʝʜʠ ʥʠʭ. ɽʩʣʠ ʦʙʦʟʥʘʯʠʪʴ n = |u1| + |u2| +é+ |un|, ʪʦ 

             sn = s'n ï s''n ,   n = s'n + s''n . 

ʊʘʢ ʢʘʢ ʧʦ ʫʩʣʦʚʠʶ ʪʝʦʨʝʤʳ ʧ ʠʤʝʝʪ ʧʨʝʜʝʣ , ʘ s'n ʠ s''n ï ʧʦʣʦʞʠʪʝʣʴʥʳʝ 

ʚʦʟʨʘʩʪʘʶʱʠʝ ʚʝʣʠʯʠʥʳ, ʤʝʥʴʰʠʝ , ʪʦ ʦʥʠ ʪʦʞʝ ʠʤʝʶʪ ʧʨʝʜʝʣʳ s' ʠ s''. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

lim lim( ) ,n n n
n n

s s s s s  

ʪʦ ʝʩʪʴ ʟʥʘʢʦʧʝʨʝʤʝʥʥʳʡ ʨʷʜ 
1

n
n

u ʩʭʦʜʠʪʩʷ. 

ɿʘʤʝʯʘʥʠʝ. ʊʘʢ ʢʘʢ ʨʷʜ 
1

| |n
n

u  ʷʚʣʷʝʪʩʷ ʟʥʘʢʦʧʦʣʦʞʠʪʝʣʴʥʳʤ, ʪʦ ʜʣʷ 

ʠʩʩʣʝʜʦʚʘʥʠʷ ʟʥʘʢʦʧʝʨʝʤʝʥʥʦʛʦ ʨʷʜʘ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʤʳ ʤʦʞʝʤ 

ʠʩʧʦʣʴʟʦʚʘʪʴ ʚʩʝ ʠʟʚʝʩʪʥʳʝ ʧʨʠʟʥʘʢʠ ʩʭʦʜʠʤʦʩʪʠ ʟʥʘʢʦʧʦʣʦʞʠʪʝʣʴʥʳʭ 

ʨʷʜʦʚ. 

 

ʇʨʠʤʝʨ 1.  

ɼʣʷ ʨʷʜʘ 
2

1

( 1)n

n n
 ʨʷʜ ʠʟ ʤʦʜʫʣʝʡ ʠʤʝʝʪ ʚʠʜ 

2
1

1
.

n n
 ʊʘʢʦʡ ʨʷʜ ʩʭʦʜʠʪʩʷ, 

ʧʦʵʪʦʤʫ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʡ ʨʷʜ ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ. 



 

 

ɽʩʣʠ ʨʷʜ, ʩʦʩʪʘʚʣʝʥʥʳʡ ʠʟ ʤʦʜʫʣʝʡ ʯʣʝʥʦʚ ʜʘʥʥʦʛʦ ʨʷʜʘ, 

ʨʘʩʭʦʜʠʪʩʷ, ʘ ʩʘʤ ʜʘʥʥʳʡ ʨʷʜ ʩʭʦʜʠʪʩʷ, 

ʪʦ ʛʦʚʦʨʷʪ, ʯʪʦ ʦʥ ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ. 

 

 

 

ʇʨʠʟʥʘʢ ʃʝʡʙʥʠʮʘ 

 

ɽʩʣʠ ʟʥʘʢʦʧʝʨʝʤʝʥʥʳʡ ʨʷʜ ʥʝ ʦʙʣʘʜʘʝʪ ʘʙʩʦʣʶʪʥʦʡ ʩʭʦʜʠʤʦʩʪʴʶ, ʪʦ 

ʪʨʝʙʫʝʪʩʷ ʦʪʚʝʪʠʪʴ ʥʘ ʚʦʧʨʦʩ, ʙʫʜʝʪ ʣʠ ʦʥ ʩʭʦʜʠʪʴʩʷ ʭʦʪʷ ʙʳ ʫʩʣʦʚʥʦ. ʆʪʚʝʪ 

ʥʘ ʥʝʛʦ ʤʦʞʥʦ ʜʘʪʴ, ʧʨʠʤʝʥʷʷ ʧʨʠʟʥʘʢ ʃʝʡʙʥʠʮʘ: 

 

ʊʝʦʨʝʤʘ 2. ɽʩʣʠ ʠʩʩʣʝʜʫʝʤʳʡ ʨʷʜ: 

1) ʟʥʘʢʦʯʝʨʝʜʫʶʱʠʡʩʷ, ʪʦ ʝʩʪʴ ʠʤʝʝʪ ʚʠʜ  u1 ï u2 + u3 ï u4 +é , ʛʜʝ ui > 0  (1); 

2) u1 > u2 > u3 >é > un > un+1 >é (ʧʦʩʣʝʜʫʶʱʠʡ ʯʣʝʥ ʨʷʜʘ ʧʦ ʤʦʜʫʣʶ ʤʝʥʴʰʝ 

ʧʨʝʜʳʜʫʱʝʛʦ); 

3) lim 0,n
n

u  

ʪʦ ʨʷʜ ʩʭʦʜʠʪʩʷ (ʭʦʪʷ ʙʳ ʫʩʣʦʚʥʦ), ʝʛʦ ʩʫʤʤʘ ʧʦʣʦʞʠʪʝʣʴʥʘ ʠ 1.s u  

 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

ʈʘʩʩʤʦʪʨʠʤ ʧʝʨʚʳʭ 2ʪ ʯʣʝʥʦʚ ʨʷʜʘ: 

s2m = (u1 ð u2) + (u3 ð u4) +é+ (u2m-1 ð u2m) > 0, 

ʪʘʢ ʢʘʢ  u2i-1 ð u2i > 0. ʀʪʘʢ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ {s2m} ʧʦʣʦʞʠʪʝʣʴʥʘ ʠ 

ʚʦʟʨʘʩʪʘʝʪ ʩ ʚʦʟʨʘʩʪʘʥʠʝʤ ʪ. ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, s2m ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʠʥʦʤ 

ʚʠʜʝ: 

s2m = u1 ð (u2 ð u3) ð (u4 ð u5) -é- (u2m-2 ð u2m-1) ð u2m < u1 . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ {s2m} ʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ ʠ ʧʦʵʪʦʤʫ ʠʤʝʝʪ 

ʧʨʝʜʝʣ: 

2lim .m
m

s s  

ɼʦʢʘʞʝʤ, ʯʪʦ ʪʦʪ ʞʝ ʧʨʝʜʝʣ ʠʤʝʝʪ ʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ, 

ʩʦʩʪʘʚʣʝʥʥʳʭ ʠʭ ʥʝʯʝʪʥʦʛʦ ʯʠʩʣʘ ʩʣʘʛʘʝʤʳʭ: 

2 1 2 2 1 2 2 1lim lim( ) lim lim 0 .m m m m m
m m m m

s s u s u s s 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, lim n
n

s s ʧʨʠ ʣʶʙʦʤ ʧ, ʪʦ ʝʩʪʴ ʨʷʜ (1) ʩʭʦʜʠʪʩʷ. 

 

ʇʨʠʤʝʨ 2.  

ʀʩʩʣʝʜʫʝʤ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ 
2

( 1)
.

ln

n

n n
 



1 1
| | , ln ,

ln
nu ɞɌɖ ɖɌɖ n n

n n
 

ʧʦʵʪʦʤʫ ʧʦ ʧʝʨʚʦʤʫ ʧʨʠʟʥʘʢʫ ʩʨʘʚʥʝʥʠʷ ʨʷʜ 
2

| |n
n

u  ʨʘʩʭʦʜʠʪʩʷ, ʪʦ ʝʩʪʴ 

ʘʙʩʦʣʶʪʥʦʡ ʩʭʦʜʠʤʦʩʪʴʶ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʡ ʨʷʜ ʥʝ ʦʙʣʘʜʘʝʪ. 

ʇʨʦʚʝʨʠʤ ʜʣʷ ʥʝʛʦ ʚʳʧʦʣʥʝʥʠʝ ʫʩʣʦʚʠʡ ʪʝʦʨʝʤʳ 2. ɿʥʘʢʦʯʝʨʝʜʦʚʘʥʠʝ 

ʦʙʝʩʧʝʯʠʚʘʝʪʩʷ ʤʥʦʞʠʪʝʣʝʤ (-1)
ʧ
,  

1
lim 0,

lnn n
 ʘ ʠʟ ʤʦʥʦʪʦʥʥʦʛʦ 

ʚʦʟʨʘʩʪʘʥʠʷ ʬʫʥʢʮʠʠ y = ln x ʩʣʝʜʫʝʪ, ʯʪʦ  
1 1

ln( 1) ln , .
ln( 1) ln

n n a
n n

 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦ ʧʨʠʟʥʘʢʫ ʃʝʡʙʥʠʮʘ ʨʷʜ 
2

( 1)

ln

n

n n
 ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ. 

 

ʉʚʦʡʩʪʚʘ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ 

 

ʊʝʦʨʝʤʘ 3. ɽʩʣʠ ʨʷʜ 
1

n
n

u ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʠʪʩʷ, ʪʦ ʣʶʙʦʡ ʨʷʜ, ʩʦʩʪʘʚʣʝʥʥʳʡ 

ʠʟ ʯʣʝʥʦʚ ʜʘʥʥʦʛʦ ʨʷʜʘ, ʚʟʷʪʳʭ, ʚʦʟʤʦʞʥʦ, ʚ ʜʨʫʛʦʤ ʧʦʨʷʜʢʝ, ʪʦʞʝ 

ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʠʪʩʷ ʠ ʠʤʝʝʪ ʪʫ ʞʝ ʩʫʤʤʫ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

ʈʘʩʩʤʦʪʨʠʤ ʨʷʜ 
1

û,m
m

u  ʩʦʩʪʘʚʣʝʥʥʳʡ ʠʟ ʯʣʝʥʦʚ ʨʷʜʘ 
1

.n
n

u  ʊʘʢ ʢʘʢ ʨʷʜ 

1
n

n

u ʩʭʦʜʠʪʩʷ, ʤʦʞʥʦ ʥʘʡʪʠ ʥʦʤʝʨ N ʪʘʢʦʡ, ʯʪʦ  

| | .
2

Ns s  

ɺʳʙʝʨʝʤ ʪʝʧʝʨʴ ʥʦʤʝʨ ʄ ʪʘʢʦʡ, ʯʪʦ ʯʘʩʪʠʯʥʘʷ ʩʫʤʤʘ 
1

û û
M

M m
m

s u  ʩʦʜʝʨʞʘʣʘ 

ʚʩʝ ʩʣʘʛʘʝʤʳʝ, ʚʭʦʜʷʱʠʝ ʚ ʩʫʤʤʫ sN . ʊʦʛʜʘ ʜʣʷ ʣʶʙʦʛʦ m > M ʯʘʩʪʠʯʥʫʶ 

ʩʫʤʤʫ û
ms  ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ: 

ûû û.m N ms s s . 

ʊʦʛʜʘ ʚ ûû
ms  ʙʫʜʫʪ ʚʭʦʜʠʪʴ ʪʦʣʴʢʦ ʩʣʘʛʘʝʤʳʝ ʩ ʥʦʤʝʨʘʤʠ, ʙʦʣʴʰʠʤʠ N, 

ʧʦʵʪʦʤʫ 

1

ûû| | | | .
2

m n
n N

s u  

ʊʦʛʜʘ ʧʨʠ ʪ > M ʧʦʣʫʯʘʝʤ: 

û ûû û û| | | ( )| | | | | .
2 2

m N m N ms s s s s s s s  



ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ûlim ,m
m

s s  ʪʦ ʝʩʪʴ ʨʷʜ 
1

û
m

m

u ʩʭʦʜʠʪʩʷ, ʠ ʩʫʤʤʘ ʝʛʦ ʨʘʚʥʘ s. 

ʇʨʦʚʦʜʷ ʧʦʜʦʙʥʳʝ ʨʘʩʩʫʞʜʝʥʠʷ ʜʣʷ ʨʷʜʘ 
1

| |,n
n

u  ʤʦʞʥʦ ʜʦʢʘʟʘʪʴ ʠ 

ʘʙʩʦʣʶʪʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ 
1

û.m
m

u  

 

ʊʝʦʨʝʤʘ 4 (ʙʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ). ɽʩʣʠ ʨʷʜʳ 
1

n
n

u ʠ 
1

n
n

v ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʷʪʩʷ, 

ʪʦ ʨʷʜ, ʩʦʩʪʘʚʣʝʥʥʳʡ ʠʟ ʚʩʝʚʦʟʤʦʞʥʳʭ ʧʦʧʘʨʥʳʭ ʧʨʦʠʟʚʝʜʝʥʠʡ umvn ʯʣʝʥʦʚ 
ʵʪʠʭ ʨʷʜʦʚ, ʪʦʞʝ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʠʪʩʷ, ʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ ʧʨʦʠʟʚʝʜʝʥʠʶ ʩʫʤʤ 

ʠʩʭʦʜʥʳʭ ʨʷʜʦʚ. 

 

ɿʘʤʝʯʘʥʠʝ. ʋʢʘʟʘʥʥʳʝ ʩʚʦʡʩʪʚʘ ʩʧʨʘʚʝʜʣʠʚʳ ʪʦʣʴʢʦ ʜʣʷ ʘʙʩʦʣʶʪʥʦ 

ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ. ɽʩʣʠ ʨʷʜ ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ, ʪʦ ʧʝʨʝʩʪʘʥʦʚʢʦʡ ʝʛʦ ʯʣʝʥʦʚ 

ʤʦʞʥʦ ʠʟʤʝʥʷʪʴ ʩʫʤʤʫ ʨʷʜʘ (ʪʝʦʨʝʤʘ ʈʠʤʘʥʘ) ʠʣʠ ʧʦʣʫʯʠʪʴ ʨʘʩʭʦʜʷʱʠʡʩʷ 

ʨʷʜ. ɺ ʯʘʩʪʥʦʩʪʠ, ʨʘʩʭʦʜʷʱʠʤʠʩʷ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʙʫʜʫʪ ʨʷʜʳ, ʩʦʩʪʘʚʣʝʥʥʳʝ ʠʟ 

ʚʩʝʭ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʠ ʠʟ ʚʩʝʭ ʦʪʨʠʮʘʪʝʣʴʥʳʭ ʯʣʝʥʦʚ ʜʘʥʥʦʛʦ ʫʩʣʦʚʥʦ 

ʩʭʦʜʷʱʝʛʦʩʷ ʨʷʜʘ. 

 

ʇʈʀʄɽʈʓ ʈɽʐɽʅʀʗ ɿɸɼɸʏ 
 

ɿʘʜʘʯʘ 1. 
ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʳ 

2
1 1

( 1) ( 1)
.

n n

n n

u
nn

 

 

ʋʢʘʟʘʥʠʝ 
ɼʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʘʙʩʦʣʶʪʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʧʨʠʤʝʥʠʪʝ 2-ʡ ʧʨʠʟʥʘʢ 

ʩʨʘʚʥʝʥʠʷ, ʜʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʫʩʣʦʚʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ï ʧʨʠʟʥʘʢ ʃʝʡʙʥʠʮʘ. 

 

ʈʝʰʝʥʠʝ 

ʀʩʩʣʝʜʫʝʤ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ 1: 

1) ʘʙʩʦʣʶʪʥʘʷ ʩʭʦʜʠʤʦʩʪʴ: 

1

1 1
| | ;n

n

a ɜɫɐ ɜɌɝɡɚɐɔɞɝɫ
n n

 

ʘʙʩʦʣʶʪʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʥʝʪ. 

2) ʫʩʣʦʚʥʘʷ ʩʭʦʜʠʤʦʩʪʴ: ʧʨʦʚʝʨʠʤ ʚʳʧʦʣʥʝʥʠʝ ʪʨʝʙʦʚʘʥʠʡ ʧʨʠʟʥʘʢʘ 

ʃʝʡʙʥʠʮʘ. 

ʘ) ʨʷʜ ʟʥʘʢʦʯʝʨʝʜʫʶʱʠʡʩʷ; 
1

) lim| | lim 0;n
n n

ɍ a
n

 



1

1 1
) 1 | || |.

1
n nɎ n n a a

n n
 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ ʧʦ ʧʨʠʟʥʘʢʫ ʃʝʡʙʥʠʮʘ. 

ʀʩʩʣʝʜʫʝʤ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ 2: 

1) ʘʙʩʦʣʶʪʥʘʷ ʩʭʦʜʠʤʦʩʪʴ: 

2 2
1

1 1
| | ;n

n

a ɜɫɐ ɝɡɚɐɔɞɝɫ
n n

 

ʨʷʜ ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ. 

ʆʪʚʝʪ: ʧʝʨʚʳʡ ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ, ʚʪʦʨʦʡ ʘʙʩʦʣʶʪʥʦ. 

 

ɿʘʜʘʯʘ 2. 

ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʳ 

3
1 1

( 1) ( 1)
.

5 3

n n

n
n n

n
u

n n
 

 

ʋʢʘʟʘʥʠʝ 
ɼʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʘʙʩʦʣʶʪʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʧʨʠʤʝʥʠʪʝ 2-ʡ ʧʨʠʟʥʘʢ 

ʩʨʘʚʥʝʥʠʷ. 

 

ʈʝʰʝʥʠʝ 
ʀʩʩʣʝʜʫʝʤ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ 1: 

1) ʘʙʩʦʣʶʪʥʘʷ ʩʭʦʜʠʤʦʩʪʴ: 

3 2 2
1

1 1
| | ;

5
n

n

n
a ɜɫɐ ɝɡɚɐɔɞɝɫ

n n n n
 

ʨʷʜ ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ. 

ʀʩʩʣʝʜʫʝʤ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ 2: 

1) ʘʙʩʦʣʶʪʥʘʷ ʩʭʦʜʠʤʦʩʪʴ: 

1

1 1
| | ;

3 3
n n n

n

a ɜɫɐ ɝɡɚɐɔɞɝɫ 

ʨʷʜ ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ. 

ʆʪʚʝʪ: ʦʙʘ ʩʭʦʜʷʪʩʷ ʘʙʩʦʣʶʪʥʦ. 

 

ɿʘʜʘʯʘ 3. 
ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʳ 

2

2
1 1

1 1
( 1) ln 1 ( 1) .

10 1
n n

n n

n
u

n n
 

 

ʋʢʘʟʘʥʠʝ 
ʇʨʠ ʠʩʩʣʝʜʦʚʘʥʠʠ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ 1 ʠʩʧʦʣʴʟʫʡʪʝ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴ 

ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ: 

0 ln 1 .ɛɜɔ x x x 

ɼʣʷ ʨʷʜʘ 2 ʧʨʦʚʝʨʴʪʝ ʚʳʧʦʣʥʝʥʠʝ ʥʝʦʙʭʦʜʠʤʦʛʦ ʫʩʣʦʚʠʷ ʩʭʦʜʠʤʦʩʪʠ. 



 

ʈʝʰʝʥʠʝ 
ʀʩʩʣʝʜʫʝʤ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ 1: 

1) ʘʙʩʦʣʶʪʥʘʷ ʩʭʦʜʠʤʦʩʪʴ: 

1

1 1 1
| | ln 1 ;n

n

a ɜɫɐ ɜɌɝɡɚɐɔɞɝɫ
n n n

 

ʘʙʩʦʣʶʪʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʥʝʪ. 

2) ʫʩʣʦʚʥʘʷ ʩʭʦʜʠʤʦʩʪʴ: ʧʨʦʚʝʨʠʤ ʚʳʧʦʣʥʝʥʠʝ ʪʨʝʙʦʚʘʥʠʡ ʧʨʠʟʥʘʢʘ 

ʃʝʡʙʥʠʮʘ. 

ʘ) ʨʷʜ ʟʥʘʢʦʯʝʨʝʜʫʶʱʠʡʩʷ; 

1
) lim| | lim ln 1 ln 1 0;n

n n
ɍ a

n
 

ʚ) ʣʦʛʘʨʠʬʤʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ ʩ ʦʩʥʦʚʘʥʠʝʤ, ʙʦʣʴʰʠʤ 1, ʷʚʣʷʝʪʩʷ 

ʚʦʟʨʘʩʪʘʶʱʝʡ, ʧʦʵʪʦʤʫ 

1

1 1 1 1
ln 1 ln 1 | | | |.

1 1
n na a

n n n n
 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ ʧʦ ʧʨʠʟʥʘʢʫ ʃʝʡʙʥʠʮʘ. 

2) ʜʣʷ ʨʷʜʘ 2 
2

2

1 1
lim| | lim 0

10 1 10
n

n n

n
a

n
 

ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ. 

ʆʪʚʝʪ: ʧʝʨʚʳʡ ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ, ʚʪʦʨʦʡ ʨʘʩʭʦʜʠʪʩʷ. 

 

ɿʘʜʘʯʘ 4. 
ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ r

3
2 1

( 1) sin
.

ln

n

n n

n
u

n n n
 

 

ʋʢʘʟʘʥʠʝ 
ʇʨʠ ʠʩʩʣʝʜʦʚʘʥʠʠ ʨʷʜʘ 1 ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʧʨʠʤʝʥʠʪʝ 

ʠʥʪʝʛʨʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʂʦʰʠ; ʧʨʠ ʠʩʩʣʝʜʦʚʘʥʠʠ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ 2 

ʚʦʩʧʦʣʴʟʫʡʪʝʩʴ ʪʝʤ, ʯʪʦ |sinn| < 1. 

 

ʈʝʰʝʥʠʝ 

ʀʩʩʣʝʜʫʝʤ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʠ ʫʩʣʦʚʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ 1: 

1) ʘʙʩʦʣʶʪʥʘʷ ʩʭʦʜʠʤʦʩʪʴ: 

22

1 1
| | ; ln ln

ln ln
na dx x

n n x x
 

ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦ ʠʥʪʝʛʨʘʣʴʥʦʤʫ ʧʨʠʟʥʘʢʫ ʂʦʰʠ 

ʨʘʩʭʦʜʠʪʩʷ ʠ ʨʷʜ ʠʟ ʤʦʜʫʣʝʡ ʯʣʝʥʦʚ ʨʷʜʘ 1, ʪʦ ʝʩʪʴ ʘʙʩʦʣʶʪʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʫ 

ʵʪʦʛʦ ʨʷʜʘ ʥʝʪ. 



2) ʫʩʣʦʚʥʘʷ ʩʭʦʜʠʤʦʩʪʴ: ʧʨʦʚʝʨʠʤ ʚʳʧʦʣʥʝʥʠʝ ʪʨʝʙʦʚʘʥʠʡ ʧʨʠʟʥʘʢʘ 

ʃʝʡʙʥʠʮʘ. 

ʘ) ʨʷʜ ʟʥʘʢʦʯʝʨʝʜʫʶʱʠʡʩʷ; 
1

) lim| | lim 0;
ln

n
n n

ɍ a
n n

 

ʚ) ʣʦʛʘʨʠʬʤʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ ʩ ʦʩʥʦʚʘʥʠʝʤ, ʙʦʣʴʰʠʤ 1, ʷʚʣʷʝʪʩʷ 

ʚʦʟʨʘʩʪʘʶʱʝʡ, ʧʦʵʪʦʤʫ 

1

1 1
( 1)ln( 1) ln | || |.

( 1)ln( 1) ln
n nn n n n a a

n n n n
 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ ʧʦ ʧʨʠʟʥʘʢʫ ʃʝʡʙʥʠʮʘ. 

ʀʩʩʣʝʜʫʝʤ ʥʘ ʘʙʩʦʣʶʪʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ 2: 

3 3 3
1

|sin | 1 1
| | ;n

n

n
a ɜɫɐ ɝɡɚɐɔɞɝɫ

n n n
 

ʨʷʜ 2 ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ. 

ʆʪʚʝʪ: ʧʝʨʚʳʡ ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ, ʚʪʦʨʦʡ ʘʙʩʦʣʶʪʥʦ. 

 

 

1.2. ʌʋʅʂʎʀʆʅɸʃʔʅʓɽ ʈʗɼʓ 

 

1.2.1. ʌʫʥʢʮʠʦʥʘʣʴʥʳʝ ʨʷʜʳ. ʆʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ. 

ʈʘʚʥʦʤʝʨʥʘʷ ʩʭʦʜʠʤʦʩʪʴ. ʇʨʠʟʥʘʢ ɺʝʡʝʨʰʪʨʘʩʩʘ. ʉʚʦʡʩʪʚʘ 

ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ: ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʩʫʤʤʳ ʨʷʜʘ, 

ʧʦʯʣʝʥʥʦʝ ʠʥʪʝʛʨʠʨʦʚʘʥʠʝ ʠ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ 

 
 

ɹʝʩʢʦʥʝʯʥʘʷ ʩʫʤʤʘ ʬʫʥʢʮʠʡ 

u1(x) + u2(x) +é+ un(x) +é , (1) 

ʛʜʝ un(x) = f (x,n), ʥʘʟʳʚʘʝʪʩʷ ʬʫʥʢʮʠʦʥʘʣʴʥʳʤ 

ʨʷʜʦʤ. 

 

 

ɽʩʣʠ ʟʘʜʘʪʴ ʢʦʥʢʨʝʪʥʦʝ ʯʠʩʣʦʚʦʝ ʟʥʘʯʝʥʠʝ ʭ, ʨʷʜ (1) ʧʨʝʚʨʘʪʠʪʩʷ ʚ ʯʠʩʣʦʚʦʡ 

ʨʷʜ, ʧʨʠʯʝʤ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʚʳʙʦʨʘ ʟʥʘʯʝʥʠʷ ʭ ʪʘʢʦʡ ʨʷʜ ʤʦʞʝʪ ʩʭʦʜʠʪʴʩʷ 

ʠʣʠ ʨʘʩʭʦʜʠʪʴʩʷ. ʇʨʘʢʪʠʯʝʩʢʫʶ ʮʝʥʥʦʩʪʴ ʧʨʝʜʩʪʘʚʣʷʶʪ ʪʦʣʴʢʦ ʩʭʦʜʷʱʠʝʩʷ 

ʨʷʜʳ, ʧʦʵʪʦʤʫ ʚʘʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʪʝ ʟʥʘʯʝʥʠʷ ʭ, ʧʨʠ ʢʦʪʦʨʳʭ 

ʬʫʥʢʮʠʦʥʘʣʴʥʳʡ ʨʷʜ ʩʪʘʥʦʚʠʪʩʷ ʩʭʦʜʷʱʠʤʩʷ ʯʠʩʣʦʚʳʤ ʨʷʜʦʤ. 

 



 

ʄʥʦʞʝʩʪʚʦ ʟʥʘʯʝʥʠʡ ʭ, ʧʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʢʦʪʦʨʳʭ  

ʚ ʬʫʥʢʮʠʦʥʘʣʴʥʳʡ ʨʷʜ (1) ʧʦʣʫʯʘʝʪʩʷ  

ʩʭʦʜʷʱʠʡʩʷ ʯʠʩʣʦʚʦʡ ʨʷʜ, ʥʘʟʳʚʘʝʪʩʷ ʦʙʣʘʩʪʴʶ 

ʩʭʦʜʠʤʦʩʪʠ  ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ. 

 

 

ʌʫʥʢʮʠʷ s(x), ʦʧʨʝʜʝʣʝʥʥʘʷ ʚ ʦʙʣʘʩʪʠ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ, ʢʦʪʦʨʘʷ ʜʣʷ ʢʘʞʜʦʛʦ 
ʟʥʘʯʝʥʠʷ ʭ ʠʟ ʦʙʣʘʩʪʠ ʩʭʦʜʠʤʦʩʪʠ ʨʘʚʥʘ ʩʫʤʤʝ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʯʠʩʣʦʚʦʛʦ 

ʨʷʜʘ, ʧʦʣʫʯʝʥʥʦʛʦ ʠʟ (1) ʧʨʠ ʜʘʥʥʦʤ ʟʥʘʯʝʥʠʠ ʭ, ʥʘʟʳʚʘʝʪʩʷ ʩʫʤʤʦʡ 

ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ. 

 

ʇʨʠʤʝʨ 1.  

ʅʘʡʜʝʤ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʠ ʩʫʤʤʫ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 

1 + ʭ + ʭĮ +é+ x
n
 +é 

ʇʨʠ |x| Ó 1 lim 0,n

n
x  ʧʦʵʪʦʤʫ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʯʠʩʣʦʚʳʝ ʨʷʜʳ ʨʘʩʭʦʜʷʪʩʷ. 

ɽʩʣʠ ʞʝ |x| < 1, ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʡ ʨʷʜ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʫʤʤʫ ʙʝʩʢʦʥʝʯʥʦ 

ʫʙʳʚʘʶʱʝʡ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʧʨʦʛʨʝʩʩʠʠ, ʚʳʯʠʩʣʷʝʤʫʶ ʧʦ ʬʦʨʤʫʣʝ: 
1

( ) .
1

s x
x

 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʙʣʘʩʪʴʶ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ʷʚʣʷʝʪʩʷ ʠʥʪʝʨʚʘʣ (-1, 1), ʘ ʝʛʦ 

ʩʫʤʤʘ ʠʤʝʝʪ ʫʢʘʟʘʥʥʳʡ ʚʠʜ. 

 

ɿʘʤʝʯʘʥʠʝ. ʊʘʢ ʞʝ, ʢʘʢ ʜʣʷ ʯʠʩʣʦʚʳʭ ʨʷʜʦʚ, ʤʦʞʥʦ ʚʚʝʩʪʠ ʧʦʥʷʪʠʷ 

ʯʘʩʪʠʯʥʦʡ ʩʫʤʤʳ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ: 

sn = 1 + ʭ + ʭĮ +é+ x
n
 

ʠ ʦʩʪʘʪʢʘ ʨʷʜʘ:   rn = s ï sn . 

 

ʈʘʚʥʦʤʝʨʥʘʷ ʩʭʦʜʠʤʦʩʪʴ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 

 

ʆʧʨʝʜʝʣʠʤ ʚʥʘʯʘʣʝ ʧʦʥʷʪʠʝ ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʯʠʩʣʦʚʦʡ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ. 

ʌʫʥʢʮʠʦʥʘʣʴʥʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ fn(x) ʥʘʟʳʚʘʝʪʩʷ ʨʘʚʥʦʤʝʨʥʦ 

ʩʭʦʜʷʱʝʡʩʷ ʢ ʬʫʥʢʮʠʠ f ʥʘ ʤʥʦʞʝʩʪʚʝ ʍ, ʝʩʣʠ  

0 : | ( ) ( )| .nN x X u n N f x f x  

ɿʘʤʝʯʘʥʠʝ 1. ɹʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ ʦʙʳʯʥʫʶ ʩʭʦʜʠʤʦʩʪʴ ʬʫʥʢʮʠʦʥʘʣʴʥʦʡ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ( ) ( ),nf x f x  ʘ ʨʘʚʥʦʤʝʨʥʫʶ ʩʭʦʜʠʤʦʩʪʴ - ( ) ( ).nf x f x . 

 

ɿʘʤʝʯʘʥʠʝ 2. ʆʪʤʝʪʠʤ ʝʱʝ ʨʘʟ ʧʨʠʥʮʠʧʠʘʣʴʥʦʝ ʦʪʣʠʯʠʝ ʨʘʚʥʦʤʝʨʥʦʡ 

ʩʭʦʜʠʤʦʩʪʠ ʦʪ ʦʙʳʯʥʦʡ: ʚ ʩʣʫʯʘʝ ʦʙʳʯʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʧʨʠ ʚʳʙʨʘʥʥʦʤ 

ʟʥʘʯʝʥʠʠ Ů ʜʣʷ ʢʘʞʜʦʛʦ ʍx ʩʫʱʝʩʪʚʫʝʪ ʩʚʦʡ ʥʦʤʝʨ N, ʜʣʷ ʢʦʪʦʨʦʛʦ ʧʨʠ n > 

N ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ: 



| ( ) ( )| .nf x f x  

ʇʨʠ ʵʪʦʤ ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ, ʯʪʦ ʧʦʜʦʙʨʘʪʴ ʜʣʷ ʜʘʥʥʦʛʦ Ů ʦʙʱʠʡ ʥʦʤʝʨ N, 

ʦʙʝʩʧʝʯʠʚʘʶʱʠʡ ʚʳʧʦʣʥʝʥʠʝ ʵʪʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘ ʜʣʷ ʣʶʙʦʛʦ ʭ, ʥʝʚʦʟʤʦʞʥʦ. 

ɺ ʩʣʫʯʘʝ ʞʝ ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʪʘʢʦʡ ʥʦʤʝʨ N, ʦʙʱʠʡ ʜʣʷ ʚʩʝʭ ʭ, 

ʩʫʱʝʩʪʚʫʝʪ. 

 

ʆʧʨʝʜʝʣʠʤ ʪʝʧʝʨʴ ʧʦʥʷʪʠʝ ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ. 

ʇʦʩʢʦʣʴʢʫ ʢʘʞʜʦʤʫ ʨʷʜʫ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʝʛʦ ʯʘʩʪʠʯʥʳʭ 

ʩʫʤʤ, ʨʘʚʥʦʤʝʨʥʘʷ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ʦʧʨʝʜʝʣʷʝʪʩʷ ʯʝʨʝʟ ʨʘʚʥʦʤʝʨʥʫʶ 

ʩʭʦʜʠʤʦʩʪʴ ʵʪʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ: 

ʌʫʥʢʮʠʦʥʘʣʴʥʳʡ ʨʷʜ  

1

( ), ,n
n

u x x X  

ʥʘʟʳʚʘʝʪʩʷ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʷʱʠʤʩʷ ʥʘ ʤʥʦʞʝʩʪʚʝ ʍ, ʝʩʣʠ ʥʘ ʍ ʨʘʚʥʦʤʝʨʥʦ 

ʩʭʦʜʠʪʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʝʛʦ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ. 

 

ʇʨʠʟʥʘʢ ɺʝʡʝʨʰʪʨʘʩʩʘ 

 

ʊʝʦʨʝʤʘ 1. ɽʩʣʠ ʯʠʩʣʦʚʦʡ ʨʷʜ  

1

, 0,n n
n

a a  

ʩʭʦʜʠʪʩʷ ʠ ʜʣʷ ʚʩʝʭ x X  ʠ ʜʣʷ ʚʩʝʭ     ʧ = 1, 2,é ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 

| ( )| ,n nu x a  

ʪʦ ʨʷʜ 
1

( )n
n

u x  ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ ʠ ʨʘʚʥʦʤʝʨʥʦ ʥʘ ʤʥʦʞʝʩʪʚʝ ʍ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ɼʣʷ ʣʶʙʦʛʦ  > 0 cʫʱʝʩʪʚʫʝʪ ʪʘʢʦʡ ʥʦʤʝʨ N, ʯʪʦ  

1

,k
k n

n N a  

ʧʦʵʪʦʤʫ x Xʠ n N  ʜʣʷ ʦʩʪʘʪʢʦʚ rn ʨʷʜʘ 
1

( )n
n

u x  ʩʧʨʘʚʝʜʣʠʚʘ ʦʮʝʥʢʘ 

1 1 1

| ( )| ( ) | ( )| .n k k k
k n k n k n

r x u x u x a  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 0,nr  ʧʦʵʪʦʤʫ ʨʷʜ 
1

( )n
n

u x  ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ. 

 

ɿʘʤʝʯʘʥʠʝ. ʇʨʦʮʝʜʫʨʘ ʧʦʜʙʦʨʘ ʯʠʩʣʦʚʦʛʦ ʨʷʜʘ, ʦʪʚʝʯʘʶʱʝʛʦ ʫʩʣʦʚʠʷʤ 

ʪʝʦʨʝʤʳ 1, ʦʙʳʯʥʦ ʥʘʟʳʚʘʝʪʩʷ ʤʘʞʦʨʠʨʦʚʘʥʠʝʤ, ʘ ʩʘʤ ʵʪʦʪ ʨʷʜ ï 

ʤʘʞʦʨʘʥʪʦʡ ʜʣʷ ʜʘʥʥʦʛʦ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ. 

 

ʇʨʠʤʝʨ 2.  



ɼʣʷ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 
2

1

sin

n

x

n
 ʤʘʞʦʨʘʥʪʦʡ ʧʨʠ ʣʶʙʦʤ ʟʥʘʯʝʥʠʠ ʭ 

ʷʚʣʷʝʪʩʷ ʩʭʦʜʷʱʠʡʩʷ ʟʥʘʢʦʧʦʣʦʞʠʪʝʣʴʥʳʡ ʨʷʜ 
2

1

1

n n
. ʇʦʵʪʦʤʫ ʠʩʭʦʜʥʳʡ 

ʨʷʜ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ ʚʩʝʤ ʤʥʦʞʝʩʪʚʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ. 

 

ʉʚʦʡʩʪʚʘ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ 

 

ʊʝʦʨʝʤʘ 2. ɽʩʣʠ ʬʫʥʢʮʠʠ un(x) ʥʝʧʨʝʨʳʚʥʳ ʧʨʠ 0ɡ ɡ Ɂʠ ʨʷʜ 
1

( )n
n

u x  

ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ ʍ, ʪʦ ʝʛʦ ʩʫʤʤʘ s(x) ʪʦʞʝ ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ ʭ0 . 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ɺʳʙʝʨʝʤ  > 0. ʊʦʛʜʘ ( ) ( ),ns x s x  ʧʦʵʪʦʤʫ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʡ ʥʦʤʝʨ ʧ0 , ʯʪʦ 

0
| ( ) ( )| .

3
ns x s x  

0
( )ns x  ʩʫʤʤʘ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʥʝʧʨʝʨʳʚʥʳʭ ʬʫʥʢʮʠʡ, ʧʦʵʪʦʤʫ 

0
( )ns x  

ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ ʭ0. ʇʦʵʪʦʤʫ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ  > 0, ʯʪʦ   

0 0 0 0| ( ) ( )| :| | .
3

n ns x s x x X x x  

ʊʦʛʜʘ   0:| |x X x x  ʧʦʣʫʯʘʝʤ: 

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0

| ( ) ( )| |( ( ) ( )) ( ( ) ( )) ( ( ) ( ))|

| ( ) ( )| | ( ) ( )| | ( ) ( )|

,
3 3 3

n n n n

n n n n

s x s x s x s x s x s x s x s x

s x s x s x s x s x s x  

ʪʦ ʝʩʪʴ ʬʫʥʢʮʠʷ s(x) ʥʝʧʨʝʨʳʚʥʘ ʧʨʠ ʭ = ʭ0 . 

 

ʊʝʦʨʝʤʘ 3. ʇʫʩʪʴ ʬʫʥʢʮʠʠ un(x) ʥʝʧʨʝʨʳʚʥʳ ʥʘ ʦʪʨʝʟʢʝ [a, b] ʠ ʨʷʜ 
1

( )n
n

u x  

ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ. ʊʦʛʜʘ 0 [ , ]x a b  ʨʷʜ  

0
1

( )
x

n
n x

u t dt  

ʪʦʞʝ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ [a, b] ʠ  

0 0
1 1

( ) ( ) . (2)
x x

n n
n nx x

u t dt u t dt  

 (ʪʦ ʝʩʪʴ ʚ ʫʩʣʦʚʠʷʭ ʪʝʦʨʝʤʳ ʨʷʜ ʤʦʞʥʦ ʧʦʯʣʝʥʥʦ ʠʥʪʝʛʨʠʨʦʚʘʪʴ). 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ʇʦ ʪʝʦʨʝʤʝ 2 ʬʫʥʢʮʠʷ  



1

( ) ( )n
n

s x u x  

ʥʝʧʨʝʨʳʚʥʘ ʥʘ [a, b] ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʥʝʤ, ʪʦ ʝʩʪʴ 

ʠʥʪʝʛʨʘʣ, ʩʪʦʷʱʠʡ ʚ ʣʝʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ (2), ʩʫʱʝʩʪʚʫʝʪ. ʇʦʢʘʞʝʤ, ʯʪʦ ʨʷʜ 

0
1

( )
x

n
n x

u t dt  ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʢ ʬʫʥʢʮʠʠ 

0

( ) ( ) .
x

x

x s t dt  

ʆʙʦʟʥʘʯʠʤ  

0 0 0

1

1 1

( ) ( ), ( ) ( ) ( ),

( ) ( ) ( ) ( ) .

n

n k n n
k

x x xn n

n k k n
k kx x x

s x u x r x s x s x

x u t dt u t dt s t dt

 

 

ʊʦʛʜʘ ʜʣʷ ʣʶʙʦʛʦ  ʥʘʡʜʝʪʩʷ ʪʘʢʦʡ ʥʦʤʝʨ N, ʯʪʦ ʧʨʠ n > N 

0 0

0 0
[ , ]

| ( ) ( )| ( ) ( )

| ( ) ( )| | ( )| ( )sup| ( )| .

x x

n n

x x

x x

n n n
a bx x

x x s t dt s t dt

s t s t dt r t dt b a r t

 

ɿʥʘʯʠʪ, ʨʷʜ 

0
1

( )
x

n
n x

u t dt  ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ, ʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ  

0
1

( ) ( ) .
x

n
n x

x u t dt  

ʊʝʦʨʝʤʘ ʜʦʢʘʟʘʥʘ. 

 

ʊʝʦʨʝʤʘ 4. ʇʫʩʪʴ ʬʫʥʢʮʠʠ un(x) ʥʝʧʨʝʨʳʚʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳ ʥʘ ʦʪʨʝʟʢʝ 

[a, b] ʠ ʨʷʜ, ʩʦʩʪʘʚʣʝʥʥʳʡ ʠʟ ʠʭ ʧʨʦʠʟʚʦʜʥʳʭ: 

1

( ) (3)n
n

u x  

ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ [a, b]. ʊʦʛʜʘ, ʝʩʣʠ ʨʷʜ 
1

( )n
n

u x  ʩʭʦʜʠʪʩʷ ʭʦʪʷ ʙʳ ʚ 

ʦʜʥʦʡ ʪʦʯʢʝ 0 [ , ],x a b  ʪʦ ʦʥ ʩʭʦʜʠʪʩʷ ʨʘʚʥʦʤʝʨʥʦ ʥʘ ʚʩʝʤ [a, b], ʝʛʦ ʩʫʤʤʘ  

1

( ) ( )n
n

s x u x  

ʷʚʣʷʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʡ ʬʫʥʢʮʠʝʡ ʠ 



1

( ) ( )n
n

s x u x  

(ʨʷʜ 
1

( )n
n

u x  ʤʦʞʥʦ ʧʦʯʣʝʥʥʦ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʪʴ). 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ʆʧʨʝʜʝʣʠʤ ʬʫʥʢʮʠʶ (ʭ) ʢʘʢ 
1

( ).n
n

u x  ʇʦ ʪʝʦʨʝʤʝ 3 ʨʷʜ (3) ʤʦʞʥʦ ʧʦʯʣʝʥʥʦ 

ʠʥʪʝʛʨʠʨʦʚʘʪʴ: 

0 0

0
1 1

( ) ( ) ( ) ( ) .
x x

n n n
n nx x

t dt u t dt u x u x  

ʈʷʜ, ʩʪʦʷʱʠʡ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʵʪʦʛʦ ʨʘʚʝʥʩʪʚʘ, ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ [a, b] 

ʧʦ ʪʝʦʨʝʤʝ 3. ʅʦ ʯʠʩʣʦʚʦʡ ʨʷʜ 0
1

( )n
n

u x  ʧʦ ʫʩʣʦʚʠʶ ʪʝʦʨʝʤʳ ʩʭʦʜʠʪʩʷ, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʠ ʨʷʜ 
1

( ).n
n

u x . ʊʦʛʜʘ  

0

0( ) ( ) ( ).
x

x

t dt s x s x  

ʌʫʥʢʮʠʷ (t) ʷʚʣʷʝʪʩʷ ʩʫʤʤʦʡ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʷʱʝʛʦʩʷ ʨʷʜʘ ʥʝʧʨʝʨʳʚʥʳʭ 

ʬʫʥʢʮʠʡ ʥʘ [a, b] ʠ ʧʦʵʪʦʤʫ ʩʘʤʘ ʥʝʧʨʝʨʳʚʥʘ. ʊʦʛʜʘ ʬʫʥʢʮʠʷ 

0

( )
x

x

t dt  

ʥʝʧʨʝʨʳʚʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʥʘ [a, b], ʠ  

0
1

( ) ( ) ( ) ( ),n
nx

d
s x t dt x u x

dx
 

ʯʪʦ ʠ ʪʨʝʙʦʚʘʣʦʩʴ ʜʦʢʘʟʘʪʴ. 

 

ʇʈʀʄɽʈʓ ʈɽʐɽʅʀʗ ɿɸɼɸʏ 
 

ɿʘʜʘʯʘ 1. 
ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 

2
1

log .n

n

x  

 

ʋʢʘʟʘʥʠʝ 
ʇʨʠʤʝʥʠʪʝ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ ʠ ʥʘʡʜʠʪʝ ʟʥʘʯʝʥʠʷ ʭ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʝ 

ʥʝʨʘʚʝʥʩʪʚʫ 

1lim 1.n

n
n

u

u
 

 

ʈʝʰʝʥʠʝ 



ʇʨʠʤʝʥʠʤ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ: 
1

21
2

2

2

log
lim lim |log | 1

log

1
1 log 1 2.

2

n
n

nn n
n

xu
x

u x

x x

 

ʇʨʠ ʥʘʡʜʝʥʥʳʭ ʟʥʘʯʝʥʠʷʭ ʭ ʨʷʜ ʩʭʦʜʠʪʩʷ, ʧʨʠ ʭ, ʥʝ ʧʨʠʥʘʜʣʝʞʘʱʠʭ ʦʪʨʝʟʢʫ 

[0,5;2], ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʧʨʝʜʝʣ ʧʦ ɼʘʣʘʤʙʝʨʫ ʙʦʣʴʰʝ 1. ʆʩʪʘʣʦʩʴ 

ʠʩʩʣʝʜʦʚʘʪʴ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ʧʨʠ ʭ = 0,5 ʠ ʭ = 2, ʢʦʛʜʘ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ 

ʥʝʧʨʠʤʝʥʠʤ. 

2
1

1 1
, log 1, ( 1)

2 2
n

n

x ɜɫɐ  ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʜʣʷ ʥʝʛʦ ʥʝ 

ʚʳʧʦʣʥʝʥʦ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ. 

ʇʨʠ ʭ = 2 log22 = 1, ʠ ʧʦʣʫʯʝʥʥʳʡ ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ ʧʦ ʪʦʡ ʞʝ ʧʨʠʯʠʥʝ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ï (0,5;2). 

ʆʪʚʝʪ: (0,5;2). 

 

ɿʘʜʘʯʘ 2. 
ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 

1

2
.

3 x
n n

 

 

ʋʢʘʟʘʥʠʝ 
ʈʘʩʩʤʦʪʨʠʪʝ ʦʪʜʝʣʴʥʦ ʩʣʫʯʘʠ x > 1 ʠ x < 1. 

 

ʈʝʰʝʥʠʝ 

ʇʨʠ x > 1 ʨʷʜ 
1

2
x

n n
 ʩʭʦʜʠʪʩʷ. 

2 2
3

3
x x

x x
n n

n n
 

ʠʩʭʦʜʥʳʡ ʨʷʜ ʩʭʦʜʠʪʩʷ ʧʦ 2-ʤʫ ʧʨʠʟʥʘʢʫ ʩʨʘʚʥʝʥʠʷ.  

ʇʨʠ ʭ < 1 ʨʷʜ 
1

2
x

n n
 ʨʘʩʭʦʜʠʪʩʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦ 1-ʤʫ ʧʨʠʟʥʘʢʫ ʩʨʘʚʥʝʥʠʷ 

ʨʘʩʭʦʜʠʪʩʷ ʠ ʠʩʭʦʜʥʳʡ ʨʷʜ. 

ʆʪʚʝʪ: (1; ). 

 

ɿʘʜʘʯʘ 3. 

ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 

1

3
.

2 n
n x

 

 

 



ʋʢʘʟʘʥʠʝ 

ʈʘʩʩʤʦʪʨʠʪʝ ʦʪʜʝʣʴʥʦ ʩʣʫʯʘʠ |x| > 1, |ʭ| = 1 ʠ |x| < 1. 

 

ʈʝʰʝʥʠʝ 

ʇʨʠ |x| > 1 ʨʷʜ 
1

3
n

n x
 ʩʭʦʜʠʪʩʷ (ʚ ʯʘʩʪʥʦʩʪʠ, ʧʨʠ x < -1 ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ), 

ʪʘʢ ʢʘʢ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʫʤʤʫ ʙʝʩʢʦʥʝʯʥʦ ʫʙʳʚʘʶʱʝʡ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ 

ʧʨʦʛʨʝʩʩʠʠ. 

ʇʨʠ ʭ = 1 ʚʩʝ ʯʣʝʥʳ ʨʷʜʘ ʨʘʚʥʳ 1, ʪʦ ʝʩʪʴ ʥʝ ʚʳʧʦʣʥʝʥʦ ʥʝʦʙʭʦʜʠʤʦʝ 

ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ ï ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ. 

ʇʨʠ ʭ = -1 ʯʣʝʥʳ ʨʷʜʘ ʩ ʥʝʯʝʪʥʳʤʠ ʥʦʤʝʨʘʤʠ ʨʘʚʥʳ 3, ʘ ʯʣʝʥʳ ʩ ʯʝʪʥʳʤʠ 

ʥʦʤʝʨʘʤʠ ʨʘʚʥʳ 1, ʠ ʨʷʜ ʚʥʦʚʴ ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʥʝ ʚʳʧʦʣʥʝʥʦ 

ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ. 

ʇʨʠ |x| < 1 
3 3

lim 1
2 2nn x

 

ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ. 

ʆʪʚʝʪ: ( ;-1)U(1; ). 

 

ɿʘʜʘʯʘ 4. 

ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 
2

3
1

.
1

n

n
n

x

x
 

 

ʋʢʘʟʘʥʠʝ 
ʈʘʩʩʤʦʪʨʠʪʝ ʦʪʜʝʣʴʥʦ ʩʣʫʯʘʠ |x| > 1, |ʭ| = 1 ʠ |x| < 1. 

 

ʈʝʰʝʥʠʝ 

1) ʇʨʠ |x| > 1 
2

3

2

1 1
.

11

n

n n
n

n

x

x xx
x

 

ʈʷʜ 
1

1
n

n x
 ʧʨʠ |x| > 1 ʩʭʦʜʠʪʩʷ (ʙʝʩʢʦʥʝʯʥʦ ʫʙʳʚʘʶʱʘʷ ʛʝʦʤʝʪʨʠʯʝʩʢʘʷ 

ʧʨʦʛʨʝʩʩʠʷ), ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʤʥʦʞʝʩʪʚʦ |x| > 1 ʚʭʦʜʠʪ ʚ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ. 

2) ʇʨʠ ʭ = 1 ʨʷʜ ʥʝ ʩʫʱʝʩʪʚʫʝʪ, ʪʘʢ ʢʘʢ ʟʥʘʤʝʥʘʪʝʣʴ ʢʘʞʜʦʡ ʜʨʦʙʠ 

ʦʙʨʘʱʘʝʪʩʷ ʚ 0; ʧʨʠ ʭ = -1 ʚʩʝ ʯʣʝʥʳ ʨʷʜʘ ʨʘʚʥʳ 0,5, ʪʦ ʝʩʪʴ ʥʝ ʚʳʧʦʣʥʝʥʦ 

ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʟʥʘʯʝʥʠʷ ʭ = +1 ʥʝ ʚʭʦʜʷʪ 

ʚ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ. 

3) ʇʨʠ |x| < 1 ʩʜʝʣʘʝʤ ʟʘʤʝʥʫ   
1

, | | 1,y y
x

 

ʪʦʛʜʘ ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ ʠʤʝʝʪ ʚʠʜ 



22

3 3 2

3

1

1
.

11 11

n nn

n n n

n

y yx

x y y
y

 

ʈʷʜ 
2

1

1
n

n y
 ʧʨʠ |ʫ| > 1 ʩʭʦʜʠʪʩʷ, ʧʦʵʪʦʤʫ ʤʥʦʞʝʩʪʚʦ |x| < 1 ʚʭʦʜʠʪ ʚ ʦʙʣʘʩʪʴ 

ʩʭʦʜʠʤʦʩʪʠ.  

ʀʪʘʢ, ʨʷʜ ʩʭʦʜʠʪʩʷ ʧʨʠ ʚʩʝʭ ʟʥʘʯʝʥʠʷʭ ʭ, ʢʨʦʤʝ +1. 

ʆʪʚʝʪ: ( ;-1)U(-1;1)U(1; ). 

 

ɿʘʜʘʯʘ 5. 

ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 

3
1

cos
.

n

nx

n
 

 

ʋʢʘʟʘʥʠʝ 
ɺʦʩʧʦʣʴʟʫʡʪʝʩʴ ʧʨʠʟʥʘʢʦʤ ɺʝʡʝʨʰʪʨʘʩʩʘ, ʫʯʠʪʳʚʘʷ, ʯʪʦ |cos ʧx| < 1. 

 

ʈʝʰʝʥʠʝ 

3 3

|cos | 1
|cos | 1 .

nx
nx

n n
 

ʈʷʜ 
3

1

1

n n
 ʩʭʦʜʠʪʩʷ, ʧʦʵʪʦʤʫ ʧʦ ʧʨʠʟʥʘʢʫ ɺʝʡʝʨʰʪʨʘʩʩʘ ʠʩʭʦʜʥʳʡ ʨʷʜ 

ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ ʠ ʨʘʚʥʦʤʝʨʥʦ ʧʨʠ ʣʶʙʦʤ ʭ. 

ʆʪʚʝʪ: ; . 

 

ɿʘʜʘʯʘ 6. 

ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 
2

1

.
nx

n

n x

e
 

 

ʋʢʘʟʘʥʠʝ 
ʇʨʠʤʝʥʠʪʝ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ. 

 

ʈʝʰʝʥʠʝ 

 

ʇʨʠʤʝʥʠʤ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ: 
2 2

1
( 1)2 2

0

( 1) ( 1)1 1
lim lim lim 1

0.

nx
n

n x x xn n n
n

x

n xe nu

u n xe e n e

e e x

 



ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʨʠ x > 0 ʨʷʜ ʩʭʦʜʠʪʩʷ, ʧʨʠ x < 0 ʨʘʩʭʦʜʠʪʩʷ. ʇʨʠ ʭ = 0 ʚʩʝ 

ʯʣʝʥʳ ʨʷʜʘ ʨʘʚʥʳ 0, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʥ ʩʭʦʜʠʪʩʷ. ʀʪʘʢ, ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ: x 

> 0. 

ʆʪʚʝʪ: [0; ). 

 

1.2.2. ʉʪʝʧʝʥʥʳʝ ʨʷʜʳ. ʊʝʦʨʝʤʘ ɸʙʝʣʷ. ʆʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ 

ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ. ʈʘʜʠʫʩ ʩʭʦʜʠʤʦʩʪʠ. ʆʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ 

ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ: ʨʘʚʥʦʤʝʨʥʘʷ ʩʭʦʜʠʤʦʩʪʴ, ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʠ 

ʙʝʩʢʦʥʝʯʥʘʷ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʴ ʩʫʤʤʳ. ʇʦʯʣʝʥʥʦʝ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʝ ʠ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ 
 

 

ʉʪʝʧʝʥʥʳʤ ʨʷʜʦʤ ʥʘʟʳʚʘʝʪʩʷ 

ʬʫʥʢʮʠʦʥʘʣʴʥʳʡ ʨʷʜ ʚʠʜʘ 

0
0

( ) , . (1)n
n n

n

a x x a const  

 

 

ɿʘʤʝʯʘʥʠʝ. ʉ ʧʦʤʦʱʴʶ ʟʘʤʝʥʳ ʭ ï ʭ0 = t ʨʷʜ (1) ʤʦʞʥʦ ʧʨʠʚʝʩʪʠ ʢ ʚʠʜʫ 

0

,n
n

n

a t  ʧʦʵʪʦʤʫ ʚʩʝ ʩʚʦʡʩʪʚʘ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ ʜʦʩʪʘʪʦʯʥʦ ʜʦʢʘʟʘʪʴ ʜʣʷ 

ʨʷʜʦʚ ʚʠʜʘ 

0

. (2)n
n

n

a x  

ʊʝʦʨʝʤʘ 1 (1-ʷ ʪʝʦʨʝʤʘ ɸʙʝʣʷ). ɽʩʣʠ ʩʪʝʧʝʥʥʦʡ ʨʷʜ (2) ʩʭʦʜʠʪʩʷ ʧʨʠ ʭ = ʭ0 , 

ʪʦ ʧʨʠ ʣʶʙʦʤ x: |x| < |x0|  ʨʷʜ (2) ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ. ɽʩʣʠ ʞʝ ʨʷʜ (2) 

ʨʘʩʭʦʜʠʪʩʷ ʧʨʠ  ʭ = ʭ0 , ʪʦ ʦʥ ʨʘʩʭʦʜʠʪʩʷ ʧʨʠ ʣʶʙʦʤ x: |x| > |x0|. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ɽʩʣʠ ʨʷʜ 0
0

n
n

n

a x  ʩʭʦʜʠʪʩʷ, ʪʦ 0lim 0,n
n

n
a x  ʧʦʵʪʦʤʫ ʩʫʱʝʩʪʚʫʝʪ ʢʦʥʩʪʘʥʪʘ 

00 : | | .n
nc a x c n 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ,  

0

0 0

| | | | ,

n n

n n
n n

x x
a x a x c

x x
 

ʘ ʨʷʜ 
0 0

n

n

x

x
 ʧʨʠ |x|<|x0| ʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʷʚʣʷʝʪʩʷ ʩʫʤʤʦʡ ʙʝʩʢʦʥʝʯʥʦ 

ʫʙʳʚʘʶʱʝʡ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʧʨʦʛʨʝʩʩʠʠ. ɿʥʘʯʠʪ, ʨʷʜ 
0

n
n

n

a x  ʧʨʠ |x|<|x0| 

ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʠʪʩʷ.  



ɽʩʣʠ ʠʟʚʝʩʪʥʦ, ʯʪʦ ʨʷʜ (2) ʨʘʩʭʦʜʠʪʩʷ ʧʨʠ ʭ = ʭ0 , ʪʦ ʦʥ ʥʝ ʤʦʞʝʪ ʩʭʦʜʠʪʴʩʷ 

ʧʨʠ  |x| > |x0| , ʪʘʢ ʢʘʢ ʠʟ ʨʘʥʝʝ ʜʦʢʘʟʘʥʥʦʛʦ ʧʨʠ ʵʪʦʤ ʩʣʝʜʦʚʘʣʦ ʙʳ, ʯʪʦ ʦʥ 

ʩʭʦʜʠʪʩʷ ʠ ʚ ʪʦʯʢʝ ʭ0 . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʥʘʡʪʠ ʥʘʠʙʦʣʴʰʝʝ ʠʟ ʯʠʩʝʣ ʭ0 > 0 ʪʘʢʠʭ, ʯʪʦ (2) 

ʩʭʦʜʠʪʩʷ ʧʨʠ  ʭ = ʭ0 , ʪʦ ʦʙʣʘʩʪʴʶ ʩʭʦʜʠʤʦʩʪʠ ʜʘʥʥʦʛʦ ʨʷʜʘ, ʢʘʢ ʩʣʝʜʫʝʪ ʠʟ 

ʪʝʦʨʝʤʳ ɸʙʝʣʷ, ʙʫʜʝʪ ʠʥʪʝʨʚʘʣ (- ʭ0 , ʭ0 ), ʚʦʟʤʦʞʥʦ, ʚʢʣʶʯʘʶʱʠʡ ʦʜʥʫ ʠʣʠ 

ʦʙʝ ʛʨʘʥʠʮʳ. 

 

ʏʠʩʣʦ R Ó 0 ʥʘʟʳʚʘʝʪʩʷ ʨʘʜʠʫʩʦʤ ʩʭʦʜʠʤʦʩʪʠ  

ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ (2), ʝʩʣʠ :| |x x R  ʵʪʦʪ ʨʷʜ 

ʩʭʦʜʠʪʩʷ,  

ʘ :| |x x R ʨʘʩʭʦʜʠʪʩʷ.  

ʀʥʪʝʨʚʘʣ (-R , R ) ʥʘʟʳʚʘʝʪʩʷ  

ʠʥʪʝʨʚʘʣʦʤ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ (2). 

 

 

ʇʨʠʤʝʨ 1. 

ɼʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʘʙʩʦʣʶʪʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ 
0

! n

n

n x ʧʨʠʤʝʥʠʤ ʧʨʠʟʥʘʢ 

ɼʘʣʘʤʙʝʨʘ:  
1 , 0|( 1)! |

lim | |lim( 1) .
0, 0| ! |

n

nn n

xn x
x n

xn x
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʩʭʦʜʠʪʩʷ ʪʦʣʴʢʦ ʧʨʠ ʭ = 0, ʠ ʨʘʜʠʫʩ ʝʛʦ ʩʭʦʜʠʤʦʩʪʠ 

ʨʘʚʝʥ 0: R = 0. 

 

ʇʨʠʤʝʨ 2. 

ʀʩʧʦʣʴʟʫʷ ʪʦʪ ʞʝ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ, ʤʦʞʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʨʷʜ 
0 !

n

n

x

n
 

ʩʭʦʜʠʪʩʷ ʧʨʠ ʣʶʙʦʤ ʭ , ʪʦ ʝʩʪʴ .R  

 

ʇʨʠʤʝʨ 3. 

ɼʣʷ ʨʷʜʘ 
1

n

n

x

n
 ʧʦ ʧʨʠʟʥʘʢʫ ɼʘʣʘʤʙʝʨʘ ʧʦʣʫʯʠʤ: 

1| |
lim | |lim | |.

( 1)| | 1

n

nn n

x n n
x x

n x n
 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʠ ï1 < x < 1 ʨʷʜ ʩʭʦʜʠʪʩʷ, ʧʨʠ x < -1 ʠ x > 1 ʨʘʩʭʦʜʠʪʩʷ. ʇʨʠ 

ʭ = 1 ʧʦʣʫʯʘʝʤ ʛʘʨʤʦʥʠʯʝʩʢʠʡ ʨʷʜ, ʢʦʪʦʨʳʡ, ʢʘʢ ʠʟʚʝʩʪʥʦ, ʨʘʩʭʦʜʠʪʩʷ, ʘ ʧʨʠ ʭ 

= -1 ʨʷʜ 
1

( 1)n

n n
 ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ ʧʦ ʧʨʠʟʥʘʢʫ ʃʝʡʙʥʠʮʘ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, 

ʨʘʜʠʫʩ ʩʭʦʜʠʤʦʩʪʠ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʨʷʜʘ R = 1, ʘ ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ ï [-1, 

1). 



 

ʌʦʨʤʫʣʳ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʨʘʜʠʫʩʘ ʩʭʦʜʠʤʦʩʪʠ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ 

 

ʌʦʨʤʫʣʘ ɼʘʣʘʤʙʝʨʘ 

ʈʘʩʩʤʦʪʨʠʤ ʩʪʝʧʝʥʥʦʡ ʨʷʜ  
0

| |nn
n

a x ʠ ʧʨʠʤʝʥʠʤ ʢ ʥʝʤʫ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ: 

ʜʣʷ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ʥʝʦʙʭʦʜʠʤʦ, ʯʪʦʙʳ   
1

1 1| |
lim | |lim 1.

| |

n
n n

nn n
n n

a x a
x

a x a
 

ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ 1lim ,n

n
n

a

a
 ʪʦ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʦʧʨʝʜʝʣʷʝʪʩʷ 

ʥʝʨʘʚʝʥʩʪʚʦʤ 
1

| | lim ,n
n

n

a
x

a
, ʪʦ ʝʩʪʴ 

1

lim (3)n

n
n

a
R

a
 

ʬʦʨʤʫʣʘ ɼʘʣʘʤʙʝʨʘ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʨʘʜʠʫʩʘ ʩʭʦʜʠʤʦʩʪʠ. 

 

ʌʦʨʤʫʣʘ ʂʦʰʠ-ɸʜʘʤʘʨʘ 

ʀʩʧʦʣʴʟʫʷ ʨʘʜʠʢʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʂʦʰʠ ʠ ʨʘʩʩʫʞʜʘʷ ʘʥʘʣʦʛʠʯʥʳʤ ʦʙʨʘʟʦʤ, 

ʧʦʣʫʯʠʤ, ʯʪʦ ʤʦʞʥʦ ʟʘʜʘʪʴ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ ʢʘʢ 

ʤʥʦʞʝʩʪʚʦ ʨʝʰʝʥʠʡ ʥʝʨʘʚʝʥʩʪʚʘ  
1

| | lim
nn

n

x
a

 

ʧʨʠ ʫʩʣʦʚʠʠ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʵʪʦʛʦ ʧʨʝʜʝʣʘ, ʠ, ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʥʘʡʪʠ ʝʱʝ 

ʦʜʥʫ ʬʦʨʤʫʣʫ ʜʣʷ ʨʘʜʠʫʩʘ ʩʭʦʜʠʤʦʩʪʠ: 

                                             
1

lim (4)
nn

n

R
a

 

ʬʦʨʤʫʣʘ ʂʦʰʠ-ɸʜʘʤʘʨʘ. 

 

ʉʚʦʡʩʪʚʘ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ 

 

ʊʝʦʨʝʤʘ 2 (2-ʷ ʪʝʦʨʝʤʘ ɸʙʝʣʷ). ɽʩʣʠ R ï ʨʘʜʠʫʩ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ (2) ʠ ʵʪʦʪ 

ʨʷʜ ʩʭʦʜʠʪʩʷ ʧʨʠ x = R, ʪʦ ʦʥ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ ʠʥʪʝʨʚʘʣʝ (-R, R). 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  

: 0 R ʟʥʘʢʦʧʦʣʦʞʠʪʝʣʴʥʳʡ ʨʷʜ 
0

| | n
n

n

a  ʩʭʦʜʠʪʩʷ ʧʦ ʪʝʦʨʝʤʝ 1. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ (2) ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʚ ʠʥʪʝʨʚʘʣʝ [- , ] ʧʦ ʪʝʦʨʝʤʝ 1. 

ʀʟ ʚʳʙʦʨʘ  ʩʣʝʜʫʝʪ, ʯʪʦ ʠʥʪʝʨʚʘʣ ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ï (- R, R), ʯʪʦ ʠ 

ʪʨʝʙʦʚʘʣʦʩʴ ʜʦʢʘʟʘʪʴ. 

 



ʉʣʝʜʩʪʚʠʝ 1. ʅʘ ʚʩʷʢʦʤ ʦʪʨʝʟʢʝ, ʮʝʣʠʢʦʤ ʣʝʞʘʱʝʤ ʚʥʫʪʨʠ ʠʥʪʝʨʚʘʣʘ 

ʩʭʦʜʠʤʦʩʪʠ, ʩʫʤʤʘ ʨʷʜʘ (2) ʝʩʪʴ ʥʝʧʨʝʨʳʚʥʘʷ ʬʫʥʢʮʠʷ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

 ʏʣʝʥʳ ʨʷʜʘ (2) ʷʚʣʷʶʪʩʷ ʥʝʧʨʝʨʳʚʥʳʤʠ ʬʫʥʢʮʠʷʤʠ, ʠ ʨʷʜ ʨʘʚʥʦʤʝʨʥʦ 

ʩʭʦʜʠʪʩʷ ʥʘ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʤ ʦʪʨʝʟʢʝ. ʊʦʛʜʘ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʝʛʦ ʩʫʤʤʳ 

ʩʣʝʜʫʝʪ ʠʟ ʪʝʦʨʝʤʳ 2. 

 

ʉʣʝʜʩʪʚʠʝ 2. ɽʩʣʠ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ,  ʣʝʞʘʪ ʚʥʫʪʨʠ ʠʥʪʝʨʚʘʣʘ 

ʩʭʦʜʠʤʦʩʪʠ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ, ʪʦ ʠʥʪʝʛʨʘʣ ʦʪ ʩʫʤʤʳ ʨʷʜʘ ʨʘʚʝʥ ʩʫʤʤʝ 

ʠʥʪʝʛʨʘʣʦʚ ʦʪ ʯʣʝʥʦʚ ʨʷʜʘ: 

0

( ) .n
n

n

s x dx a x dx 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʵʪʦʛʦ ʫʪʚʝʨʞʜʝʥʠʷ ʩʣʝʜʫʝʪ ʠʟ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʩʚʦʡʩʪʚʘ 

ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ. 

 

ʊʝʦʨʝʤʘ 3. ɽʩʣʠ ʨʷʜ (2) ʠʤʝʝʪ ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ (-R, R ), ʪʦ ʨʷʜ 

(x) = a1 + 2a2x + 3a3xĮ +é+ nanx
n-1 
+é,  (5) 

ʧʦʣʫʯʝʥʥʳʡ ʧʦʯʣʝʥʥʳʤ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝʤ ʨʷʜʘ (2), ʠʤʝʝʪ ʪʦʪ ʞʝ 

ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ (-R, R). ʇʨʠ ʵʪʦʤ 

ȭ(ʭ) = sȭ(x)  ʧʨʠ |x| < R ,   (6) 

ʪʦ ʝʩʪʴ ʚʥʫʪʨʠ ʠʥʪʝʨʚʘʣʘ ʩʭʦʜʠʤʦʩʪʠ ʧʨʦʠʟʚʦʜʥʘʷ ʦʪ ʩʫʤʤʳ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ 

ʨʘʚʥʘ ʩʫʤʤʝ ʨʷʜʘ, ʧʦʣʫʯʝʥʥʦʛʦ ʝʛʦ ʧʦʯʣʝʥʥʳʤ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝʤ. 

 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ɺʳʙʝʨʝʤ : 0 <  < R  ʠ :  <  < R. ʊʦʛʜʘ ʨʷʜ 
0

n
n

n

a ʩʭʦʜʠʪʩʷ, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ,  

lim 0, :| | 0.n n
n n

n
a mo ɑɝɞɨ M a M n 

ɽʩʣʠ |x| Ò , ʪʦ 
1

1 1 1 1| | | | | | ,

n

n n n n
n n n

M
na x na n a n q  

ʛʜʝ 1.q  ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʣʝʥʳ ʨʷʜʘ (5) ʧʦ ʤʦʜʫʣʶ ʤʝʥʴʰʝ ʯʣʝʥʦʚ 

ʟʥʘʢʦʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʨʷʜʘ 
0

,n

n

M
q  ʢʦʪʦʨʳʡ ʩʭʦʜʠʪʩʷ ʧʦ ʧʨʠʟʥʘʢʫ 

ɼʘʣʘʤʙʝʨʘ:  
1

2
lim 1,

( 1)

n

nn

nq
q

n q
 

ʪʦ ʝʩʪʴ ʷʚʣʷʝʪʩʷ ʤʘʞʦʨʘʥʪʦʡ ʜʣʷ ʨʷʜʘ (5) ʧʨʠ [ , ].x ʇʦʵʪʦʤʫ ʨʷʜ (5) 

ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ [- , ]. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʚʦʡʩʪʚʫ ʨʘʚʥʦʤʝʨʥʦ 



ʩʭʦʜʷʱʝʛʦʩʷ ʨʷʜʘ  ʚʝʨʥʦ ʨʘʚʝʥʩʪʚʦ (6). ʀʟ ʚʳʙʦʨʘ  ʩʣʝʜʫʝʪ, ʯʪʦ ʨʷʜ (5.6) 

ʩʭʦʜʠʪʩʷ ʚ ʣʶʙʦʡ ʚʥʫʪʨʝʥʥʝʡ ʪʦʯʢʝ ʠʥʪʝʨʚʘʣʘ (-R, R). 

ɼʦʢʘʞʝʤ, ʯʪʦ ʚʥʝ ʵʪʦʛʦ ʠʥʪʝʨʚʘʣʘ ʨʷʜ (5) ʨʘʩʭʦʜʠʪʩʷ. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ 

ʙʳ ʦʥ ʩʭʦʜʠʣʩʷ ʧʨʠ x1 > R, ʪʦ, ʠʥʪʝʛʨʠʨʫʷ ʝʛʦ ʧʦʯʣʝʥʥʦ ʥʘ ʠʥʪʝʨʚʘʣʝ (0, x2), 

R < x2 < x1 , ʤʳ ʧʦʣʫʯʠʣʠ ʙʳ, ʯʪʦ ʨʷʜ (2) ʩʭʦʜʠʪʩʷ ʚ ʪʦʯʢʝ ʭ2 , ʯʪʦ 

ʧʨʦʪʠʚʦʨʝʯʠʪ ʫʩʣʦʚʠʶ ʪʝʦʨʝʤʳ. ʀʪʘʢ, ʪʝʦʨʝʤʘ ʧʦʣʥʦʩʪʴʶ ʜʦʢʘʟʘʥʘ. 

 

ɿʘʤʝʯʘʥʠʝ. ʈʷʜ (5) ʤʦʞʥʦ, ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ, ʧʦʯʣʝʥʥʦ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʪʴ ʠ 

ʧʨʦʜʝʣʳʚʘʪʴ ʵʪʫ ʦʧʝʨʘʮʠʶ ʩʢʦʣʴʢʦ ʫʛʦʜʥʦ ʨʘʟ. 

ɺʳʚʦʜ: ʝʩʣʠ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʩʭʦʜʠʪʩʷ ʥʘ ʠʥʪʝʨʚʘʣʝ (-R, R), ʪʦ ʝʛʦ ʩʫʤʤʘ 

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʬʫʥʢʮʠʶ, ʠʤʝʶʱʫʶ ʚʥʫʪʨʠ ʠʥʪʝʨʚʘʣʘ ʩʭʦʜʠʤʦʩʪʠ 

ʧʨʦʠʟʚʦʜʥʳʝ ʣʶʙʦʛʦ ʧʦʨʷʜʢʘ, ʢʘʞʜʘʷ ʠʟ ʢʦʪʦʨʳʭ ʝʩʪʴ ʩʫʤʤʘ ʨʷʜʘ, 

ʧʦʣʫʯʝʥʥʦʛʦ ʠʟ ʠʩʭʦʜʥʦʛʦ ʩ ʧʦʤʦʱʴʶ ʧʦʯʣʝʥʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʢʦʣʠʯʝʩʪʚʦ ʨʘʟ; ʧʨʠ ʵʪʦʤ ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ ʜʣʷ ʨʷʜʘ ʠʟ 

ʧʨʦʠʟʚʦʜʥʳʭ ʣʶʙʦʛʦ ʧʦʨʷʜʢʘ ʝʩʪʴ (-R, R). 

 

ʇʈʀʄɽʈʓ ʈɽʐɽʅʀʗ ɿɸɼɸʏ 
 

ɿʘʜʘʯʘ 1. 
ʅʘʡʪʠ ʨʘʜʠʫʩ ʩʭʦʜʠʤʦʩʪʠ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ 

2
0

.
( 1) 2

n

n
n

x

n
 

 

 

ʋʢʘʟʘʥʠʝ 
ʇʨʠʤʝʥʠʪʝ ʬʦʨʤʫʣʫ ɼʘʣʘʤʙʝʨʘ. 

 

ʈʝʰʝʥʠʝ 

ʇʨʠʤʝʥʠʤ ʬʦʨʤʫʣʫ ɼʘʣʘʤʙʝʨʘ: 

12 2 1

2 1 2

2 2
1

1 1
; ;

( 1) 2 ( 2) 2

( 2) 2 ( 2)
lim lim 2 lim 2.

( 1) 2 ( 1)

n nn n

n
n

nn n n
n

a a
n n

n na
R

a n n

 

ʆʪʚʝʪ: 2. 

 

ɿʘʜʘʯʘ 2. 
ʅʘʡʪʠ ʨʘʜʠʫʩ ʩʭʦʜʠʤʦʩʪʠ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ 

1

2
.

nn

n

n
x

n
 

 

ʋʢʘʟʘʥʠʝ 
ɺʦʩʧʦʣʴʟʫʡʪʝʩʴ ʬʦʨʤʫʣʦʡ ʂʦʰʠ-ɸʜʘʤʘʨʘ. 



 

ʈʝʰʝʥʠʝ 
ʇʨʠʤʝʥʠʤ ʬʦʨʤʫʣʫ ʂʦʰʠ-ɸʜʘʤʘʨʘ: 

2

2
2

2

2
;

1 1 1 1
lim lim lim .

| | 2 2
1

n

n

n nnn n n
n

n
a

n

R
ea n

n n

 

ʆʪʚʝʪ: 
2

1
.

e
 

 

ɿʘʜʘʯʘ 3. 

ʅʘʡʪʠ ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ 
1

1

( 1) ( 3)
.

n n

n

x

n
 

 

 

ʋʢʘʟʘʥʠʝ 

ʆʧʨʝʜʝʣʠʪʝ ʨʘʜʠʫʩ ʩʭʦʜʠʤʦʩʪʠ, ʥʘʡʜʠʪʝ ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ (x0-R; x0+R), 

ʛʜʝ ʭ0 = 3, ʘ ʟʘʪʝʤ ʠʩʩʣʝʜʫʡʪʝ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ʥʘ ʛʨʘʥʠʮʘʭ ʧʦʣʫʯʝʥʥʦʛʦ 

ʠʥʪʝʨʚʘʣʘ. 

 

ʈʝʰʝʥʠʝ 
1 2

0 1

1

( 1) ( 1)
3, , ;

1

1
lim lim 1.

n n

n n

n

n n
n

x a a
n n

a n
R

a n

 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ: (3-1; 3+1), ʪʦ ʝʩʪʴ (2; 4). 

ʇʨʦʚʝʨʠʤ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ʥʘ ʛʨʘʥʠʮʘʭ ʠʥʪʝʨʚʘʣʘ. 
1 1( 1) ( 3) ( 1) ( 1) 1

2
n n n nx

x
n n n

 

ʟʥʘʢʦʧʦʩʪʦʷʥʥʳʡ ʨʘʩʭʦʜʷʱʠʡʩʷ ʨʷʜ. 
1 1 1( 1) ( 3) ( 1) 1 ( 1)

4
n n n n nx

x
n n n

 

ʟʥʘʢʦʧʝʨʝʤʝʥʥʳʡ ʨʷʜ, ʩʭʦʜʠʪʩʷ ʫʩʣʦʚʥʦ ʧʦ ʧʨʠʟʥʘʢʫ ʃʝʡʙʥʠʮʘ. 

ʆʪʚʝʪ: (2;4]. 

 

ɿʘʜʘʯʘ 4. 
ʅʘʡʪʠ ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ 
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0

9 .n n

n

x  

 

ʋʢʘʟʘʥʠʝ 
ʇʦʩʢʦʣʴʢʫ ʨʷʜ ʩʦʜʝʨʞʠʪ ʪʦʣʴʢʦ ʯʝʪʥʳʝ ʩʪʝʧʝʥʠ ʭ, ʣʫʯʰʝ ʚʦʩʧʦʣʴʟʦʚʘʪʴʩʷ 

ʦʙʱʠʤʠ ʤʝʪʦʜʘʤʠ ʧʦʠʩʢʘ ʦʙʣʘʩʪʠ ʩʭʦʜʠʤʦʩʪʠ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 

(ʥʘʧʨʠʤʝʨ, ʨʘʜʠʢʘʣʴʥʳʤ ʧʨʠʟʥʘʢʦʤ ʂʦʰʠ). 

 

ʈʝʰʝʥʠʝ 

ʇʨʠʤʝʥʠʤ ʨʘʜʠʢʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʂʦʰʠ: 

2 2 1 1
lim | | lim 9 9 1 .

3 3
n

n
n n

u x x x  

ʅʘ ʛʨʘʥʠʮʘʭ ʧʦʣʫʯʝʥʥʦʛʦ ʠʥʪʝʨʚʘʣʘ ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʥʝ ʚʳʧʦʣʥʝʥʦ 

ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ: 

2

2

1 1
9 9 1 0;

3 9

1 1
9 9 1 0.

3 9

n

n n n

n

n n n

x x

x x

 

ʆʪʚʝʪ: 
1 1

; .
3 3

 

 

ɿʘʜʘʯʘ 5. 
ʅʘʡʪʠ ʠʥʪʝʨʚʘʣ ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ 

4
1

( 2)
.

n

n

x

n
 

 

ʋʢʘʟʘʥʠʝ 
ʅʘʡʜʠʪʝ ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ʠ ʚʦʩʧʦʣʴʟʫʡʪʝʩʴ 2-ʡ ʪʝʦʨʝʤʦʡ ɸʙʝʣʷ. 

 

ʈʝʰʝʥʠʝ 
ʅʘʡʜʝʤ ʨʘʜʠʫʩ ʩʭʦʜʠʤʦʩʪʠ: 

4

4
1

( 1)
lim lim 1.n

n n
n

na
R

a n
 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ: (-2-1; -2+1), ʠʣʠ (-3;-1). ʇʨʠ ʭ = -1 

ʧʦʣʫʯʘʝʤ ʩʭʦʜʷʱʠʡʩʷ ʯʠʩʣʦʚʦʡ ʨʷʜ 
4

1

1
,

n n
 ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦ 2-ʡ ʪʝʦʨʝʤʝ 

ɸʙʝʣʷ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʡ ʨʷʜ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ ʠʥʪʝʨʚʘʣʝ (-3;-1). 

ʆʪʚʝʪ: (-3;-1). 

 



1.2.3. ʈʘʟʣʦʞʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ. ɽʜʠʥʩʪʚʝʥʥʦʩʪʴ 

ʨʘʟʣʦʞʝʥʠʷ. ʈʷʜʳ ʊʝʡʣʦʨʘ ʠ ʄʘʢʣʦʨʝʥʘ. ʈʘʟʣʦʞʝʥʠʝ ʚ 

ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʥʝʢʦʪʦʨʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʬʫʥʢʮʠʡ. 

 ʇʨʠʤʝʥʝʥʠʝ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ 
 

ɺ ʧʨʝʜʳʜʫʱʠʭ ʣʝʢʮʠʷʭ ʨʘʩʩʤʘʪʨʠʚʘʣʠʩʴ ʩʪʝʧʝʥʥʳʝ ʨʷʜʳ, ʜʣʷ ʢʦʪʦʨʳʭ ʚ 

ʧʨʝʜʝʣʘʭ ʦʙʣʘʩʪʠ ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʩʫʤʤʘ ʨʷʜʘ s(x) ʧʨʝʜʩʪʘʚʣʷʝʪ 

ʩʦʙʦʡ ʥʝʧʨʝʨʳʚʥʫʶ ʠ ʙʝʩʢʦʥʝʯʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʫʶ ʬʫʥʢʮʠʶ ʦʪ ʭ. ʊʝʧʝʨʴ 

ʧʦʩʪʘʚʠʤ ʦʙʨʘʪʥʫʶ ʟʘʜʘʯʫ: ʥʘʡʪʠ ʩʪʝʧʝʥʥʦʡ ʨʷʜ, ʩʫʤʤʦʡ ʢʦʪʦʨʦʛʦ ʷʚʣʷʝʪʩʷ 

ʜʘʥʥʘʷ ʬʫʥʢʮʠʷ.  

 

 

ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʚʠʜʝ 

0
0

( ) ( ) , (1)n
n n

n

f x a x x a const  

ʥʘʟʳʚʘʝʪʩʷ ʝʝ ʨʘʟʣʦʞʝʥʠʝʤ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ. 

 

 

ʊʝʦʨʝʤʘ 1. ɽʩʣʠ ʬʫʥʢʮʠʷ  f(x) ʨʘʩʢʣʘʜʳʚʘʝʪʩʷ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ ʭ0  ʚ 

ʩʪʝʧʝʥʥʦʡ ʨʷʜ (6.1) ʩ ʨʘʜʠʫʩʦʤ ʩʭʦʜʠʤʦʩʪʠ R, ʪʦ: 

1) ʬʫʥʢʮʠʷ f ʠʤʝʝʪ ʥʘ ʠʥʪʝʨʚʘʣʝ (x0 ï R , x0 + R) ʧʨʦʠʟʚʦʜʥʳʝ ʚʩʝʭ ʧʦʨʷʜʢʦʚ, 

ʢʦʪʦʨʳʝ ʤʦʞʥʦ ʥʘʡʪʠ ʧʦʯʣʝʥʥʳʤ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝʤ ʨʷʜʘ (1):  

( )
0( ) ( 1)...( 1) ( ) , 1,2,... (2)m n m

n
n m

f x n n n m a x x m  

2) 

0

1
0 0 0

0

( , ) ( ) ( ) (3)
1

x
nn

nx

a
x x R x R f t dt x x

n
 

3) ʨʷʜʳ (1), (2) ʠ (3) ʠʤʝʶʪ ʦʜʠʥʘʢʦʚʳʝ ʨʘʜʠʫʩʳ ʩʭʦʜʠʤʦʩʪʠ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʚʩʝʭ ʪʨʝʭ ʫʪʚʝʨʞʜʝʥʠʡ ʩʣʝʜʫʝʪ ʠʟ ʦʙʱʠʭ ʩʚʦʡʩʪʚ ʩʪʝʧʝʥʥʳʭ 

ʨʷʜʦʚ. 

 

ʊʝʦʨʝʤʘ 2. ɽʩʣʠ ʬʫʥʢʮʠʷ  f  ʨʘʩʢʣʘʜʳʚʘʝʪʩʷ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 

ʭ0 ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ (1), ʪʦ   
( )

0( )
, 0,1,2...,

!

n

n

f x
a n

n
 

ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ 
( )

0
0

0

( )
( ) ( ) . (4)

!

n
n

n

f x
f x x x

n
 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ɼʠʬʬʝʨʝʥʮʠʨʫʷ ʪ ʨʘʟ ʨʘʚʝʥʩʪʚʦ (1), ʧʦʣʫʯʠʤ: 
( )

2
1 0 2 0

( ) ( 1)...2 1

( 1) ...2 ( ) ( 2)( 1)...3 ( ) ...

m
m

m m

f x m m a

m m a x x m m a x x
 



ʇʨʠʤʝʤ ʭ = ʭ0 , ʪʦʛʜʘ  f
(m)

(x0) = m!am , ʯʪʦ ʜʦʢʘʟʳʚʘʝʪ ʬʦʨʤʫʣʫ (4). 

 

ʉʣʝʜʩʪʚʠʝ. ɽʩʣʠ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʟʘʜʘʥʥʦʡ ʪʦʯʢʠ ʬʫʥʢʮʠʷ 

ʨʘʩʢʣʘʜʳʚʘʝʪʩʷ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ, ʪʦ ʵʪʦ ʨʘʟʣʦʞʝʥʠʝ ʝʜʠʥʩʪʚʝʥʥʦ. 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʠʟ ʪʝʦʨʝʤʳ 2 ʩʣʝʜʫʝʪ, ʯʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ 

ʤʦʛʫʪ ʠʤʝʪʴ ʪʦʣʴʢʦ ʚʠʜ, ʟʘʜʘʚʘʝʤʳʡ ʬʦʨʤʫʣʦʡ (4). 

 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ  f(x) ʦʧʨʝʜʝʣʝʥʘ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ ʭ0 ʠ ʠʤʝʝʪ ʚ 

ʵʪʦʡ ʪʦʯʢʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʩʝʭ ʧʦʨʷʜʢʦʚ.  

 

ʈ̫ ʜ 

0

0

0

)(

)(
!

)(

n

n

n

xx
n

xf
 

ʥʘʟʳʚʘʝʪʩʷ ʨʷʜʦʤ ʊʝʡʣʦʨʘ. 

 

 

 

ʇʨʠʤʝʨ 1.  

ʅʘʡʜʝʤ ʨʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʊʝʡʣʦʨʘ ʧʨʠ ʭ0 = 0 ʬʫʥʢʮʠʠ f(x) = 2
x
. 

0
0

0 1

0

2 1
2 1, ,...,

ln 2 2! 2!ln 2

2 1
.

ln 2 ! !ln 2
n n n

a a

a
n n

. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

0

1
2 .

!ln 2
x n

n
n

x
n

. 

 

 

ɽʩʣʠ ʧʨʠ ʨʘʟʣʦʞʝʥʠʠ ʚ ʨʷʜ ʊʝʡʣʦʨʘ 

ʧʨʠʥʠʤʘʝʪʩʷ ʭ0 = 0, ʪʦ ʧʦʣʫʯʝʥʥʳʡ ʨʷʜ 
( )

0

(0)
( ) (5)

!

n
n

n

f
f x x

n
 

ʥʘʟʳʚʘʝʪʩʷ ʨʷʜʦʤ ʄʘʢʣʦʨʝʥʘ 

 

 

 

(ʩʤ. ʧʨʝʜʳʜʫʱʠʡ ʧʨʠʤʝʨ). 

 

ʈʘʟʣʦʞʝʥʠʝ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʥʝʢʦʪʦʨʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʬʫʥʢʮʠʡ 

 

ɺ ʢʫʨʩʝ 2-ʛʦ ʩʝʤʝʩʪʨʘ ʨʘʩʩʤʘʪʨʠʚʘʣʦʩʴ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʚʠʜʝ 

ʤʥʦʛʦʯʣʝʥʘ ʊʝʡʣʦʨʘ ʩ ʦʩʪʘʪʦʯʥʳʤ ʯʣʝʥʦʤ. ʇʦʩʢʦʣʴʢʫ ʢʦʵʬʬʠʮʠʝʥʪʳ ʨʷʜʘ 

ʊʝʡʣʦʨʘ ʠ ʤʥʦʛʦʯʣʝʥʘ ʊʝʡʣʦʨʘ ʚʳʯʠʩʣʷʶʪʩʷ ʧʦ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʬʦʨʤʫʣʝ, ʤʳ 



ʤʦʞʝʤ ʚʦʩʧʦʣʴʟʦʚʘʪʴʩʷ ʧʨʦʚʝʜʝʥʥʳʤʠ ʨʘʥʝʝ ʚʳʯʠʩʣʝʥʠʷʤʠ ʜʣʷ ʧʦʣʫʯʝʥʠʷ 

ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʊʝʡʣʦʨʘ ʥʝʢʦʪʦʨʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʬʫʥʢʮʠʡ. ʇʨʠ ʵʪʦʤ 

ʦʙʨʘʪʠʤ ʦʩʦʙʦʝ ʚʥʠʤʘʥʠʝ ʥʘ ʦʧʨʝʜʝʣʝʥʠʝ ʦʙʣʘʩʪʠ ʩʭʦʜʠʤʦʩʪʠ ʧʦʣʫʯʝʥʥʳʭ 

ʨʷʜʦʚ. 
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1. .
!

n
x

n

x
e

n
 

 

ʉʭʦʜʠʤʦʩʪʴ ʧʦʣʫʯʝʥʥʦʛʦ ʨʷʜʘ ʠʩʩʣʝʜʦʚʘʣʘʩʴ ʚ ʧʨʠʤʝʨʝ 2 ʣʝʢʮʠʠ 1.2.2, ʛʜʝ 

ʧʦʢʘʟʘʥʦ, ʯʪʦ ʦʥ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʠʪʩʷ ʧʨʠ ʣʶʙʦʤ ʭ. 

 

 
2 1

0

( 1)
2. sin .

(2 1)!

k k

k

x
x

k
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0

( 1)
3. cos .

(2 )!

k k

k

x
x

k
 

 

ʀʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ɼʘʣʘʤʙʝʨʘ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʨʘʜʠʫʩʘ ʩʭʦʜʠʤʦʩʪʠ, 

ʥʘʡʜʝʤ, ʯʪʦ ʦʥ ʨʘʚʝʥ ʙʝʩʢʦʥʝʯʥʦʩʪʠ, ʪʦ ʝʩʪʴ ʬʫʥʢʮʠʠ y = sin x ʠ y = cos x 

ʨʘʩʢʣʘʜʳʚʘʶʪʩʷ ʚ ʨʷʜ ʊʝʡʣʦʨʘ ʥʘ ʚʩʝʤ ʤʥʦʞʝʩʪʚʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ. 

 

 
1

1

( 1)
4. ln(1 ) .

n n

n

x
x

n
 

 

ɿʘʧʠʰʝʤ ʦʩʪʘʪʦʯʥʳʡ ʯʣʝʥ ʵʪʦʡ ʬʦʨʤʫʣʳ ʚ ʬʦʨʤʝ ʃʘʛʨʘʥʞʘ: 
1

1

( 1)
( ) , 0 1,

( 1)(1 )

n n

n n

x
r x

n x
 

ʠ ʠʩʩʣʝʜʫʝʤ ʝʛʦ ʧʦʚʝʜʝʥʠʝ ʧʨʠ n  ʜʣʷ | x| < 1, | x | > 1 ʠ | x | = 1. ʇʨʠ | x| 

< 1 lim ( ) 0,n
n

r x  ʧʨʠ | x | > 1 lim ( ) .n
n

r x  ʇʦʵʪʦʤʫ ʧʦ ʩʚʦʡʩʪʚʫ ʦʩʪʘʪʢʘ ʨʷʜʘ 

(ʣʝʢʮʠʷ 1.1.1) ʧʨʠ  | x| < 1 ʨʷʜ ʩʭʦʜʠʪʩʷ, ʘ ʧʨʠ | x | > 1 ʨʘʩʭʦʜʠʪʩʷ. ʇʨʠ ʭ = -1 

ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ, ʪʘʢ ʢʘʢ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʛʘʨʤʦʥʠʯʝʩʢʠʡ ʨʷʜ, ʚʩʝ ʯʣʝʥʳ 

ʢʦʪʦʨʦʛʦ ʠʤʝʶʪ ʟʥʘʢ ç-è, ʘ ʧʨʠ ʭ = 1 ʧʦʣʫʯʘʝʤ ʟʥʘʢʦʧʝʨʝʤʝʥʥʳʡ ʨʷʜ, 

ʩʭʦʜʷʱʠʡʩʷ ʫʩʣʦʚʥʦ ʧʦ ʧʨʠʟʥʘʢʫ ʃʝʡʙʥʠʮʘ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʙʣʘʩʪʴʶ 

ʩʭʦʜʠʤʦʩʪʠ ʧʦʣʫʯʝʥʥʦʛʦ ʨʷʜʘ ʷʚʣʷʝʪʩʷ ʠʥʪʝʨʚʘʣ (-1, 1]. 

 

1

( 1)...( 1)
5. (1 ) 1 .

!
n

n

n
x x

n
 



 

 

ʅʘʡʜʝʤ ʨʘʜʠʫʩ ʩʭʦʜʠʤʦʩʪʠ ʵʪʦʛʦ ʨʷʜʘ ʧʦ ʬʦʨʤʫʣʝ ɼʘʣʘʤʙʝʨʘ:  
1

lim 1.
| |n

n
R

n
 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ ï (-1, 1). 

 

ʌʦʨʤʫʣʘ ʕʡʣʝʨʘ 

 

ʀʩʧʦʣʴʟʫʷ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʊʝʡʣʦʨʘ ʬʫʥʢʮʠʡ e
x
, sin x ʠ cos x , ʧʦʣʫʯʠʤ: 

2

2 3 4 5

2 4 3 5

( ) ( )
1 ... ...

1! 2! !

1 ...
1! 2! 3! 4! 5!

1 ... ... cos sin .
2! 4! 1! 3! 5!

n
iy iy iy iy

e
n

iy y iy y iy

y y y y y
i y i y

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʦʢʘʟʘʥʘ ʠʩʧʦʣʴʟʫʝʤʘʷ ʚ ʪʝʦʨʠʠ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ 

ʬʦʨʤʫʣʘ ʕʡʣʝʨʘ: 

 

e
iy
 = cos y + i sin y. 

 

 

ʇʨʠʤʝʥʝʥʠʝ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ 

 

ɺʦʟʤʦʞʥʦʩʪʴ ʨʘʟʣʦʞʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʧʦʟʚʦʣʷʝʪ ʩʫʱʝʩʪʚʝʥʥʦ 

ʫʧʨʦʩʪʠʪʴ ʤʥʦʛʠʝ ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ ʦʧʝʨʘʮʠʠ: ʚʳʯʠʩʣʝʥʠʝ ʧʨʠʙʣʠʞʝʥʥʳʭ 

ʟʥʘʯʝʥʠʡ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ, ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ, ʠʥʪʝʛʨʠʨʦʚʘʥʠʝ, ʧʦʩʢʦʣʴʢʫ 

ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʤʦʞʥʦ ʟʘʤʝʥʠʪʴ ʤʥʦʛʦʯʣʝʥʦʤ (ʩ ʫʯʝʪʦʤ ʪʦʛʦ, ʯʪʦ ʦʮʝʥʢʘ 

ʦʩʪʘʪʢʘ ʨʷʜʘ ʥʝ ʧʨʝʚʳʩʠʪ ʟʘʜʘʥʥʦʛʦ ʟʥʘʯʝʥʠʷ ʧʦʛʨʝʰʥʦʩʪʠ). ɺ ʯʘʩʪʥʦʩʪʠ, 

ʤʦʞʥʦ ʧʨʠʙʣʠʞʝʥʥʦ ʚʳʯʠʩʣʷʪʴ çʥʝʙʝʨʫʱʠʝʩʷè ʠʥʪʝʛʨʘʣʳ, ʥʘʭʦʜʠʪʴ 

ʧʨʠʙʣʠʞʝʥʥʳʝ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʠ ʪ.ʜ. 

1. ʈʘʩʩʤʦʪʨʠʤ ʚʳʯʠʩʣʝʥʠʝ ʠʥʪʝʛʨʘʣʦʚ ʩ ʧʦʤʦʱʴʶ ʨʷʜʦʚ. 

ʇʨʠʤʝʨ 2. 

ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʠʥʪʝʛʨʘʣʘ  

2

0

a
xe dx 

ʨʘʟʣʦʞʠʤ ʧʦʜʳʥʪʝʛʨʘʣʴʥʫʶ ʬʫʥʢʮʠʶ ʚ ʨʷʜ ʊʝʡʣʦʨʘ, ʠʩʧʦʣʴʟʫʷ ʨʘʟʣʦʞʝʥʠʝ 

ʬʫʥʢʮʠʠ ʝ
ʭ
:  



2
22 4 6 ( 1)

1 ... ...
1! 2! 3!

n n
x xx x x

e
n

 

ʊʦʛʜʘ  

a

x dxe
0

2

 = 

3 5 7

3 5 7

...
01 1! 3 2! 5 3! 7

...
1! 3 2! 5 3! 7

ax x x x

a a a
a

 

ʉ ʧʦʤʦʱʴʶ ʵʪʦʛʦ ʨʘʚʝʥʩʪʚʘ ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʡ ʠʥʪʝʛʨʘʣ 

ʧʨʠ ʣʶʙʦʤ ʘ ʩ ʣʶʙʦʡ ʟʘʜʘʥʥʦʡ ʪʦʯʥʦʩʪʴʶ. 

ʇʨʠʤʝʨ 3. 

ɺʳʯʠʩʣʠʤ ʠʥʪʝʛʨʘʣ  

0

sin
,

a
x

dx
x

 

ʜʣʷ ʯʝʛʦ ʨʘʟʣʦʞʠʤ ʬʫʥʢʮʠʶ 
sin x

x
 ʚ ʨʷʜ: 

2 4 6sin
1 ...

3! 5! 7!

x x x x

x
 

ʨʷʜ, ʩʭʦʜʷʱʠʡʩʷ ʧʨʠ ʣʶʙʦʤ ʭ. ʀʥʪʝʛʨʠʨʫʷ ʧʦʯʣʝʥʥʦ, ʧʦʣʫʯʠʤ:  
3 5 7

0

sin
...

3! 3 5! 5 7! 7

a
x a a a

dx a
x

 

 

2. ʇʨʠʙʣʠʞʝʥʥʦʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ 

( , , ),y F x y y  

ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʝ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ  

0 0 0 0( ) , ( ) .y x y y x y  

ɽʩʣʠ ʧʨʝʜʧʦʣʦʞʠʪʴ, ʯʪʦ ʨʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ:  
2

00
0 0 0

( )
( ) ( ) ( ) ( ) ...,

1 2!

x xx x
y f x f x f x f x  

ʪʦ ʪʨʝʙʫʝʪʩʷ ʥʘʡʪʠ ʟʥʘʯʝʥʠʷ ʧʨʦʠʟʚʦʜʥʳʭ  

0 0 0( ), ( ), ( ),...f x f x f x  

ʦʪ ʯʘʩʪʥʦʛʦ ʨʝʰʝʥʠʷ ʧʨʠ ʭ = ʭ0 . ʀʟ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ ʩʣʝʜʫʝʪ, ʯʪʦ  

0 0 0 0( ) , ( ) .f x y f x y  

ʊʦʛʜʘ ʠʟ ʠʩʭʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʦʣʫʯʘʝʤ, ʯʪʦ  

0 0 0 0( ) ( , , ).f x F x y y  

ɼʠʬʬʝʨʝʥʮʠʨʫʷ ʦʙʝ ʯʘʩʪʠ ʠʩʭʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʦ ʭ, ʥʘʡʜʝʤ:  

,x y yy F F y F y  

ʦʪʢʫʜʘ ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ  

0
0

( )f x y
x x

 



ʠ ʪ.ʜ. 

ʇʨʠʤʝʨ 4.  

ʅʘʡʪʠ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ  
2y yx  

ʧʨʠ .0)0(,1)0( yy  

ʈʝʰʝʥʠʝ:  
2

(4) (4)2

(0) 0; 2 (0) 0;

4 2 (0) 2

f y y x xy f

y y x xy y f
 

ʠ ʪ.ʜ. 

ʄʦʞʥʦ ʧʦʣʫʯʠʪʴ ʦʙʱʫʶ ʬʦʨʤʫʣʫ ʜʣʷ ʧʨʦʠʟʚʦʜʥʳʭ ʣʶʙʦʛʦ ʧʦʨʷʜʢʘ: 
( 2) ( ) ( 1) ( 2)2 2 ( 1) .k k k ky y x kxy k k y  

ʇʨʠ ʭ = 0 ʵʪʘ ʬʦʨʤʫʣʘ ʜʘʝʪ 
( 2) ( 2)
0 0( 1) .k ky k k y  

ʊʘʢ ʢʘʢ  

(0) (0) (0) 0,f f f  

ʪʦ ʚ ʥʫʣʴ ʦʙʨʘʱʘʶʪʩʷ ʚʩʝ ʧʨʦʠʟʚʦʜʥʳʝ, ʧʦʨʷʜʦʢ ʢʦʪʦʨʳʭ ʥʝ ʢʨʘʪʝʥ ʯʝʪʳʨʝʤ. 

ɺ ʢʦʥʝʯʥʦʤ ʩʯʝʪʝ ʨʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: 
4 8

4

1 1 2 1 2 5 6 ...
4! 8!

( 1) (1 2)(5 6)...(4 3)(4 2) ...
(4 )!

k
k

x x
y

x
k k

k

 

 

ʇʈʀʄɽʈʓ ʈɽʐɽʅʀʗ ɿɸɼɸʏ 
 

ɿʘʜʘʯʘ 1. 

ʈʘʟʣʦʞʠʪʴ ʬʫʥʢʮʠʶ 

cos
4

x
y  

ʚ ʨʷʜ ʊʝʡʣʦʨʘ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ ʭ = 2. 

 

ʋʢʘʟʘʥʠʝ 
ʀʩʧʦʣʴʟʫʡʪʝ ʬʦʨʤʫʣʫ ʜʣʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʨʷʜʘ ʊʝʡʣʦʨʘ 

( )
0( )

!

n

n

f x
a

n
 

 ʧʨʠ ʭ0 = 2. 

 

ʈʝʰʝʥʠʝ 
ɺʳʯʠʩʣʠʤ ʥʝʩʢʦʣʴʢʦ ʧʝʨʚʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʨʷʜʘ ʊʝʡʣʦʨʘ, ʘ ʟʘʪʝʤ 

ʧʦʧʳʪʘʝʤʩʷ ʦʧʨʝʜʝʣʠʪʴ ʠʭ ʟʘʚʠʩʠʤʦʩʪʴ ʦʪ ʧ ʠ ʩʦʩʪʘʚʠʪʴ ʦʙʱʫʶ ʬʦʨʤʫʣʫ ʜʣʷ 

ʘʧ. 



0
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2 2
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3 3 3 3

33 3 3 3

(2) cos 0 0;
2

sin , (2) sin ;
4 4 4 2 4 4

cos , (2) cos 0 0;
4 4 4 2

sin , (2) sin .
4 4 4 2 4 4 3!

y a

x
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x
y y a

x
y y a

 

ɺʠʜʠʤ, ʯʪʦ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʩ ʯʝʪʥʳʤʠ ʥʦʤʝʨʘʤʠ ʨʘʚʥʳ ʥʫʣʶ, ʘ ʦʙʱʠʡ 

ʚʠʜ ʢʦʵʬʬʠʮʠʝʥʪʘ ʩ ʥʝʯʝʪʥʳʤ ʥʦʤʝʨʦʤ n = 2k + 1 ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʪʘʢ: 
1 2 1

2 1 2 1

( 1)
.

4 (2 1)!

k k

k k
a

k
 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʷʜ ʊʝʡʣʦʨʘ ʜʣʷ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʠʤʝʝʪ ʚʠʜ: 
1 2 1

2 1

2 1
0

( 1)
( 2) .

4 (2 1)!

k k
k

k
k

x
k

 

ʆʪʚʝʪ: 
1 2 1

2 1

2 1
0

( 1)
( 2) .

4 (2 1)!

k k
k

k
k

x
k

 

 

ɿʘʜʘʯʘ 2. 
ʈʘʟʣʦʞʠʪʴ ʬʫʥʢʮʠʶ 

3xy e  

ʚ ʨʷʜ ʄʘʢʣʦʨʝʥʘ. 

 

ʋʢʘʟʘʥʠʝ 
ʀʩʧʦʣʴʟʫʡʪʝ ʨʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʄʘʢʣʦʨʝʥʘ ʬʫʥʢʮʠʠ ʝ

ʭ
: 
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.
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n
x

n

x
e

n
 

 

ʈʝʰʝʥʠʝ 
ʆʙʦʟʥʘʯʠʤ t = - x

3
, ʪʦʛʜʘ 

0

.
!

n
t

n

t
e

n
 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

3
3 3

0 0

( ) ( 1)
.

! !

n n n
x

n n

x x
e

n n
 

ʆʪʚʝʪ: 
3

0

( 1)
.

!

n n

n

x

n
 

 

ɿʘʜʘʯʘ 3. 
ʈʘʟʣʦʞʠʪʴ ʬʫʥʢʮʠʶ 



ln(5 )y x x  

ʚ ʨʷʜ ʄʘʢʣʦʨʝʥʘ. 

 

ʋʢʘʟʘʥʠʝ 
ʀʩʧʦʣʴʟʫʡʪʝ ʨʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʄʘʢʣʦʨʝʥʘ ʬʫʥʢʮʠʠ ln(1 + x): 

1

1

( 1)
ln(1 ) .

n n

n

x
x

n
 

 

ʈʝʰʝʥʠʝ 
ʇʨʝʦʙʨʘʟʫʝʤ ʬʫʥʢʮʠʶ ʢ ʚʠʜʫ: 

ln(5 ) ln 5 1 ln 5 ln 1
5 5

x x
x x x x x  

ʠ ʥʘʡʜʝʤ ʨʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʄʘʢʣʦʨʝʥʘ ʬʫʥʢʮʠʠ ln 1 :
5

x
 

1
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1

1 1

1 1 1

( 1)
ln 1 ln(1 )

5

( 1) ( 1) ( 1)
.

5 5 5

x
t n n
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nn n n n n

n n
n n n

tx
t

n

xx x

n n n

 

ʊʦʛʜʘ ʨʘʟʣʦʞʝʥʠʝ ʠʩʭʦʜʥʦʡ ʬʫʥʢʮʠʠ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʪʘʢ: 
1

1 1

ln 5 ln 1 ln 5 ln 5 .
5 5 5

n n

n n
n n

x x x
x x x x x

n n
 

ʆʪʚʝʪ: 
1

1

ln 5 .
5

n

n
n

x
x

n
 

 

ɿʘʜʘʯʘ 4. 
ʈʘʟʣʦʞʠʪʴ ʬʫʥʢʮʠʶ 

arcsiny x  

ʚ ʨʷʜ ʄʘʢʣʦʨʝʥʘ. 

 

 

ʋʢʘʟʘʥʠʝ 
ʀʩʧʦʣʴʟʫʡʪʝ ʪʦ, ʯʪʦ ʩʪʝʧʝʥʥʳʝ ʨʷʜʳ ʤʦʞʥʦ ʧʦʯʣʝʥʥʦ ʠʥʪʝʛʨʠʨʦʚʘʪʴ: 

0 0

( ) , ( ) .n n
n n

n n

ɑɝɗɔ f x a x ɞɚ f x dx a x dx 

 

ʈʝʰʝʥʠʝ 
ʇʦʩʢʦʣʴʢʫ 

2

1
arcsin ,

1
x

x
 



ʤʳ ʤʦʞʝʤ, ʠʩʧʦʣʴʟʫʷ ʪʘʙʣʠʯʥʳʝ ʨʘʟʣʦʞʝʥʠʷ, ʧʦʣʫʯʠʪʴ ʨʷʜ ʄʘʢʣʦʨʝʥʘ ʜʣʷ 

ʧʨʦʠʟʚʦʜʥʦʡ ʠʩʭʦʜʥʦʡ ʬʫʥʢʮʠʠ, ʘ ʟʘʪʝʤ ʥʘʡʪʠ ʨʘʟʣʦʞʝʥʠʝ arcsin x, ʠʩʭʦʜʷ ʠʟ 

ʪʦʛʦ, ʯʪʦ 

2
0

arcsin .
1

x
dt

x
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ʆʪʚʝʪ: 2 1
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1 3 (2 1)
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2 !
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n
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ɿʘʜʘʯʘ 5. 
ʅʘʡʪʠ ʩʫʤʤʫ ʨʷʜʘ 

1 2

1

( 1)

( 2)

n n

n

x

n n
 

ʥʘ ʠʥʪʝʨʚʘʣʝ (0;1). 

  

 

ʋʢʘʟʘʥʠʝ 
ʇʦʢʘʞʠʪʝ, ʯʪʦ ʨʷʜ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ ʟʘʜʘʥʥʦʤ ʠʥʪʝʨʚʘʣʝ, ʟʘʪʝʤ 

ʥʘʡʜʠʪʝ ʩʫʤʤʫ ʨʷʜʘ, ʩʦʩʪʘʚʣʝʥʥʦʛʦ ʠʟ ʧʨʦʠʟʚʦʜʥʳʭ ʯʣʝʥʦʚ ʜʘʥʥʦʛʦ ʨʷʜʘ, ʠ 

ʧʨʦʠʥʪʝʛʨʠʨʫʡʪʝ ʝʝ. 

 

ʈʝʰʝʥʠʝ 

ʇʦʩʢʦʣʴʢʫ ʧʨʠ ʭ = 1 ʯʠʩʣʦʚʦʡ ʨʷʜ 
1

1

( 1)

( 2)

n

n n n
 ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʠʪʩʷ, ʧʦ 

ʧʨʠʟʥʘʢʫ ɺʝʡʝʨʰʪʨʘʩʩʘ ʜʘʥʥʳʡ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ 

ʠʥʪʝʨʚʘʣʝ (0;1). ʅʘʡʜʝʤ ʩʫʤʤʫ ʨʷʜʘ, ʩʦʩʪʘʚʣʝʥʥʦʛʦ ʠʟ ʧʨʦʠʟʚʦʜʥʳʭ ʯʣʝʥʦʚ 

ʜʘʥʥʦʛʦ ʨʷʜʘ: 
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ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʫʤʤʫ ʜʘʥʥʦʛʦ ʨʷʜʘ ʤʦʞʥʦ ʥʘʡʪʠ ʢʘʢ ʠʥʪʝʛʨʘʣ ʦʪ 

ʧʦʣʫʯʝʥʥʦʡ ʬʫʥʢʮʠʠ ʚ ʧʨʝʜʝʣʘʭ ʦʪ 0 ʜʦ ʭ, ʛʜʝ 0 < x < 1: 
2 2

00 0

2 2

0

2 2

1
( ) ln(1 ) ln(1 )

2 2 1

1
ln(1 ) ln(1 )

2 4 2 2

ln(1 ) ln 1 .
2 4 2

xx x

x

t t dt
s x t t dt t

t

x t t
x t

x x x
x x

 

ʆʪʚʝʪ: 
2 2

ln(1 ) ln 1 .
2 4 2

x x x
x x  

 

ɿʘʜʘʯʘ 6. 

ɺʳʯʠʩʣʠʪʴ ʟʥʘʯʝʥʠʝ 
1

e
 ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ 0,001. 

 

ʋʢʘʟʘʥʠʝ 
ʀʩʧʦʣʴʟʫʡʪʝ ʨʘʟʣʦʞʝʥʠʝ ʬʫʥʢʮʠʠ ʝ

ʭ
 ʚ ʨʷʜ ʄʘʢʣʦʨʝʥʘ ʠ ʪʦ, ʯʪʦ ʧ-ʳʡ ʦʩʪʘʪʦʢ 

ʟʥʘʢʦʯʝʨʝʜʫʶʱʝʛʦʩʷ ʨʷʜʘ ʥʝ ʙʦʣʴʰʝ, ʯʝʤ ʘʧ. 

 

ʈʝʰʝʥʠʝ 
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ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

1

0

( 1) 1 1 1 1 1 1
1 1

! 2 6 24 120 720 5040

n

n

e
n

 

ɺʠʜʠʤ, ʯʪʦ 8-ʡ ʯʣʝʥ ʨʷʜʘ ʤʝʥʴʰʝ 0,001, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʩʪʘʪʦʢ ʨʷʜʘ ʥʘʯʠʥʘʷ 

ʩ 8-ʛʦ ʯʣʝʥʘ ʤʝʥʴʰʝ 0,001. ʇʦʵʪʦʤʫ ʜʣʷ ʜʦʩʪʠʞʝʥʠʷ ʟʘʜʘʥʥʦʡ ʪʦʯʥʦʩʪʠ 

ʜʦʩʪʘʪʦʯʥʦ ʥʘʡʪʠ ʩʫʤʤʫ ʧʝʨʚʳʭ ʩʝʤʠ ʯʣʝʥʦʚ ʨʷʜʘ: 

1 1 1 1 1 1 53
1 1 0,368.

2 6 24 120 720 144
e  

ʆʪʚʝʪ: 0,368. 

 

 

2. ʂʈɸʊʅʓɽ ʀ ʂʈʀɺʆʃʀʅɽʁʅʓɽ ʀʅʊɽɻʈɸʃʓ. 

ʊɽʆʈʀʗ ʇʆʃʗ 

 



2.1. ʂʈɸʊʅʓɽ ʀʅʊɽɻʈɸʃʓ 

 

2.1.1. ɼʚʦʡʥʦʡ ʠ ʪʨʦʡʥʦʡ ʠʥʪʝʛʨʘʣʳ, ʠʭ ʩʚʦʡʩʪʚʘ. 

ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 
 

ʈʘʩʩʤʦʪʨʠʤ ʚ ʧʣʦʩʢʦʩʪʠ ʆʭʫ  ʟʘʤʢʥʫʪʫʶ ʦʙʣʘʩʪʴ D, ʦʛʨʘʥʠʯʝʥʥʫʶ ʣʠʥʠʝʡ L. 

ʈʘʟʦʙʴʝʤ ʵʪʫ ʦʙʣʘʩʪʴ ʢʘʢʠʤʠ-ʥʠʙʫʜʴ ʣʠʥʠʷʤʠ ʥʘ ʧ ʯʘʩʪʝʡ S1, S2,..., Sn 

(ʧʨʠʯʝʤ ʪʝʤʠ ʞʝ ʩʠʤʚʦʣʘʤʠ S1, S2,..., Sn ʙʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ ʠ ʧʣʦʱʘʜʠ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʯʘʩʪʝʡ) ʠ ʚʳʙʝʨʝʤ ʚ ʢʘʞʜʦʡ ʯʘʩʪʠ ʪʦʯʢʫ ʈi (ʨʠʩ.1). 

 

 
ʈʠʩ.1 

ʇʫʩʪʴ ʚ ʦʙʣʘʩʪʠ D ʟʘʜʘʥʘ ʬʫʥʢʮʠʷ  z = f(x, y). ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ f(P1), f(P2),é, 

f(Pn) ʟʥʘʯʝʥʠʷ ʵʪʦʡ ʬʫʥʢʮʠʠ ʚ ʚʳʙʨʘʥʥʳʭ ʪʦʯʢʘʭ ʠ ʩʦʩʪʘʚʠʤ ʩʫʤʤʫ 

ʧʨʦʠʟʚʝʜʝʥʠʡ ʚʠʜʘ  f(Pi)ȹSi : 

1

( ) .
n

n i i
i

V f P S  

ʉʫʤʤʘ ʚʠʜʘ  

1

( )
n

n i i
i

V f P S   

ʥʘʟʳʚʘʝʪʩʷ ʠʥʪʝʛʨʘʣʴʥʦʡ ʩʫʤʤʦʡ ʜʣʷ 

ʬʫʥʢʮʠʠ f(x, y) ʚ ʦʙʣʘʩʪʠ D. 

 

 

ʉ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ (ʧʨʠ f(x, y) > 0) ʠʥʪʝʛʨʘʣʴʥʘʷ ʩʫʤʤʘ 

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʫʤʤʫ ʦʙʲʝʤʦʚ ʮʠʣʠʥʜʨʦʚ ʩ ʦʩʥʦʚʘʥʠʷʤʠ Si ʠ ʚʳʩʦʪʘʤʠ 

f(Pi). 

 

ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʦʜʠʥ ʠ ʪʦʪ ʞʝ ʧʨʝʜʝʣ ʠʥʪʝʛʨʘʣʴʥʳʭ ʩʫʤʤ ʧʨʠ n  ʠ 

max 0iS , ʥʝ ʟʘʚʠʩʷʱʠʡ ʦʪ ʩʧʦʩʦʙʘ ʨʘʟʙʠʝʥʠʷ ʦʙʣʘʩʪʠ D ʠ ʚʳʙʦʨʘ ʪʦʯʝʢ 

Pi , ʪʦ ʦʥ ʥʘʟʳʚʘʝʪʩʷ ʜʚʦʡʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʦʪ ʬʫʥʢʮʠʠ f(x, y) ʧʦ ʦʙʣʘʩʪʠ D 

ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ 

Si 

x 

y 

Pi 

L 

D 



 

max 0
1

( , ) lim ( ) .
i

n

i i
S

iD

f x y dxdy f P S  

 

ʆʙʣʘʩʪʴ D ʧʨʠ ʵʪʦʤ ʥʘʟʳʚʘʝʪʩʷ ʦʙʣʘʩʪʴʶ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. 

 

ɿʘʤʝʯʘʥʠʝ 1.  

ɼʣʷ ʚʳʷʩʥʝʥʠʷ ʚʦʧʨʦʩʘ ʦʙ ʫʩʣʦʚʠʷʭ ʠʥʪʝʛʨʠʨʫʝʤʦʩʪʠ ʬʫʥʢʮʠʠ ʜʚʫʭ 

ʧʝʨʝʤʝʥʥʳʭ ʤʦʞʥʦ ʧʦ ʘʥʘʣʦʛʠʠ ʩʦ ʩʣʫʯʘʝʤ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʚʚʝʩʪʠ 

ʧʦʥʷʪʠʝ ʚʝʨʭʥʝʡ ʠ ʥʠʞʥʝʡ ʠʥʪʝʛʨʘʣʴʥʳʭ ʩʫʤʤ, ʚʳʙʠʨʘʷ ʚ ʢʘʞʜʦʡ ʯʘʩʪʠ 

ʦʙʣʘʩʪʠ D ʪʦʯʢʠ, ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʢʦʪʦʨʳʭ ʷʚʣʷʝʪʩʷ ʥʘʠʙʦʣʴʰʠʤ ʠ 

ʥʘʠʤʝʥʴʰʠʤ ʜʣʷ ʜʘʥʥʦʡ ʯʘʩʪʠ. ʊʦʛʜʘ ʤʦʞʥʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʥʝʦʙʭʦʜʠʤʳʤ ʠ 

ʜʦʩʪʘʪʦʯʥʳʤ ʫʩʣʦʚʠʝʤ ʠʥʪʝʛʨʠʨʫʝʤʦʩʪʠ ʬʫʥʢʮʠʠ f(x, y) ʷʚʣʷʝʪʩʷ, ʚʦ-ʧʝʨʚʳʭ, 

ʝʝ ʦʛʨʘʥʠʯʝʥʥʦʩʪʴ ʥʘ D, ʘ ʚʦ-ʚʪʦʨʳʭ, ʫʩʣʦʚʠʝ 

max 0
lim ( ) 0,

iS
S s  

ʛʜʝ  ï ʥʝʢʦʪʦʨʦʝ ʨʘʟʙʠʝʥʠʝ, ʘ S   ʠ s  ï ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʚʝʨʭʥʷʷ ʠ ʥʠʞʥʷʷ 

ʠʥʪʝʛʨʘʣʴʥʳʝ ʩʫʤʤʳ. ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʵʪʦʛʦ ʫʪʚʝʨʞʜʝʥʠʷ ʧʨʦʚʦʜʠʪʩʷ ʪʘʢ ʞʝ, 

ʢʘʢ ʜʣʷ ʩʣʫʯʘʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. 

ɿʘʤʝʯʘʥʠʝ 2.  

ɸʥʘʣʦʛʠʯʥʦ ʦʜʥʦʤʝʨʥʦʤʫ ʩʣʫʯʘʶ ʤʦʞʥʦ ʜʦʢʘʟʘʪʴ ʝʱʝ ʦʜʥʦ ʫʪʚʝʨʞʜʝʥʠʝ: 

ʝʩʣʠ ʬʫʥʢʮʠʷ  f(x, y) ʥʝʧʨʝʨʳʚʥʘ ʥʘ D, ʪʦ ʦʥʘ ʠʥʪʝʛʨʠʨʫʝʤʘ ʧʦ ʵʪʦʡ ʦʙʣʘʩʪʠ. 

 

ʉʚʦʡʩʪʚʘ ʜʚʦʡʥʳʭ ʠʥʪʝʛʨʘʣʦʚ 

 

1. ɽʩʣʠ ʬʫʥʢʮʠʷ f(x, y) ʠʥʪʝʛʨʠʨʫʝʤʘ ʚ D, ʪʦ kf(x, y) ʪʦʞʝ ʠʥʪʝʛʨʠʨʫʝʤʘ ʚ ʵʪʦʡ 

ʦʙʣʘʩʪʠ, ʧʨʠʯʝʤ 

( , ) ( , ) .
D D

kf x y dxdy k f x y dxdy 

2. ɽʩʣʠ ʚ ʦʙʣʘʩʪʠ D ʠʥʪʝʛʨʠʨʫʝʤʳ ʬʫʥʢʮʠʠ f(x, y) ʠ g(x, y), ʪʦ ʚ ʵʪʦʡ 

ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʫʝʤʳ ʠ ʬʫʥʢʮʠʠ f(x, y) Ñ g(x, y), ʠ ʧʨʠ ʵʪʦʤ 

( , ) ( , ) ( , ) ( , ) .
D D D

f x y g x y dxdy f x y dxdy g x y dxdy 

3. ɽʩʣʠ ʜʣʷ ʠʥʪʝʛʨʠʨʫʝʤʳʭ ʚ ʦʙʣʘʩʪʠ D ʬʫʥʢʮʠʡ    f(x, y) ʠ g(x, y) 

ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ    f(x, y) Ò g(x, y) , ʪʦ 

( , ) ( , ) .
D D

f x y dxdy g x y dxdy  

4. ɽʩʣʠ ʦʙʣʘʩʪʴ D ʨʘʟʙʠʪʘ ʥʘ ʜʚʝ ʦʙʣʘʩʪʠ D1 ʠ D2 ʙʝʟ ʦʙʱʠʭ ʚʥʫʪʨʝʥʥʠʭ 

ʪʦʯʝʢ ʠ ʬʫʥʢʮʠʷ f(x, y) ʥʝʧʨʝʨʳʚʥʘ ʚ ʦʙʣʘʩʪʠ D, ʪʦ 

1 2

( , ) ( , ) ( , ) .
D D D

f x y dxdy f x y dxdy f x y dxdy 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 



ʀʥʪʝʛʨʘʣʴʥʫʶ ʩʫʤʤʫ ʧʦ ʦʙʣʘʩʪʠ D ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ: 

1 2

( ) ( ) ( ) ,i i i i i i
D D D

f P S f P S f P S  

ʛʜʝ ʨʘʟʙʠʝʥʠʝ ʦʙʣʘʩʪʠ D ʧʨʦʚʝʜʝʥʦ ʪʘʢ, ʯʪʦ ʛʨʘʥʠʮʘ ʤʝʞʜʫ D1 ʠ D2 ʩʦʩʪʦʠʪ 

ʠʟ ʛʨʘʥʠʮ ʯʘʩʪʝʡ ʨʘʟʙʠʝʥʠʷ. ʇʝʨʝʭʦʜʷ ʟʘʪʝʤ ʢ ʧʨʝʜʝʣʫ ʧʨʠ max 0,iS  

ʧʦʣʫʯʠʤ ʨʘʚʝʥʩʪʚʦ 4. 

5. ɺ ʩʣʫʯʘʝ ʠʥʪʝʛʨʠʨʫʝʤʦʩʪʠ ʥʘ D ʬʫʥʢʮʠʠ f(x, y) ʚ ʵʪʦʡ ʦʙʣʘʩʪʠ 

ʠʥʪʝʛʨʠʨʫʝʤʘ ʠ ʬʫʥʢʮʠʷ  | f(x, y) |, ʠ ʠʤʝʝʪ ʤʝʩʪʦ ʥʝʨʘʚʝʥʩʪʚʦ 

( , ) | ( , )| .
D D

f x y dxdy f x y dxdy  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

( ) | ( )| ,i i i i
D D

f P S f P S  

ʦʪʢʫʜʘ ʩ ʧʦʤʦʱʴʶ ʧʨʝʜʝʣʴʥʦʛʦ ʧʝʨʝʭʦʜʘ ʧʨʠ max 0iS  ʧʦʣʫʯʘʝʤ 

ʥʝʨʘʚʝʥʩʪʚʦ 5. 

6. ,D

D

dxdy S  ʛʜʝ SD ï ʧʣʦʱʘʜʴ ʦʙʣʘʩʪʠ D. ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʵʪʦʛʦ 

ʫʪʚʝʨʞʜʝʥʠʷ ʧʦʣʫʯʠʤ, ʧʦʜʩʪʘʚʣʷʷ ʚ ʠʥʪʝʛʨʘʣʴʥʫʶ ʩʫʤʤʫ f(x, y) ſ 1. 

7. ɽʩʣʠ ʠʥʪʝʛʨʠʨʫʝʤʘʷ ʚ ʦʙʣʘʩʪʠ D ʬʫʥʢʮʠʷ f(x, y) ʫʜʦʚʣʝʪʚʦʨʷʝʪ 

ʥʝʨʘʚʝʥʩʪʚʫ 

m < f(x, y) < M, 

ʪʦ 

( , ) .D D

D

mS f x y dxdy MS  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʧʨʦʚʦʜʠʪʩʷ ʧʨʝʜʝʣʴʥʳʤ ʧʝʨʝʭʦʜʦʤ ʠʟ ʦʯʝʚʠʜʥʦʛʦ 

ʥʝʨʘʚʝʥʩʪʚʘ 

( ) .D i i D
D

mS f P S MS  

ʉʣʝʜʩʪʚʠʝ. 

ɽʩʣʠ ʨʘʟʜʝʣʠʪʴ ʚʩʝ ʯʘʩʪʠ ʥʝʨʘʚʝʥʩʪʚʘ  

( , )D D

D

mS f x y dxdy MS  

ʥʘ SD, ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʪʘʢ ʥʘʟʳʚʘʝʤʫʶ ʪʝʦʨʝʤʫ ʦ ʩʨʝʜʥʝʤ: 

( , ) , .D

D

f x y dxdy S m M  

ɺ ʯʘʩʪʥʦʩʪʠ, ʧʨʠ ʫʩʣʦʚʠʠ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ  f  ʚ D ʥʘʡʜʝʪʩʷ ʪʘʢʘʷ 

ʪʦʯʢʘ ʵʪʦʡ ʦʙʣʘʩʪʠ (ʭ0 , ʫ0), ʚ ʢʦʪʦʨʦʡ  f(ʭ0 , ʫ0) = , ʪʦ ʝʩʪʴ  

0 0( , ) ( , ) D

D

f x y dxdy f x y S  

ʝʱʝ ʦʜʥʘ ʬʦʨʤʫʣʠʨʦʚʢʘ ʪʝʦʨʝʤʳ ʦ ʩʨʝʜʥʝʤ. 

 

ʊʨʦʡʥʦʡ ʠʥʪʝʛʨʘʣ 



 

ʇʦʥʷʪʠʝ ʪʨʦʡʥʦʛʦ (ʘ ʚ ʜʘʣʴʥʝʡʰʝʤ ï n-ʤʝʨʥʦʛʦ) ʠʥʪʝʛʨʘʣʘ ʚʚʦʜʠʪʩʷ ʧʦ 

ʘʥʘʣʦʛʠʠ ʩ ʜʚʦʡʥʳʤ ʠʥʪʝʛʨʘʣʦʤ. 

ʇʫʩʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʟʘʜʘʥʘ ʥʝʢʦʪʦʨʘʷ ʦʙʣʘʩʪʴ V, ʦʛʨʘʥʠʯʝʥʥʘʷ ʟʘʤʢʥʫʪʦʡ 
ʧʦʚʝʨʭʥʦʩʪʴʶ S. ɿʘʜʘʜʠʤ ʚ ʵʪʦʡ ʟʘʤʢʥʫʪʦʡ ʦʙʣʘʩʪʠ ʥʝʧʨʝʨʳʚʥʫʶ ʬʫʥʢʮʠʶ  

f(x, y, z). ɿʘʪʝʤ ʨʘʟʦʙʴʝʤ ʦʙʣʘʩʪʴ V ʥʘ ʧʨʦʠʟʚʦʣʴʥʳʝ ʯʘʩʪʠ ȹvi , ʩʯʠʪʘʷ ʦʙʲʝʤ 

ʢʘʞʜʦʡ ʯʘʩʪʠ ʨʘʚʥʳʤ ȹvi , ʠ ʩʦʩʪʘʚʠʤ ʠʥʪʝʛʨʘʣʴʥʫʶ ʩʫʤʤʫ ʚʠʜʘ 

( ) ,i i
V

f P v  

ʛʜʝ ʪʦʯʢʘ Pi  ʧʨʠʥʘʜʣʝʞʠʪ ȹvi . ʇʫʩʪʴ  ï ʥʘʠʙʦʣʴʰʝʝ ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ 

ʜʚʫʤʷ ʪʦʯʢʘʤʠ ʣʶʙʦʡ ʯʘʩʪʠ ʦʙʣʘʩʪʠ V. 

ʇʨʝʜʝʣ ʧʨʠ 0 ʠʥʪʝʛʨʘʣʴʥʳʭ ʩʫʤʤ, ʥʝ ʟʘʚʠʩʷʱʠʡ ʦʪ ʩʧʦʩʦʙʘ ʨʘʟʙʠʝʥʠʷ 

ʦʙʣʘʩʪʠ V, ʥʘʟʳʚʘʝʪʩʷ ʪʨʦʡʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʦʪ ʬʫʥʢʮʠʠ f(x, y, z) ʧʦ 

ʦʙʣʘʩʪʠ V: 

 

 

0
( , , ) lim ( ) .i i

VV

f x y z dxdydz f P v  

 

ɿʘʤʝʯʘʥʠʝ 1.  

ʋʩʣʦʚʠʝ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʡ ʬʫʥʢʮʠʠ ʥʝ ʷʚʣʷʝʪʩʷ 

ʦʙʷʟʘʪʝʣʴʥʳʤ ʜʣʷ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʢʨʘʪʥʦʛʦ (ʜʚʦʡʥʦʛʦ, ʪʨʦʡʥʦʛʦ ʠ ʪ.ʜ.) 

ʠʥʪʝʛʨʘʣʘ, ʥʦ ʠʩʩʣʝʜʦʚʘʥʠʝ ʚʦʧʨʦʩʦʚ, ʩʚʷʟʘʥʥʳʭ ʩ ʠʥʪʝʛʨʠʨʦʚʘʥʠʝʤ 

ʨʘʟʨʳʚʥʳʭ ʬʫʥʢʮʠʡ, ʚʳʭʦʜʠʪ ʟʘ ʨʘʤʢʠ ʥʘʰʝʛʦ ʢʫʨʩʘ. 

ɿʘʤʝʯʘʥʠʝ 2.  

ɺʩʝ ʩʬʦʨʤʫʣʠʨʦʚʘʥʥʳʝ ʨʘʥʝʝ ʩʚʦʡʩʪʚʘ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʤʦʞʥʦ 

ʨʘʩʧʨʦʩʪʨʘʥʠʪʴ ʥʘ  ʪʨʦʡʥʦʡ ʠʥʪʝʛʨʘʣ. 

ɿʘʤʝʯʘʥʠʝ 3.  

ʇʦʜʦʙʥʳʤ ʦʙʨʘʟʦʤ ʤʦʞʥʦ ʜʘʪʴ ʦʧʨʝʜʝʣʝʥʠʝ ʠʥʪʝʛʨʘʣʘ ʣʶʙʦʡ ʢʨʘʪʥʦʩʪʠ, 

ʨʘʩʩʤʘʪʨʠʚʘʷ ʬʫʥʢʮʠʶ ʧ ʧʝʨʝʤʝʥʥʳʭ, ʟʘʜʘʥʥʫʶ ʚ ʟʘʤʢʥʫʪʦʡ ʦʙʣʘʩʪʠ ʧ-

ʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

 

ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 

 

ʈʘʩʩʤʦʪʨʠʤ ʪʝʣʦ V, ʦʛʨʘʥʠʯʝʥʥʦʝ ʯʘʩʪʴʶ ʧʦʚʝʨʭʥʦʩʪʠ, ʟʘʜʘʚʘʝʤʦʡ 

ʫʨʘʚʥʝʥʠʝʤ z = f(x, y), ʧʨʦʝʢʮʠʝʡ D ʵʪʦʡ ʧʦʚʝʨʭʥʦʩʪʠ ʥʘ ʧʣʦʩʢʦʩʪʴ Ⱥɡɟ  ʠ 
ʙʦʢʦʚʦʡ ʮʠʣʠʥʜʨʠʯʝʩʢʦʡ ʧʦʚʝʨʭʥʦʩʪʴʶ, ʧʦʣʫʯʝʥʥʦʡ ʠʟ ʚʝʨʪʠʢʘʣʴʥʳʭ 

ʦʙʨʘʟʫʶʱʠʭ, ʩʦʝʜʠʥʷʶʱʠʭ ʪʦʯʢʠ ʛʨʘʥʠʮʳ ʧʦʚʝʨʭʥʦʩʪʠ ʩ ʠʭ ʧʨʦʝʢʮʠʷʤʠ. 

 



 
ʈʠʩ.2 

ɹʫʜʝʤ ʠʩʢʘʪʴ ʦʙʲʝʤ ʵʪʦʛʦ ʪʝʣʘ ʢʘʢ ʧʨʝʜʝʣ ʩʫʤʤʳ ʦʙʲʝʤʦʚ ʮʠʣʠʥʜʨʦʚ, 

ʦʩʥʦʚʘʥʠʷʤʠ ʢʦʪʦʨʳʭ ʷʚʣʷʶʪʩʷ ʯʘʩʪʠ Si  ʦʙʣʘʩʪʠ D, ʘ ʚʳʩʦʪʘʤʠ ï ʦʪʨʝʟʢʠ 

ʜʣʠʥʦʡ f(Pi), ʛʜʝ ʪʦʯʢʠ Pi ʧʨʠʥʘʜʣʝʞʘʪ Si. ʇʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ ʧʨʠ 

max 0,iS  ʧʦʣʫʯʠʤ, ʯʪʦ 

( , ) ,
D

V f x y dxdy  

ʪʦ ʝʩʪʴ ʜʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʦʙʲʝʤ ʪʘʢ ʥʘʟʳʚʘʝʤʦʛʦ 

ʮʠʣʠʥʜʨʦʠʜʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʩʚʝʨʭʫ ʧʦʚʝʨʭʥʦʩʪʴʶ z = f(x, y), ʘ ʩʥʠʟʫ ï 

ʦʙʣʘʩʪʴʶ D. 

 

 

ʇʈʀʄɽʈʓ ʈɽʐɽʅʀʗ ɿɸɼɸʏ 

 

ɿʘʜʘʯʘ 1. 
ʇʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʚʳʯʠʩʣʠʪʴ 

2 2 2

2 3 .
x y R

x y dxdy  

 

ʋʢʘʟʘʥʠʝ 
ɺʳʙʝʨʠʪʝ ʨʘʟʙʠʝʥʠʝ ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʪʘʢ, ʯʪʦʙʳ ʦʥʦ ʩʦʩʪʦʷʣʦ ʠʟ 

ʫʯʘʩʪʢʦʚ, ʩʠʤʤʝʪʨʠʯʥʳʭ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ ʆʭ. 

 

ʈʝʰʝʥʠʝ 
ɺʳʙʝʨʝʤ ʨʘʟʙʠʝʥʠʝ ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʪʘʢ, ʯʪʦʙʳ ʦʥʦ ʩʦʩʪʦʷʣʦ ʠʟ 

ʫʯʘʩʪʢʦʚ, ʩʠʤʤʝʪʨʠʯʥʳʭ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ ʆʭ. 

 

x 

y 

z 

Si 

z = f(x, y) 

Pi 



 
 

ʉʦʩʪʘʚʠʤ ʜʚʝ ʠʥʪʝʛʨʘʣʴʥʳʭ ʩʫʤʤʳ: ʦʜʥʫ ï ʧʦ ʦʙʣʘʩʪʠ S (y > 0), ʚʪʦʨʫʶ ï ʧʦ 

ʦʙʣʘʩʪʠ  (y < 0); ʧʨʠ ʵʪʦʤ ʚʳʙʝʨʝʤ ʪʦʯʢʠ ʥʘ ʵʣʝʤʝʥʪʘʭ ʨʘʟʙʠʝʥʠʷ ʪʘʢ, ʯʪʦʙʳ 

ʪʦʯʢʝ Mi(xi; yi), ʧʨʠʥʘʜʣʝʞʘʱʝʡ ʵʣʝʤʝʥʪʫ ʨʘʟʙʠʝʥʠʷ si, ʩʦʦʪʚʝʪʩʪʚʦʚʘʣʘ 

ʪʦʯʢʘ Ni(xi; -yi), ʧʨʠʥʘʜʣʝʞʘʱʘʷ ʵʣʝʤʝʥʪʫ ʨʘʟʙʠʝʥʠʷ i. ʊʦʛʜʘ ʠʥʪʝʛʨʘʣʴʥʘʷ 

ʩʫʤʤʘ ʧʦ ʚʩʝʤʫ ʢʨʫʛʫ ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥʘ ʚ ʚʠʜʝ: 
2

2 3 2 3

1 1 1

2 3 2 3

1

( , ) ( )

0.

n n n

i i i i i i i i i
i i i

n

i i i i i
i

f x y S x y s x y

x y x y s

 

ʇʦʩʢʦʣʴʢʫ ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʥʝʧʨʝʨʳʚʥʘ ʚ ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ, 

ʪʦ ʦʥʘ ʠʥʪʝʛʨʠʨʫʝʤʘ, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʝʜʝʣ ʠʥʪʝʛʨʘʣʴʥʦʡ ʩʫʤʤʳ ʥʝ 

ʟʘʚʠʩʠʪ ʦʪ ʩʧʦʩʦʙʘ ʨʘʟʙʠʝʥʠʷ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʠʥʪʝʛʨʘʣ ʨʘʚʝʥ 0. 

ʆʪʚʝʪ: 0. 

 

ɿʘʜʘʯʘ 2. 
ʉ ʧʦʤʦʱʴʶ ʪʝʦʨʝʤʳ ʦ ʩʨʝʜʥʝʤ ʥʘʡʪʠ 

2 2 2
20

1
lim ( , ) ,
R

x y R

f x y dxdy
R

 

ʛʜʝ f (x,y) ï ʥʝʧʨʝʨʳʚʥʘʷ ʬʫʥʢʮʠʷ. 

 

ʋʢʘʟʘʥʠʝ 
 

ɺʦʩʧʦʣʴʟʫʡʪʝʩʴ ʪʝʦʨʝʤʦʡ ʦ ʩʨʝʜʥʝʤ: 

0 0( , ) ( , ) .D

D

f x y dxdy f x y S  

 

ʈʝʰʝʥʠʝ 

 

ʆʙʣʘʩʪʴʶ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʷʚʣʷʝʪʩʷ ʢʨʫʛ ʨʘʜʠʫʩʘ R. ʇʨʠ 0R  ʝʜʠʥʩʪʚʝʥʥʦʡ 

ʭ 

ʫ 

si 

i 

S 

 

ʄi 

Ni 



 ʦʙʱʝʡ ʪʦʯʢʦʡ ʚʩʝʭ ʢʨʫʛʦʚ ʷʚʣʷʝʪʩʷ ʥʘʯʘʣʦ ʢʦʦʨʜʠʥʘʪ. ʇʦʵʪʦʤʫ ʤʦʞʥʦ 

ʩʯʠʪʘʪʴ, ʯʪʦ 

2 2 2

2( , ) (0,0) .
x y R

f x y dxdy f R  

ʆʪʩʶʜʘ 

2 2 2
20

1
lim ( , ) (0,0).
R

x y R

f x y dxdy f
R

 

ʆʪʚʝʪ: f (0,0). 

 

ɿʘʜʘʯʘ 3. 
ʆʮʝʥʠʪʴ ʠʥʪʝʛʨʘʣ 

1 ,
D

x y ds  

ʛʜʝ D ï ʧʨʷʤʦʫʛʦʣʴʥʠʢ 0 < x < 1, 0 < y < 2. 

 

ʋʢʘʟʘʥʠʝ 
 

ɺʦʩʧʦʣʴʟʫʡʪʝʩʴ ʩʚʦʡʩʪʚʦʤ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ: ʝʩʣʠ ʠʥʪʝʛʨʠʨʫʝʤʘʷ ʚ 

ʦʙʣʘʩʪʠ D ʬʫʥʢʮʠʷ f(x, y) ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʥʝʨʘʚʝʥʩʪʚʫ 

m < f(x, y) < M, 

ʪʦ 

( , ) .D D

D

mS f x y dxdy MS  

ʈʝʰʝʥʠʝ 
 

ʅʘʡʜʝʤ ʥʘʠʤʝʥʴʰʝʝ ʠ ʥʘʠʙʦʣʴʰʝʝ ʟʥʘʯʝʥʠʝ ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʡ ʬʫʥʢʮʠʠ ʚ 

ʧʨʷʤʦʫʛʦʣʴʥʠʢʝ 0 < x < 1, 0 < y < 2 ï ʦʯʝʚʠʜʥʦ, ʯʪʦ ʦʥʠ ʜʦʩʪʠʛʘʶʪʩʷ ʧʨʠ 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʥʘʠʤʝʥʴʰʠʭ ʠ ʥʘʠʙʦʣʴʰʠʭ ʟʥʘʯʝʥʠʷʭ ʭ ʠ ʫ, ʪʦ ʝʩʪʴ 
0 0 1 1, 1 2 1 4;

2;

1 2 ( 1) 4 2,

2 ( 1) 8.

ɛɜɫɘɚɟɏɚɗɨəɔɖɌ

D

D

m M

S

x y dxdy

x y dxdy

 

ʆʪʚʝʪ: 2 8.I  
 

2.1.2. ɺʳʯʠʩʣʝʥʠʝ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʧʫʪʝʤ ʩʚʝʜʝʥʠʷ ʝʛʦ ʢ 

ʧʦʚʪʦʨʥʦʤʫ. ɺʳʯʠʩʣʝʥʠʝ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ  

ʚ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ 
 

ʈʘʩʩʤʦʪʨʠʤ ʦʙʣʘʩʪʴ D, ʦʛʨʘʥʠʯʝʥʥʫʶ ʣʠʥʠʷʤʠ ʫ = 1(ʭ), ʫ = 2(ʭ), 1(ʭ) < 

2(ʭ),  x = a, x = b ( a < b ), ʛʜʝ 1(ʭ) ʠ 2(ʭ) ʥʝʧʨʝʨʳʚʥʳ ʥʘ [a, b]. ʊʦʛʜʘ 



ʣʶʙʘʷ ʧʨʷʤʘʷ, ʧʘʨʘʣʣʝʣʴʥʘʷ ʢʦʦʨʜʠʥʘʪʥʦʡ ʦʩʠ ʆʫ ʠ ʧʨʦʭʦʜʷʱʘʷ ʯʝʨʝʟ 

ʚʥʫʪʨʝʥʥʶʶ ʪʦʯʢʫ ʦʙʣʘʩʪʠ D, ʧʝʨʝʩʝʢʘʝʪ ʛʨʘʥʠʮʫ ʦʙʣʘʩʪʠ ʚ ʜʚʫʭ ʪʦʯʢʘʭ: N1 

ʠ N2 (ʨʠʩ.1).  

 
ʈʠʩ. 1 

ʅʘʟʦʚʝʤ ʪʘʢʫʶ ʦʙʣʘʩʪʴ ʧʨʘʚʠʣʴʥʦʡ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʦʩʠ ʆʫ. ɸʥʘʣʦʛʠʯʥʦ 

ʦʧʨʝʜʝʣʷʝʪʩʷ ʦʙʣʘʩʪʴ, ʧʨʘʚʠʣʴʥʘʷ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʦʩʠ ʆʭ. ʆʙʣʘʩʪʴ, 

ʧʨʘʚʠʣʴʥʫʶ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʦʙʝʠʭ ʢʦʦʨʜʠʥʘʪʥʳʭ ʦʩʝʡ, ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʧʨʦʩʪʦ 

ʧʨʘʚʠʣʴʥʦʡ. ʅʘʧʨʠʤʝʨ, ʧʨʘʚʠʣʴʥʘʷ ʦʙʣʘʩʪʴ ʠʟʦʙʨʘʞʝʥʘ ʥʘ ʨʠʩ.1. 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ  f(x, y) ʥʝʧʨʝʨʳʚʥʘ ʚ ʦʙʣʘʩʪʠ D. ʈʘʩʩʤʦʪʨʠʤ ʚʳʨʘʞʝʥʠʝ 

2

1

( )

( )

( , ) , (1)
xb

D

a x

I f x y dy dx  

ʥʘʟʳʚʘʝʤʦʝ ʜʚʫʢʨʘʪʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʦʪ ʬʫʥʢʮʠʠ f(x, y) ʧʦ ʦʙʣʘʩʪʠ D. 

ɺʳʯʠʩʣʠʤ ʚʥʘʯʘʣʝ ʚʥʫʪʨʝʥʥʠʡ ʠʥʪʝʛʨʘʣ (ʩʪʦʷʱʠʡ ʚ ʩʢʦʙʢʘʭ) ʧʦ ʧʝʨʝʤʝʥʥʦʡ 

ʫ, ʩʯʠʪʘʷ ʭ ʧʦʩʪʦʷʥʥʳʤ. ɺ ʨʝʟʫʣʴʪʘʪʝ ʧʦʣʫʯʠʪʩʷ ʥʝʧʨʝʨʳʚʥʘʷ ʬʫʥʢʮʠʷ ʦʪ ʭ: 
2

1

( )

( )

( ) ( , ) .
x

x

x f x y dy  

ʇʦʣʫʯʝʥʥʫʶ ʬʫʥʢʮʠʶ ʧʨʦʠʥʪʝʛʨʠʨʫʝʤ ʧʦ ʭ ʚ ʧʨʝʜʝʣʘʭ ʦʪ ʘ ʜʦ b. ɺ 

ʨʝʟʫʣʴʪʘʪʝ ʧʦʣʫʯʠʤ ʯʠʩʣʦ  

( ) .
b

D

a

I x dx  

ɼʦʢʘʞʝʤ ʚʘʞʥʦʝ ʩʚʦʡʩʪʚʦ ʜʚʫʢʨʘʪʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. 

ʊʝʦʨʝʤʘ 1. ɽʩʣʠ ʦʙʣʘʩʪʴ D, ʧʨʘʚʠʣʴʥʘʷ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʆʫ, ʨʘʟʙʠʪʘ ʥʘ ʜʚʝ 

ʦʙʣʘʩʪʠ D1 ʠ D2 ʧʨʷʤʦʡ, ʧʘʨʘʣʣʝʣʴʥʦʡ ʦʩʠ ʆʫ ʠʣʠ ʦʩʠ ʆʭ, ʪʦ ʜʚʫʢʨʘʪʥʳʡ 

ʠʥʪʝʛʨʘʣ ʧʦ ʦʙʣʘʩʪʠ D ʙʫʜʝʪ ʨʘʚʝʥ ʩʫʤʤʝ ʪʘʢʠʭ ʞʝ ʠʥʪʝʛʨʘʣʦʚ ʧʦ ʦʙʣʘʩʪʷʤ 

D1 ʠ D2: 

1 2
.D D DI I I  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ʭ 

ʫ 

ʘ b 

N1 

N2 

ʫ = 2(ʭ) 

ʫ = 1(ʭ) 

ʆ 



ʘ) ʇʫʩʪʴ ʧʨʷʤʘʷ ʭ = ʩ ʨʘʟʙʠʚʘʝʪ D ʥʘ D1 ʠ D2 , ʧʨʘʚʠʣʴʥʳʝ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʆʫ. 

ʊʦʛʜʘ 

2

1

2 2

1 2

1 1

( )

( )

( ) ( )

( ) ( )

( , ) ( ) ( ) ( )

( , ) ( , ) .

xb b c b

D

a x a a c

x xc b

D D

a x c x

I f x y dy dx x dx x dx x dx

f x y dy dx f x y dy dx I I

 

ʙ) ʇʫʩʪʴ ʧʨʷʤʘʷ y = h ʨʘʟʙʠʚʘʝʪ D ʥʘ ʧʨʘʚʠʣʴʥʳʝ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʆʫ ʦʙʣʘʩʪʠ 

D1 ʠ D2 (ʨʠʩ.2). ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ M1(a1, h) ʠ M2(b1, h) ʪʦʯʢʠ ʧʝʨʝʩʝʯʝʥʠʷ 

ʧʨʷʤʦʡ y = h ʩ ʛʨʘʥʠʮʝʡ L ʦʙʣʘʩʪʠ D. 

 

 
ʈʠʩ. 2 

ʆʙʣʘʩʪʴ D1 ʦʛʨʘʥʠʯʝʥʘ ʥʝʧʨʝʨʳʚʥʳʤʠ ʣʠʥʠʷʤʠ 

1) y = 1(x); 

2) ʢʨʠʚʦʡ ɸ1ʄ1ʄ2ɺ, ʫʨʘʚʥʝʥʠʝ ʢʦʪʦʨʦʡ ʟʘʧʠʰʝʤ y = 1*(x), ʛʜʝ 1*(ʭ) =  2(ʭ) 

ʧʨʠ ʘ Ò ʭ Ò ʘ1 ʠ b1 Ò x Ò b, 1*(ʭ) = h ʧʨʠ  ʘ1 Ò ʭ Ò b1; 

3) ʧʨʷʤʳʤʠ x = a, x = b. 

ʆʙʣʘʩʪʴ D2 ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ y = 1*(x), ʫ =  2(ʭ), ʘ1 Ò ʭ Ò b1. 

ʇʨʠʤʝʥʠʤ ʢ ʚʥʫʪʨʝʥʥʝʤʫ ʠʥʪʝʛʨʘʣʫ ʪʝʦʨʝʤʫ ʦ ʨʘʟʙʠʝʥʠʠ ʧʨʦʤʝʞʫʪʢʘ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ: 
*

2 1 2

*
1 1 1

*
1 2

*
1 1

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )

( , ) ( , ) ( , )

( , ) ( , ) .

x x xb b

D

a x a x x

x xb b

a x a x

I f x y dy dx f x y dy f x y dy dx

f x y dy dx f x y dy dx

 

ʇʨʝʜʩʪʘʚʠʤ ʚʪʦʨʦʡ ʠʟ ʧʦʣʫʯʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ ʚ ʚʠʜʝ ʩʫʤʤʳ: 

ʭ 

ʫ 

ʘ   a b1 b 

ʄ1 ʄ2 

ʫ = 2(ʭ) 

ʆ 

h D2 

D1 B 
A1 

ʫ = 1(ʭ) 



2 21

* *
1 1

2 21

* *
1 11 1

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( , ) ( , )

( , ) ( , ) .

x xab

a ax x

x xb b

a bx x

f x y dy dx f x y dy dx

f x y dy dx f x y dy dx

 

ʇʦʩʢʦʣʴʢʫ  1*(ʭ) =  2(ʭ) ʧʨʠ ʘ Ò ʭ Ò ʘ1 ʠ b1 Ò x Ò b, ʧʝʨʚʳʡ ʠ ʪʨʝʪʠʡ ʠʟ 

ʧʦʣʫʯʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ ʪʦʞʜʝʩʪʚʝʥʥʦ ʨʘʚʥʳ ʥʫʣʶ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
*
1 21

*
11 1

( ) ( )

( ) ( )

( , ) ( , ) ,
x xbb

D

a ax x

I f x y dy dx f x y dy dx  

ʪʦ ʝʩʪʴ 

1 2
.D D DI I I  

ʉʣʝʜʩʪʚʠʝ.  

ʊʘʢʠʤ ʞʝ ʦʙʨʘʟʦʤ ʤʦʞʥʦ ʨʘʟʙʠʪʴ ʦʙʣʘʩʪʴ D ʥʘ ʣʶʙʦʝ ʯʠʩʣʦ ʧʨʘʚʠʣʴʥʳʭ 

ʦʙʣʘʩʪʝʡ. ʇʨʠ ʵʪʦʤ ʜʚʫʢʨʘʪʥʳʡ ʠʥʪʝʛʨʘʣ ʧʦ ʦʙʣʘʩʪʠ D ʙʫʜʝʪ ʨʘʚʝʥ ʩʫʤʤʝ 

ʠʥʪʝʛʨʘʣʦʚ ʧʦ ʯʘʩʪʠʯʥʳʤ ʦʙʣʘʩʪʷʤ. 

 

ɿʘʤʝʯʘʥʠʝ 1. 

ʀʩʧʦʣʴʟʫʷ ʪʝʦʨʝʤʫ 1 ʠ ʪʝʦʨʝʤʳ ʦ ʩʨʝʜʥʝʤ ʜʣʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, 

ʤʦʞʥʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʜʣʷ ʜʚʫʢʨʘʪʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʩʧʨʘʚʝʜʣʠʚʳ ʩʦʦʪʥʦʰʝʥʠʷ: 

2

1

( )

( )

( , ) ,
xb

a x

mS f x y dy dx MS  

ʛʜʝ ʪ ʠ ʄ ï ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʥʘʠʤʝʥʴʰʝʝ ʠ ʥʘʠʙʦʣʴʰʝʝ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ f(x, 

y) ʚ ʦʙʣʘʩʪʠ D, ʘ S ï ʧʣʦʱʘʜʴ ʵʪʦʡ ʦʙʣʘʩʪʠ, ʠ 

ID = f(P)S,                  (2) 

ʛʜʝ ʈ ï ʪʦʯʢʘ, ʧʨʠʥʘʜʣʝʞʘʱʘʷ ʦʙʣʘʩʪʠ D . 

 

ɿʘʤʝʯʘʥʠʝ 2.  

ɹʦʣʝʝ ʫʧʦʪʨʝʙʠʪʝʣʴʥʦʡ ʬʦʨʤʦʡ ʟʘʧʠʩʠ ʜʚʫʢʨʘʪʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʷʚʣʷʝʪʩʷ 

2 2

11

( ) ( )

( )( )

( , ) ( , ) .
x xb b

a a xx

f x y dy dx dx f x y dy  

ʊʝʦʨʝʤʘ 2. ɼʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʦʪ ʥʝʧʨʝʨʳʚʥʦʡ ʬʫʥʢʮʠʠ f(x, y) ʧʦ ʧʨʘʚʠʣʴʥʦʡ 

ʦʙʣʘʩʪʠ D ʨʘʚʝʥ ʜʚʫʢʨʘʪʥʦʤʫ ʠʥʪʝʛʨʘʣʫ ʦʪ ʵʪʦʡ ʬʫʥʢʮʠʠ ʧʦ ʜʘʥʥʦʡ ʦʙʣʘʩʪʠ, 

ʪʦ ʝʩʪʴ 

2

1

( )

( )

( , ) ( , ) . (3)
xb

D a x

f x y dxdy f x y dy dx  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ʈʘʟʦʙʴʝʤ  ʦʙʣʘʩʪʴ D ʧʨʷʤʳʤʠ, ʧʘʨʘʣʣʝʣʴʥʳʤʠ ʢʦʦʨʜʠʥʘʪʥʳʤ ʦʩʷʤ, ʥʘ ʧ 

ʧʨʘʚʠʣʴʥʳʭ (ʚ ʦʩʥʦʚʥʦʤ ʧʨʷʤʦʫʛʦʣʴʥʳʭ) ʦʙʣʘʩʪʝʡ S1, S2,é, Sn. ʊʦʛʜʘ ʧʦ 

ʪʝʦʨʝʤʝ 1 



1 2

1

... .
n i

n

D S S S S
i

I I I I I . 

ʀʟ (2) ʧʦʣʫʯʠʤ:  

1

( ) , ( ) ,
i

n

S i i D i i
i

I f P S I f P S  

ʛʜʝ ʩʧʨʘʚʘ ʩʪʦʠʪ ʠʥʪʝʛʨʘʣʴʥʘʷ ʩʫʤʤʘ, ʧʨʝʜʝʣ ʢʦʪʦʨʦʡ ʨʘʚʝʥ ʜʚʦʡʥʦʤʫ 

ʠʥʪʝʛʨʘʣʫ ʦʪ f ʧʦ ʦʙʣʘʩʪʠ D, ʘ ʩʣʝʚʘ ï ʧʦʩʪʦʷʥʥʦʝ ʯʠʩʣʦ ID . ʇʝʨʝʭʦʜʷ ʢ 

ʧʨʝʜʝʣʫ ʧʨʠ  max 0,iS  ʧʦʣʫʯʠʤ ʨʘʚʝʥʩʪʚʦ (3). 

 

ʇʨʠʤʝʨ 1. 

ɺʳʯʠʩʣʠʤ ʜʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ z = x + y ʧʦ ʦʙʣʘʩʪʠ, 

ʧʨʝʜʩʪʘʚʣʷʶʱʝʡ ʩʦʙʦʡ ʪʨʝʫʛʦʣʴʥʠʢ ʩ ʚʝʨʰʠʥʘʤʠ ʚ ʪʦʯʢʘʭ (0,0), (0,1) ʠ (1,0) 

(ʨʠʩ.3). 

 
ʈʠʩ. 3 

ɿʜʝʩʴ ʘ = 0, b = 1, 1(x) = 0, 2(x) = 1 ï x. ʊʦʛʜʘ  

1 1

0 0

1 12 2

0 0

1 3
2

0

( ) ( )

1 (1 )
( (1 )

02 2

11 1 1
(1 ) 1 .

02 2 3 3

x

D

x y dxdy dx x y dy

xy x
dx xy x x dx

x
x dx

 

 

ɺʳʯʠʩʣʝʥʠʝ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʚ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ 

 

ʅʘʧʦʤʥʠʤ ʦʧʨʝʜʝʣʝʥʠʝ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪ: ʢʦʦʨʜʠʥʘʪʥʘʷ ʩʠʩʪʝʤʘ ʩʦʩʪʦʠʪ 

ʠʟ ʪʦʯʢʠ ʆ (ʧʦʣʶʩʘ) ʠ ʚʳʭʦʜʷʱʝʛʦ ʠʟ ʥʝʛʦ ʣʫʯʘ (ʧʦʣʷʨʥʦʡ ʦʩʠ). 

ʂʦʦʨʜʠʥʘʪʘʤʠ ʪʦʯʢʠ ʄ ʚ ʵʪʦʡ ʩʠʩʪʝʤʝ ʷʚʣʷʶʪʩʷ ʜʣʠʥʘ ʦʪʨʝʟʢʘ ʄʆ ï 

ʧʦʣʷʨʥʳʡ ʨʘʜʠʫʩ p ʠ ʫʛʦʣ h ʤʝʞʜʫ ʄʆ ʠ ʧʦʣʷʨʥʦʡ ʦʩʴʶ: ʄ(p,h). 

x 

y 

1 

O 1 



ʇʨʘʚʠʣʴʥʦʡ ʦʙʣʘʩʪʴʶ ʚ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ ʥʘʟʦʚʝʤ ʪʘʢʫʶ ʦʙʣʘʩʪʴ, 

ʛʨʘʥʠʮʫ ʢʦʪʦʨʦʡ ʢʘʞʜʳʡ ʣʫʯ, ʚʳʭʦʜʷʱʠʡ ʠʟ ʧʦʣʶʩʘ, ʧʝʨʝʩʝʢʘʝʪ ʥʝ ʙʦʣʝʝ 

ʯʝʤ ʚ ʜʚʫʭ ʪʦʯʢʘʭ (ʨʠʩ.4). 

 
ʈʠʩ. 4 

 

ɿʘʜʘʜʠʤ ʚ ʦʙʣʘʩʪʠ D, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʳʤʠ =ū1 ( ) ʠ =ū2 ( ), ʛʜʝ 1 <  

< 2, ʥʝʧʨʝʨʳʚʥʫʶ ʬʫʥʢʮʠʶ z = f( , ). ʈʘʟʦʙʴʝʤ ʦʙʣʘʩʪʴ D ʥʘ ʯʘʩʪʠ Sik , 

ʦʛʨʘʥʠʯʝʥʥʳʝ ʣʫʯʘʤʠ  = i-1 ʠ  = i , ʚʳʭʦʜʷʱʠʤʠ ʠʟ ʧʦʣʶʩʘ, ʠ ʜʫʛʘʤʠ 

ʦʢʨʫʞʥʦʩʪʝʡ  = k-1 ʠ  = k ʩ ʮʝʥʪʨʦʤ ʚ ʧʦʣʶʩʝ, ʠ ʩʦʩʪʘʚʠʤ ʠʥʪʝʛʨʘʣʴʥʫʶ 

ʩʫʤʤʫ  

1

( ) ,
n

n ik ik
k i

V f P S  

ʛʜʝ Pik ï ʪʦʯʢʘ, ʧʨʠʥʘʜʣʝʞʘʱʘʷ Sik . ʅʘʡʜʝʤ ʧʣʦʱʘʜʴ ʯʘʩʪʠ Sik , ʥʝ 

ʧʝʨʝʩʝʢʘʝʤʦʡ ʛʨʘʥʠʮʝʡ ʦʙʣʘʩʪʠ, ʢʘʢ ʨʘʟʥʦʩʪʴ ʧʣʦʱʘʜʝʡ ʜʚʫʭ ʩʝʢʪʦʨʦʚ: 

2 2

*

1 1
( )

2 2

,
2

ik i i k i k

i
i i k i i k

S

 

ʛʜʝ * .i i i i  ʋʯʠʪʳʚʘʷ, ʯʪʦ ʧʣʦʱʘʜʠ ʯʘʩʪʝʡ, ʧʝʨʝʩʝʢʘʝʤʳʭ 

ʛʨʘʥʠʮʝʡ ʦʙʣʘʩʪʠ, ʩʪʨʝʤʷʪʩʷ ʢ ʥʫʣʶ ʧʨʠ 0k  ʠ 0,i  ʧʦʣʫʯʠʤ: 

22

1 1

0

0

( )

* * *

0
1 ( )0

( , ) lim

lim ( , ) ( , ) .

i

k

i

k

n

D

n

i k i i k
k i

f d d V

f f d d

 

 

ʇʨʠʤʝʨ 2. 

ɺʳʚʝʜʝʤ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʬʦʨʤʫʣʫ ʜʣʷ ʧʣʦʱʘʜʠ ʢʨʫʛʘ 

ʨʘʜʠʫʩʘ R ʩ ʮʝʥʪʨʦʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ: 
2 2 22 2 2

2

0 0 0 0

2 .
02 2 2

R

D

R R R
d d d d d d R  

ʆ 
1 

2 

=ʌ2( ) 

=ʌ1( ) 



 

ʇʈʀʄɽʈʓ ʈɽʐɽʅʀʗ ɿɸɼɸʏ 
 

ɿʘʜʘʯʘ 1. 
ʈʘʩʩʪʘʚʠʪʴ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʧʦʚʪʦʨʥʦʤ ʠʥʪʝʛʨʘʣʝ ʦʪ ʬʫʥʢʮʠʠ 

( , )z f x y  

ʧʦ ʦʙʣʘʩʪʠ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ  
2 7 8 3 5.y x x u y x  

 

ʋʢʘʟʘʥʠʝ 
ʅʘʡʜʠʪʝ ʘʙʩʮʠʩʩʳ ʪʦʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ʢʨʠʚʳʭ, ʦʛʨʘʥʠʯʠʚʘʶʱʠʭ ʦʙʣʘʩʪʴ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ (ʜʣʷ ʵʪʦʛʦ ʥʫʞʥʦ ʨʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ 
2 7 8 3 5).x x x  

ʊʝʤ ʩʘʤʳʤ ʚʳ ʥʘʡʜʝʪʝ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚʦ ʚʥʝʰʥʝʤ ʠʥʪʝʛʨʘʣʝ, ʝʩʣʠ 

ʚ ʢʘʯʝʩʪʚʝ ʚʥʝʰʥʝʡ ʧʝʨʝʤʝʥʥʦʡ ʚʳʙʨʘʥ ʭ. 

 

ʈʝʰʝʥʠʝ 

 
 

ʅʘʡʜʝʤ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚʦ ʚʥʝʰʥʝʤ ʠʥʪʝʛʨʘʣʝ: 
2 2

1 27 8 3 5 4 3 0 3; 1.x x x x x x a x b  

ʂʨʦʤʝ ʪʦʛʦ, ʥʘ ʛʨʘʬʠʢʝ ʚʠʜʥʦ, ʯʪʦ ʥʠʞʥʝʡ ʛʨʘʥʠʮʝʡ ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ 

ʷʚʣʷʝʪʩʷ ʧʘʨʘʙʦʣʘ y=x
2
+7x+8, ʘ ʚʝʨʭʥʝʡ ʛʨʘʥʠʮʝʡ ï ʧʨʷʤʘʷ y=3x+5. ʕʪʠ 

ʬʦʨʤʫʣʳ ʟʘʜʘʶʪ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚʦ ʚʥʫʪʨʝʥʥʝʤ ʠʥʪʝʛʨʘʣʝ (ʧʦ 

ʧʝʨʝʤʝʥʥʦʡ ʫ). ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦʚʪʦʨʥʳʡ ʠʥʪʝʛʨʘʣ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

2

1 3 5

3 7 8

( , ) .
x

x x

dx f x y dy  

ʆʪʚʝʪ: 
2

1 3 5

3 7 8

( , ) .
x

x x

dx f x y dy  

ɿʘʜʘʯʘ 2. 
ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ 

x 

y 

y=x
2
+7x+8 

y=3x+5 

-3 
-1 



7
1

3 3

0 2

( , ) .
x

x

dx f x y dy  

 

ʋʢʘʟʘʥʠʝ 
ʀʟʦʙʨʘʟʠʪʝ ʦʙʣʘʩʪʴ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʥʘ ʯʝʨʪʝʞʝ, ʟʘʪʝʤ ʥʘʡʜʠʪʝ ʥʘʠʙʦʣʴʰʝʝ ʠ 

ʥʘʠʤʝʥʴʰʝʝ ʟʥʘʯʝʥʠʝ ʫ ʜʣʷ ʪʦʯʝʢ, ʧʨʠʥʘʜʣʝʞʘʱʠʭ ʦʙʣʘʩʪʠ, ʠ ʦʧʨʝʜʝʣʠʪʝ 

ʫʨʘʚʥʝʥʠʷ ʝʝ ʣʝʚʦʡ ʠ ʧʨʘʚʦʡ ʛʨʘʥʠʮʳ ʚ ʚʠʜʝ ʭ = ʭ1(ʫ) ʠ ʭ = ʭ2(ʫ). 

 

ʈʝʰʝʥʠʝ 
ʇʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚʦ ʚʥʝʰʥʝʤ ʠʥʪʝʛʨʘʣʝ ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʦʙʣʘʩʪʴ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʨʘʩʧʦʣʦʞʝʥʘ ʚ ʧʦʣʦʩʝ 0 < x < 3. ʉʚʝʨʭʫ ʠ ʩʥʠʟʫ ʦʥʘ 

ʦʛʨʘʥʠʯʝʥʘ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʢʨʠʚʳʤʠ  
7

1 2 .
3

xy x u y  

ʇʦʩʪʨʦʠʤ ʵʪʠ ʢʨʠʚʳʝ ʥʘ ʯʝʨʪʝʞʝ ʠ ʥʘʡʜʝʤ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʝʢ ʠʭ 

ʧʝʨʝʩʝʯʝʥʠʷ. 

 
 

ʀʟ ʛʨʘʬʠʢʘ ʚʠʜʥʦ, ʯʪʦ ʦʜʥʘ ʠʟ ʪʦʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ʛʨʘʥʠʮ ʦʙʣʘʩʪʠ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʠʤʝʝʪ ʢʦʦʨʜʠʥʘʪʳ (0,1). ɺʳʯʠʩʣʠʚ ʟʥʘʯʝʥʠʷ ʬʫʥʢʮʠʡ 
7

1 2
3

xy x u y  

ʧʨʠ ʭ = 3, ʫʙʝʞʜʘʝʤʩʷ, ʯʪʦ 3 ï ʘʙʩʮʠʩʩʘ ʚʪʦʨʦʡ ʪʦʯʢʠ ʧʝʨʝʩʝʯʝʥʠʷ, ʦʨʜʠʥʘʪʘ 

ʢʦʪʦʨʦʡ ʨʘʚʥʘ 8. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʝʜʝʣʳ ʧʦ ʫ ʚʦ ʚʥʝʰʥʝʤ ʠʥʪʝʛʨʘʣʝ: 1 ʠ 8. 

ʇʨʝʦʙʨʘʟʫʝʤ ʫʨʘʚʥʝʥʠʷ ʛʨʘʥʠʮ ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʢ ʚʠʜʫ ʭ = ʭ(ʫ): 

2

3 37
1 ;

3 7

2 log .x

y
y x x

y x y

 

ʇʨʠ ʵʪʦʤ ʧʨʷʤʘʷ ʦʛʨʘʥʠʯʠʚʘʝʪ ʦʙʣʘʩʪʴ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʩʣʝʚʘ, ʪʦ ʝʩʪʴ ʝʝ 

ʫʨʘʚʥʝʥʠʝ ʟʘʜʘʝʪ ʥʠʞʥʠʡ ʧʨʝʜʝʣ ʧʦ ʭ, ʘ ʣʦʛʘʨʠʬʤʠʯʝʩʢʘʷ ʢʨʠʚʘʷ ʷʚʣʷʝʪʩʷ 

ʧʨʘʚʦʡ ʛʨʘʥʠʮʝʡ ʠ ʦʧʨʝʜʝʣʷʝʪ ʚʝʨʭʥʠʡ ʧʨʝʜʝʣ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. ʊʘʢʠʤ 

ʦʙʨʘʟʦʤ, 

x 

y 

ʆ 3 

1 

8 

ʫ=2
ʭ ʫ=7/3ʭ+1 



2

7
1

log3 83

3 30 12
7

( , ) ( , ) .
x

x
y

y

dx f x y dy dy f x y dx  

ʆʪʚʝʪ: 
2log8

3 31
7

( , ) .
y

y

dy f x y dx  

 

ɿʘʜʘʯʘ 3. 
ɺʳʯʠʩʣʠʪʴ ʜʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ 

2

2
( , )

1

x
f x y

y
 

ʧʦ ʦʙʣʘʩʪʠ D: 0 < x < 3, 0 < y < 1. 

 

ʋʢʘʟʘʥʠʝ 
ɽʩʣʠ ʚʳʙʨʘʪʴ ʚ ʢʘʯʝʩʪʚʝ ʚʥʝʰʥʝʡ ʧʝʨʝʤʝʥʥʦʡ ʭ, ʘ ʠʟ ʚʥʫʪʨʝʥʥʝʛʦ ʠʥʪʝʛʨʘʣʘ 

ʚʳʥʝʩʪʠ ʚʦ ʚʥʝʰʥʠʡ ʠʥʪʝʛʨʘʣ ʤʥʦʞʠʪʝʣʴ ʭ
2
, ʥʝ ʟʘʚʠʩʷʱʠʡ ʦʪ ʫ, ʪʦ 

ʚʥʫʪʨʝʥʥʠʡ ʠʥʪʝʛʨʘʣ ʥʝ ʙʫʜʝʪ ʩʦʜʝʨʞʘʪʴ ʭ ʥʠ ʚ ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʡ ʬʫʥʢʮʠʠ, 

ʥʠ ʚ ʧʨʝʜʝʣʘʭ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. ʇʦʵʪʦʤʫ ʜʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʧʨʝʜʩʪʘʚʣʷʝʪ 

ʩʦʙʦʡ ʧʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʦʧʨʝʜʝʣʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ. 

 

ʈʝʰʝʥʠʝ 
3 1 3 12 2

2

2 2 2

0 0 0 0

3 13

0 0

1

1 1 1

9
9 .

3 4 4

D

x x
dxdy dx dy x dx dy

y y y

x
arctg y

 

ʆʪʚʝʪ: 
9

.
4

 

 

ɿʘʜʘʯʘ 4. 
ɺʳʯʠʩʣʠʪʴ ʜʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ 

2 2( , )f x y x y  

ʧʦ ʦʙʣʘʩʪʠ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ ʫ = ʭ, ʫ = ʭ + 1, ʫ = 1 ʠ ʫ = 3. 

 

ʋʢʘʟʘʥʠʝ 
 

ʇʝʨʝʡʜʠʪʝ ʢ ʧʦʚʪʦʨʥʦʤʫ ʠʥʪʝʛʨʘʣʫ, ʧʨʠʥʠʤʘʷ ʚ ʢʘʯʝʩʪʚʝ ʚʥʝʰʥʝʡ 

ʧʝʨʝʤʝʥʥʦʡ ʫ. 

 

ʈʝʰʝʥʠʝ 
ʆʙʣʘʩʪʴ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʠʤʝʝʪ ʚʠʜ: 

 



 
ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʧʦ ʵʪʦʡ ʦʙʣʘʩʪʠ ʫʜʦʙʥʦ ʧʨʠʥʷʪʴ ʚ 

ʢʘʯʝʩʪʚʝ ʚʥʝʰʥʝʡ ʧʝʨʝʤʝʥʥʦʡ ʫ. ʊʦʛʜʘ ʧʨʠ ʧʝʨʝʭʦʜʝ ʢ ʧʦʚʪʦʨʥʦʤʫ ʠʥʪʝʛʨʘʣʫ 

ʧʦʣʫʯʠʤ: 
3 3 3

2 2 2 2 2

11 1 1

3 3 3
3 2

1

33
2 3 2

11

( ) ( )
3

( 1)
( 1)

3 3

1 2 1 1
2 14.

3 3 2 3

x yy

x yD y

x
x y dxdy dy x y dx dy xy

y y
y y y dy

y y dy y y y

 

ʆʪʚʝʪ: 14. 

 

ɿʘʜʘʯʘ 5. 
ɺʳʯʠʩʣʠʪʴ ʜʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ 

2( , )f x y xy  

ʧʦ ʦʙʣʘʩʪʠ, ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ x
2
 + y

2
 < 9, ʫ > 0. 

 

ʋʢʘʟʘʥʠʝ 

ʇʝʨʝʡʜʠʪʝ ʢ ʧʦʣʷʨʥʳʤ ʢʦʦʨʜʠʥʘʪʘʤ. 

 

ʈʝʰʝʥʠʝ 
ʆʙʣʘʩʪʴ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʠʤʝʝʪ ʚʠʜ: 

 

 

x 

y 

y=x+1 

y=x 

y=1 

y=3 

1 

3 

D 

x 

y 

3 -3 

3 

D 



 

ʇʝʨʝʡʜʝʤ ʢ ʧʦʣʷʨʥʳʤ ʢʦʦʨʜʠʥʘʪʘʤ. ʊʦʛʜʘ ʫʨʘʚʥʝʥʠʝ ʦʢʨʫʞʥʦʩʪʠ ʟʘʧʠʰʝʪʩʷ 

ʪʘʢ: 
2 2 2 2 2 2 29 cos sin 9 9 3.x y  

ʇʦʣʷʨʥʳʡ ʫʛʦʣ  ʠʟʤʝʥʷʝʪʩʷ ʚʥʫʪʨʠ ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʧʨʝʜʝʣʘʭ ʦʪ 0 

ʜʦ . ɿʘʧʠʰʝʤ ʧʦʚʪʦʨʥʳʡ ʠʥʪʝʛʨʘʣ ʚ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ, ʩʜʝʣʘʚ ʟʘʤʝʥʫ  
cos , sinx y  

ʠ ʫʯʠʪʳʚʘʷ, ʯʪʦ ʷʢʦʙʠʘʥ ʧʝʨʝʭʦʜʘ ʦʪ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪ ʢ ʧʦʣʷʨʥʳʤ 

ʨʘʚʝʥ : 
3

2 2 2

0 0

33 3 5
2 4

0 00 0

cos sin

sin 243
sin cos 0 0.

3 5 5

D

xy dxdy d d

d d

 

ʆʪʚʝʪ: 0. 

 

ɿʘʜʘʯʘ 6. 
ɺʳʯʠʩʣʠʪʴ ʜʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ 

2

2 2
( , )

y
f x y

x y
 

ʧʦ ʦʙʣʘʩʪʠ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʝʡ x
2
 + y

2
 = 3ʭ. 

 

ʋʢʘʟʘʥʠʝ 
ʇʝʨʝʡʜʠʪʝ ʢ ʧʦʣʷʨʥʳʤ ʢʦʦʨʜʠʥʘʪʘʤ. 

 

ʈʝʰʝʥʠʝ 
ʇʨʝʦʙʨʘʟʫʝʤ ʫʨʘʚʥʝʥʠʝ ʛʨʘʥʠʮʳ ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ: 

2 2 2 2

2

2

9 9
3 3

4 4

3 9

2 4

x y x x x y

x y

 

ʫʨʘʚʥʝʥʠʝ ʦʢʨʫʞʥʦʩʪʠ ʨʘʜʠʫʩʘ 1,5 ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ (1,5; 0). 

 

x 

y 

D 

O 3 1,5 



 

ɿʘʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʵʪʦʡ ʦʢʨʫʞʥʦʩʪʠ ʚ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ: 
2 2 2 2 2 2

2

3 cos sin 3 cos

3 cos 3cos .

x y x
 

ʇʦʩʢʦʣʴʢʫ ʧʦʣʶʩ (ʪʦ ʝʩʪʴ ʥʘʯʘʣʦ ʢʦʦʨʜʠʥʘʪ) ʧʨʠʥʘʜʣʝʞʠʪ ʦʙʣʘʩʪʠ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ, ʥʠʞʥʠʡ ʧʨʝʜʝʣ ʚ ʠʥʪʝʛʨʘʣʝ ʧʦ  ʨʘʚʝʥ ʥʫʣʶ. ʀʟ ʯʝʨʪʝʞʘ 

ʚʠʜʥʦ, ʯʪʦ ʫʛʦʣ  ʠʟʤʝʥʷʝʪʩʷ ʚ ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʩ ʧʨʝʜʝʣʘʭ ʦʪ - /2 ʜʦ 

/2. ɺʳʯʠʩʣʠʤ ʜʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʚ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ: 

3cos2 2 22

2 2 2

0
2

3cos 3cos22 2
2 2

00
2 2

2 2
2 2 2

2 2

22

2 2

sin

sin sin
2

9 9
sin cos sin 2

2 8

9 9 1 9
(1 cos 4 ) sin 4 .

16 16 4 16

D

y
dxdy d d

x y

d d d

d d

d

 

ʆʪʚʝʪ: 
9

.
16

 

 

2.1.3. ɺʳʯʠʩʣʝʥʠʝ ʪʨʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. 

 ʂʨʠʚʦʣʠʥʝʡʥʳʝ ʢʦʦʨʜʠʥʘʪʳ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ.  

ʗʢʦʙʠʘʥ ʠ ʝʛʦ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ.  

ɿʘʤʝʥʘ ʧʝʨʝʤʝʥʥʳʭ ʚ ʢʨʘʪʥʳʭ ʠʥʪʝʛʨʘʣʘʭ.  

ʇʝʨʝʭʦʜ ʢ ʮʠʣʠʥʜʨʠʯʝʩʢʠʤ ʠ ʩʬʝʨʠʯʝʩʢʠʤ ʢʦʦʨʜʠʥʘʪʘʤ 

 ʚ ʪʨʦʡʥʦʤ ʠʥʪʝʛʨʘʣʝ 
 

ʇʨʦʮʝʜʫʨʘ ʚʳʯʠʩʣʝʥʠʷ ʪʨʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʘʥʘʣʦʛʠʯʥʘ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ 

ʦʧʝʨʘʮʠʠ ʜʣʷ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. ɼʣʷ ʝʝ ʦʧʠʩʘʥʠʷ ʚʚʝʜʝʤ ʧʦʥʷʪʠʝ 

ʧʨʘʚʠʣʴʥʦʡ ʪʨʝʭʤʝʨʥʦʡ ʦʙʣʘʩʪʠ: 

ʊʨʝʭʤʝʨʥʘʷ ʦʙʣʘʩʪʴ V, ʦʛʨʘʥʠʯʝʥʥʘʷ ʟʘʤʢʥʫʪʦʡ ʧʦʚʝʨʭʥʦʩʪʴʶ S, ʥʘʟʳʚʘʝʪʩʷ 

ʧʨʘʚʠʣʴʥʦʡ, ʝʩʣʠ: 

1) ʣʶʙʘʷ ʧʨʷʤʘʷ, ʧʘʨʘʣʣʝʣʴʥʘʷ ʦʩʠ ʆz ʠ ʧʨʦʚʝʜʝʥʥʘʷ ʯʝʨʝʟ ʚʥʫʪʨʝʥʥʶʶ 

ʪʦʯʢʫ ʦʙʣʘʩʪʠ, ʧʝʨʝʩʝʢʘʝʪ S ʚ ʜʚʫʭ ʪʦʯʢʘʭ; 

2) ʚʩʷ ʦʙʣʘʩʪʴ V ʧʨʦʝʢʪʠʨʫʝʪʩʷ ʥʘ ʧʣʦʩʢʦʩʪʴ ʆʭʫ ʚ ʧʨʘʚʠʣʴʥʫʶ 

ʜʚʫʤʝʨʥʫʶ ʦʙʣʘʩʪʴ D; 



3) ʣʶʙʘʷ ʯʘʩʪʴ ʦʙʣʘʩʪʠ V, ʦʪʩʝʯʝʥʥʘʷ ʦʪ ʥʝʝ ʧʣʦʩʢʦʩʪʴʶ, ʧʘʨʘʣʣʝʣʴʥʦʡ 

ʢʘʢʦʡ-ʣʠʙʦ ʠʟ ʢʦʦʨʜʠʥʘʪʥʳʭ ʧʣʦʩʢʦʩʪʝʡ, ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʘʤʠ 1) ʠ 2). 

 
ʈʠʩ. 1 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʘʚʠʣʴʥʫʶ ʦʙʣʘʩʪʴ V, ʦʛʨʘʥʠʯʝʥʥʫʶ ʩʥʠʟʫ ʠ ʩʚʝʨʭʫ 

ʧʦʚʝʨʭʥʦʩʪʷʤʠ  z= (x,y)  ʠ  z= (x,y) ʠ ʧʨʦʝʢʪʠʨʫʶʱʫʶʩʷ ʥʘ ʧʣʦʩʢʦʩʪʴ ʆʭʫ ʚ 

ʧʨʘʚʠʣʴʥʫʶ ʦʙʣʘʩʪʴ D, ʚʥʫʪʨʠ ʢʦʪʦʨʦʡ ʭ ʠʟʤʝʥʷʝʪʩʷ ʚ ʧʨʝʜʝʣʘʭ ʦʪ ʘ ʜʦ b, 

ʦʛʨʘʥʠʯʝʥʥʫʶ ʢʨʠʚʳʤʠ y= 1(x) ʠ    y= 2(x) (ʨʠʩ.1). ɿʘʜʘʜʠʤ ʚ ʦʙʣʘʩʪʠ V 

ʥʝʧʨʝʨʳʚʥʫʶ ʬʫʥʢʮʠʶ f(x, y, z). 

ʅʘʟʦʚʝʤ ʪʨʝʭʢʨʘʪʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʦʪ ʬʫʥʢʮʠʠ f(x, y, z) ʧʦ ʦʙʣʘʩʪʠ V 

ʚʳʨʘʞʝʥʠʝ ʚʠʜʘ:  

2

1

( ) ( , )

( ) ( , )

( , , ) . (1)
x x yb

V

a x x y

I f x y z dz dy dx  

ʊʨʝʭʢʨʘʪʥʳʡ ʠʥʪʝʛʨʘʣ ʦʙʣʘʜʘʝʪ ʪʝʤʠ ʞʝ ʩʚʦʡʩʪʚʘʤʠ, ʯʪʦ ʠ ʜʚʫʢʨʘʪʥʳʡ. 

ʇʝʨʝʯʠʩʣʠʤ ʠʭ ʙʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ, ʪʘʢ ʢʘʢ ʦʥʠ ʜʦʢʘʟʳʚʘʶʪʩʷ ʘʥʘʣʦʛʠʯʥʦ 

ʩʣʫʯʘʶ ʜʚʫʢʨʘʪʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. 

1. ɽʩʣʠ ʦʙʣʘʩʪʴ V ʨʘʟʙʠʪʴ ʥʘ ʜʚʝ ʦʙʣʘʩʪʠ V1 ʠ V2 ʧʣʦʩʢʦʩʪʴʶ, 

ʧʘʨʘʣʣʝʣʴʥʦʡ ʢʘʢʦʡ-ʣʠʙʦ ʠʟ ʢʦʦʨʜʠʥʘʪʥʳʭ ʧʣʦʩʢʦʩʪʝʡ, ʪʦ ʪʨʝʭʢʨʘʪʥʳʡ 

ʠʥʪʝʛʨʘʣ ʧʦ ʦʙʣʘʩʪʠ V ʨʘʚʝʥ ʩʫʤʤʝ ʪʨʝʭʢʨʘʪʥʳʭ ʠʥʪʝʛʨʘʣʦʚ ʧʦ ʦʙʣʘʩʪʷʤ V1 ʠ 

V2. 

2. ɽʩʣʠ ʪ ʠ ʄ ï ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʥʘʠʤʝʥʴʰʝʝ ʠ ʥʘʠʙʦʣʴʰʝʝ ʟʥʘʯʝʥʠʷ 

ʬʫʥʢʮʠʠ f(x,y,z) ʚ ʦʙʣʘʩʪʠ V, ʪʦ ʚʝʨʥʦ ʥʝʨʘʚʝʥʩʪʚʦ 

mV Ò IV Ò MV, 

ʛʜʝ V ï ʦʙʲʝʤ ʜʘʥʥʦʡ ʦʙʣʘʩʪʠ, ʘ IV ï ʪʨʝʭʢʨʘʪʥʳʡ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ 

f(x,y,z) ʧʦ ʦʙʣʘʩʪʠ V. 

3. ʊʨʝʭʢʨʘʪʥʳʡ ʠʥʪʝʛʨʘʣ IV ʦʪ ʥʝʧʨʝʨʳʚʥʦʡ ʬʫʥʢʮʠʠ f(x,y,z) ʧʦ ʦʙʣʘʩʪʠ V 

ʨʘʚʝʥ ʧʨʦʠʟʚʝʜʝʥʠʶ ʝʛʦ ʦʙʲʝʤʘ V ʥʘ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʥʝʢʦʪʦʨʦʡ ʪʦʯʢʝ ʈ 

ʦʙʣʘʩʪʠ V: 

2

1

( ) ( , )

( ) ( , )

( , , ) ( ) . (2)
x x yb

V

a x x y

I f x y z dz dy dx f P V  

ʭ 

ʫ 

z 
z= (x,y) 

z= (x,y) 

V 

a 

b 

y= 2(x) y= 1(x) D 



 

ɺʳʯʠʩʣʝʥʠʝ ʪʨʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 

 

ʊʝʦʨʝʤʘ 1. ʊʨʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ f(x,y,z) ʧʦ ʧʨʘʚʠʣʴʥʦʡ ʦʙʣʘʩʪʠ V 

ʨʘʚʝʥ ʪʨʝʭʢʨʘʪʥʦʤʫ ʠʥʪʝʛʨʘʣʫ ʧʦ ʪʦʡ ʞʝ ʦʙʣʘʩʪʠ: 

2

1

( ) ( , )

( ) ( , )

( , , ) ( , , ) . (3)
x x yb

V a x x y

f x y z dv f x y z dz dy dx  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. 

ʈʘʟʦʙʴʝʤ ʦʙʣʘʩʪʴ V ʧʣʦʩʢʦʩʪʷʤʠ, ʧʘʨʘʣʣʝʣʴʥʳʤʠ ʢʦʦʨʜʠʥʘʪʥʳʤ ʧʣʦʩʢʦʩʪʷʤ, 

ʥʘ ʧ ʧʨʘʚʠʣʴʥʳʭ ʦʙʣʘʩʪʝʡ 1 2, ,..., .nv v v . ʊʦʛʜʘ ʠʟ ʩʚʦʡʩʪʚʘ 1 ʩʣʝʜʫʝʪ, ʯʪʦ 

1 2
... ,

nV v v vI I I I  

ʛʜʝ 
ivI  ʪʨʝʭʢʨʘʪʥʳʡ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ f(x,y,z) ʧʦ ʦʙʣʘʩʪʠ .iv  

ʀʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ (2), ʧʨʝʜʳʜʫʱʝʝ ʨʘʚʝʥʩʪʚʦ ʤʦʞʥʦ ʧʝʨʝʧʠʩʘʪʴ ʚ ʚʠʜʝ: 

1 1 2 2( ) ( ) ... ( ) .V n nI f P v f P v f P v  

ʀʟ ʫʩʣʦʚʠʷ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ f(x,y,z) ʩʣʝʜʫʝʪ, ʯʪʦ ʧʨʝʜʝʣ ʠʥʪʝʛʨʘʣʴʥʦʡ 

ʩʫʤʤʳ, ʩʪʦʷʱʝʡ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʵʪʦʛʦ ʨʘʚʝʥʩʪʚʘ, ʩʫʱʝʩʪʚʫʝʪ ʠ ʨʘʚʝʥ 

ʪʨʦʡʥʦʤʫ ʠʥʪʝʛʨʘʣʫ ( , , ) .
V

f x y z dv  ʊʦʛʜʘ, ʧʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ ʧʨʠ 0, 

ʧʦʣʫʯʠʤ: 

( , , ) ,V

V

I f x y z dv  

ʯʪʦ ʠ ʪʨʝʙʦʚʘʣʦʩʴ ʜʦʢʘʟʘʪʴ. 

 

ɿʘʤʝʯʘʥʠʝ. 

ɸʥʘʣʦʛʠʯʥʦ ʩʣʫʯʘʶ ʜʚʦʡʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʤʦʞʥʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʠʟʤʝʥʝʥʠʝ 

ʧʦʨʷʜʢʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʥʝ ʤʝʥʷʝʪ ʟʥʘʯʝʥʠʷ ʪʨʝʭʢʨʘʪʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. 

 

ʇʨʠʤʝʨ 1. ɺʳʯʠʩʣʠʤ ʠʥʪʝʛʨʘʣ ,
V

xyzdxdydz  ʛʜʝ V ï ʪʨʝʫʛʦʣʴʥʘʷ ʧʠʨʘʤʠʜʘ 

ʩ ʚʝʨʰʠʥʘʤʠ ʚ ʪʦʯʢʘʭ (0, 0, 0), (1, 0, 0), (0, 1, 0) ʠ (0, 0, 1). ɽʝ ʧʨʦʝʢʮʠʝʡ ʥʘ 

ʧʣʦʩʢʦʩʪʴ ʆʭʫ  ʷʚʣʷʝʪʩʷ ʪʨʝʫʛʦʣʴʥʠʢ ʩ ʚʝʨʰʠʥʘʤʠ (0, 0), (1, 0) ʠ (0, 1). ʉʥʠʟʫ 

ʦʙʣʘʩʪʴ ʦʛʨʘʥʠʯʝʥʘ ʧʣʦʩʢʦʩʪʴʶ z = 0, ʘ ʩʚʝʨʭʫ ï ʧʣʦʩʢʦʩʪʴʶ x + y + z = 1. 

ʇʝʨʝʡʜʝʤ ʢ ʪʨʝʭʢʨʘʪʥʦʤʫ ʠʥʪʝʛʨʘʣʫ: 
11 1

0 0 0

.
x yx

V

xyzdxdydz dx dy xyzdz 

ʄʥʦʞʠʪʝʣʠ, ʥʝ ʟʘʚʠʩʷʱʠʝ ʦʪ ʧʝʨʝʤʝʥʥʦʡ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ, ʤʦʞʥʦ ʚʳʥʝʩʪʠ ʟʘ 

ʟʥʘʢ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʠʥʪʝʛʨʘʣʘ: 



11 1 1 1 2

0 0 0 0 0

1 1
2

0 0

1 2 3 4
2

0

1 1
4 2 3 4 5

0 0

2 6
3 4 5
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02

1
(1 )

2

11
(1 ) 2(1 )

02 2 3 4

1 1
(1 ) ( 4 6 4 )

24 24

1 4 3 4

24 2 3 2 5 6

x yx x

x

x yz
xdx ydy zdz xdx ydy

xdx y x y dy

xy y y
xdx x x

x x dx x x x x x dx

x x
x x x

1 1
.

0 720

 

 

 

ʂʨʠʚʦʣʠʥʝʡʥʳʝ ʢʦʦʨʜʠʥʘʪʳ ʚ ʪʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ 

 

1. ʎʠʣʠʥʜʨʠʯʝʩʢʠʝ ʢʦʦʨʜʠʥʘʪʳ 

 

ʎʠʣʠʥʜʨʠʯʝʩʢʠʝ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ ʈ(, ,z) ï ʵʪʦ ʧʦʣʷʨʥʳʝ ʢʦʦʨʜʠʥʘʪʳ ,  

ʧʨʦʝʢʮʠʠ ʵʪʦʡ ʪʦʯʢʠ ʥʘ ʧʣʦʩʢʦʩʪʴ ʆʭʫ ʠ ʘʧʧʣʠʢʘʪʘ ʜʘʥʥʦʡ ʪʦʯʢʠ z (ʨʠʩ.2). 

ʌʦʨʤʫʣʳ ʧʝʨʝʭʦʜʘ ʦʪ ʮʠʣʠʥʜʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪ ʢ ʜʝʢʘʨʪʦʚʳʤ ʤʦʞʥʦ 

ʟʘʜʘʪʴ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

cos , sin , . (4)x y z z  

 

 
 

ʈʠʩ. 2 

 

 

 

ʭ 

ʫ 

z 

P( , ,z) 

 
 

O 



2. ʉʬʝʨʠʯʝʩʢʠʝ ʢʦʦʨʜʠʥʘʪʳ 

 

 
ʈʠʩ. 3 

 

ɺ ʩʬʝʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʧʦʣʦʞʝʥʠʝ ʪʦʯʢʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʦʧʨʝʜʝʣʷʝʪʩʷ 

ʣʠʥʝʡʥʦʡ ʢʦʦʨʜʠʥʘʪʦʡ  ï ʨʘʩʩʪʦʷʥʠʝʤ ʦʪ ʪʦʯʢʠ ʜʦ ʥʘʯʘʣʘ ʜʝʢʘʨʪʦʚʦʡ 

ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ (ʠʣʠ ʧʦʣʶʩʘ ʩʬʝʨʠʯʝʩʢʦʡ ʩʠʩʪʝʤʳ),  ï ʧʦʣʷʨʥʳʤ ʫʛʣʦʤ 

ʤʝʞʜʫ ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʧʦʣʫʦʩʴʶ ʆʭ ʠ ʧʨʦʝʢʮʠʝʡ ʪʦʯʢʠ ʥʘ ʧʣʦʩʢʦʩʪʴ ʆʭʫ, ʠ  

ï ʫʛʣʦʤ ʤʝʞʜʫ ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʧʦʣʫʦʩʴʶ ʦʩʠ ʆz ʠ ʦʪʨʝʟʢʦʤ OP (ʨʠʩ.3). ʇʨʠ 

ʵʪʦʤ  
0, 0 2 , 0 . 

ɿʘʜʘʜʠʤ ʬʦʨʤʫʣʳ ʧʝʨʝʭʦʜʘ ʦʪ ʩʬʝʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪ ʢ ʜʝʢʘʨʪʦʚʳʤ: 

sin cos , sin sin , cos . (5)x y z  

 

ʗʢʦʙʠʘʥ ʠ ʝʛʦ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ 

 

ʈʘʩʩʤʦʪʨʠʤ ʦʙʱʠʡ ʩʣʫʯʘʡ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʳʭ ʚ ʜʚʦʡʥʦʤ ʠʥʪʝʛʨʘʣʝ. ʇʫʩʪʴ ʚ 

ʧʣʦʩʢʦʩʪʠ ʆʭʫ ʜʘʥʘ ʦʙʣʘʩʪʴ D, ʦʛʨʘʥʠʯʝʥʥʘʷ ʣʠʥʠʝʡ L. ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʭ ʠ 

ʫ ʷʚʣʷʶʪʩʷ ʦʜʥʦʟʥʘʯʥʳʤʠ ʠ ʥʝʧʨʝʨʳʚʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʤʠ ʬʫʥʢʮʠʷʤʠ 

ʥʦʚʳʭ ʧʝʨʝʤʝʥʥʳʭ u ʠ v: 

( , ), ( , ). (6)x u v y u v  

ʈʘʩʩʤʦʪʨʠʤ ʧʨʷʤʦʫʛʦʣʴʥʫʶ ʩʠʩʪʝʤʫ ʢʦʦʨʜʠʥʘʪ Ⱥuv, ʪʦʯʢʘ ȼǖ(u, v) ʢʦʪʦʨʦʡ 
ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʪʦʯʢʝ ʈ(ʭ, ʫ) ʠʟ ʦʙʣʘʩʪʠ D. ɺʩʝ ʪʘʢʠʝ ʪʦʯʢʠ ʦʙʨʘʟʫʶʪ ʚ 

ʧʣʦʩʢʦʩʪʠ Ⱥuv ʦʙʣʘʩʪʴ Dȭ, ʦʛʨʘʥʠʯʝʥʥʫʶ ʣʠʥʠʝʡ Lȭ. ʄʦʞʥʦ ʩʢʘʟʘʪʴ, ʯʪʦ 

ʬʦʨʤʫʣʳ (6) ʫʩʪʘʥʘʚʣʠʚʘʶʪ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʩʦʦʪʚʝʪʩʪʚʠʝ ʤʝʞʜʫ 

ʪʦʯʢʘʤʠ ʦʙʣʘʩʪʝʡ D ʠ Dȭ. ʇʨʠ ʵʪʦʤ ʣʠʥʠʷʤ u = const ʠ v = const ʚ ʧʣʦʩʢʦʩʪʠ 

Ⱥuv ʙʫʜʫʪ ʩʦʦʪʚʝʪʩʪʚʦʚʘʪʴ ʥʝʢʦʪʦʨʳʝ ʣʠʥʠʠ ʚ ʧʣʦʩʢʦʩʪʠ ʆʭʫ. 

 

ʭ 

ʫ 

z 

P( , , ) 

 

 

O 

 



 
ȼɔɝ. 4 

 
ȼɔɝ. 5 

 

ʈʘʩʩʤʦʪʨʠʤ ʚ ʧʣʦʩʢʦʩʪʠ Ⱥuv ʧʨʷʤʦʫʛʦʣʴʥʫʶ ʧʣʦʱʘʜʢʫ Sȭ, ʦʛʨʘʥʠʯʝʥʥʫʶ 

ʧʨʷʤʳʤʠ u = const, u+ u = const, v = const ʠ v+ v = const. ɽʡ ʙʫʜʝʪ 

ʩʦʦʪʚʝʪʩʪʚʦʚʘʪʴ ʢʨʠʚʦʣʠʥʝʡʥʘʷ ʧʣʦʱʘʜʢʘ S ʚ ʧʣʦʩʢʦʩʪʠ ʆʭʫ (ʨʠʩ.5). 

ʇʣʦʱʘʜʠ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʭ ʧʣʦʱʘʜʦʢ  ʪʦʞʝ ʙʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ Sȭ ʠ S. ʇʨʠ 

ʵʪʦʤ  Sȭ = u v. ʅʘʡʜʝʤ ʧʣʦʱʘʜʴ S. ʆʙʦʟʥʘʯʠʤ ʚʝʨʰʠʥʳ ʵʪʦʛʦ 

ʢʨʠʚʦʣʠʥʝʡʥʦʛʦ ʯʝʪʳʨʝʭʫʛʦʣʴʥʠʢʘ ʈ1, ʈ2, ʈ3, ʈ4, ʛʜʝ 

1 1 1 1 1

2 2 2 2 2

3 3 3 3 3

4 4 4 4 4

( , ), ( , ), ( , );

( , ), ( , ), ( , );

( , ), ( , ), ( , );

( , ), ( , ), ( , ).

P x y x u v y u v

P x y x u u v y u u v

P x y x u u v v y u u v v

P x y x u v v y u v v

 

ɿʘʤʝʥʠʤ ʤʘʣʳʝ ʧʨʠʨʘʱʝʥʠʷ u ʠ v ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤʠ ʜʠʬʬʝʨʝʥʮʠʘʣʘʤʠ. 

ʊʦʛʜʘ 

1 1

2 2

3 3

4 4

( , ), ( , ),

, , , ,

, , , ,

, , , .

x u v y u v

x u v u y u v u
u u

x u v u v y u v u v
u v u v

x u v v y u v v
v v

 

ʇʨʠ ʵʪʦʤ ʯʝʪʳʨʝʭʫʛʦʣʴʥʠʢ ʈ1ʈ2ʈ3ʈ4  ʤʦʞʥʦ ʩʯʠʪʘʪʴ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʦʤ ʠ 

ʦʧʨʝʜʝʣʠʪʴ ʝʛʦ ʧʣʦʱʘʜʴ ʧʦ ʬʦʨʤʫʣʝ ʠʟ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ: 

3 1 3 2 3 2 3 1( )( ) ( )( )

(7)

.

S x x y y x x y y

u v v v u v
u v v v u v

u v
u v u v I S

u v v u

u v

 

x 

y 

P4 

P3 

P2 
P1 

x4 x1 x3 x2 

y3 
y4 

y2 
y1 

S 

u 

v 

u  u+ u 

v 

v+ v 
S' 



 

ʆʧʨʝʜʝʣʠʪʝʣʴ 

u v
I

u v

 

ʥʘʟʳʚʘʝʪʩʷ ʬʫʥʢʮʠʦʥʘʣʴʥʳʤ 

ʦʧʨʝʜʝʣʠʪʝʣʝʤ  ʠʣʠ ʷʢʦʙʠʘʥʦʤ  ʬʫʥʢʮʠʡ 

(ʭ, ʫ) ʠ (ʭ, ʫ). 

 

 

ʇʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ ʧʨʠ max 0S  ʚ ʨʘʚʝʥʩʪʚʝ (7), ʧʦʣʫʯʠʤ 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʷʢʦʙʠʘʥʘ: 

0
| | lim , (8)

S

S
I

S
 

ʪʦ ʝʩʪʴ ʤʦʜʫʣʴ ʷʢʦʙʠʘʥʘ ʝʩʪʴ ʧʨʝʜʝʣ ʦʪʥʦʰʝʥʠʷ ʧʣʦʱʘʜʝʡ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʭ 

ʧʣʦʱʘʜʦʢ S ʠ Sȭ. 

ɿʘʤʝʯʘʥʠʝ.  

ɸʥʘʣʦʛʠʯʥʳʤ ʦʙʨʘʟʦʤ ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʧʦʥʷʪʠʝ ʷʢʦʙʠʘʥʘ ʠ ʝʛʦ 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʜʣʷ ʧ-ʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ: ʝʩʣʠ x1 = 1(u1, u2,é,un), 

x2 = 2(u1, u2,é,un),é, xn = n(u1, u2,é, un), ʪʦ 

1 1 1

1 2

2 2 2

1 2

1 2

...

...
.

... ... ... ...

...

n

n

n n n

n

u u u

u u uI

u u u

 

ʇʨʠ ʵʪʦʤ ʤʦʜʫʣʴ ʷʢʦʙʠʘʥʘ ʜʘʝʪ ʧʨʝʜʝʣ ʦʪʥʦʰʝʥʠʷ çʦʙʲʝʤʦʚè ʤʘʣʳʭ 

ʦʙʣʘʩʪʝʡ ʧʨʦʩʪʨʘʥʩʪʚ ʭ1, ʭ2,é, ʭʧ  ʠ u1, u2,é, un . 

 

ɿʘʤʝʥʘ ʧʝʨʝʤʝʥʥʳʭ ʚ ʢʨʘʪʥʳʭ ʠʥʪʝʛʨʘʣʘʭ 

 

ʀʩʩʣʝʜʫʝʤ ʦʙʱʠʡ ʩʣʫʯʘʡ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʳʭ ʥʘ ʧʨʠʤʝʨʝ ʜʚʦʡʥʦʛʦ 

ʠʥʪʝʛʨʘʣʘ. 

ʇʫʩʪʴ ʚ ʦʙʣʘʩʪʠ D ʟʘʜʘʥʘ ʥʝʧʨʝʨʳʚʥʘʷ ʬʫʥʢʮʠʷ z = f(x,y), ʢʘʞʜʦʤʫ ʟʥʘʯʝʥʠʶ 

ʢʦʪʦʨʦʡ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʪʦ ʞʝ ʩʘʤʦʝ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ z = F(u, v) ʚ ʦʙʣʘʩʪʠ 
Dȭ, ʛʜʝ 

F(u, v) = f(ȕ(u, v), ȗ(u, v)). 
ʈʘʩʩʤʦʪʨʠʤ ʠʥʪʝʛʨʘʣʴʥʫʶ ʩʫʤʤʫ 

( , ) ( , ) ( , )| | ,f x y S F u v S F u v I S  



ʛʜʝ ʠʥʪʝʛʨʘʣʴʥʘʷ ʩʫʤʤʘ ʩʧʨʘʚʘ ʙʝʨʝʪʩʷ ʧʦ ʦʙʣʘʩʪʠ Dȭ. ʇʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ 

ʧʨʠ max 0,S  ʧʦʣʫʯʠʤ ʬʦʨʤʫʣʫ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʢʦʦʨʜʠʥʘʪ ʚ ʜʚʦʡʥʦʤ 

ʠʥʪʝʛʨʘʣʝ: 

( , ) ( , )| | .
D D

f x y dxdy F u v I dudv  

ɸʥʘʣʦʛʠʯʥʳʤ ʦʙʨʘʟʦʤ ʤʦʞʥʦ ʚʳʚʝʩʪʠ ʧʦʜʦʙʥʫʶ ʬʦʨʤʫʣʫ ʜʣʷ ʪʨʦʡʥʦʛʦ 

ʠʥʪʝʛʨʘʣʘ: 

( , , )

( ( , , ), ( , , ), ( , , ))| | ,

V

V

f x y z dxdydz

f u v w u v w u v w I dudvdw
 

ʛʜʝ x = (u, v, w), y = (u, v, w), z = (u, v, w), 

, (9)

u v w

I
u v w

u v w

 

ʘ ʦʙʣʘʩʪʴ V ʧʨʦʩʪʨʘʥʩʪʚʘ ʆxyz ʦʪʦʙʨʘʞʘʝʪʩʷ ʚ ʦʙʣʘʩʪʴ Vȭ ʧʨʦʩʪʨʘʥʩʪʚʘ 

Ouvw. 
 

ʇʝʨʝʭʦʜ ʢ ʮʠʣʠʥʜʨʠʯʝʩʢʠʤ ʠ ʩʬʝʨʠʯʝʩʢʠʤ ʢʦʦʨʜʠʥʘʪʘʤ 

ʚ ʪʨʦʡʥʦʤ ʠʥʪʝʛʨʘʣʝ 

 

ʅʘʡʜʝʤ, ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʳ (4), (5) ʠ (9), ʷʢʦʙʠʘʥʳ ʧʝʨʝʭʦʜʘ ʦʪ ʜʝʢʘʨʪʦʚʳʭ 

ʢʦʦʨʜʠʥʘʪ ʢ ʮʠʣʠʥʜʨʠʯʝʩʢʠʤ ʠ ʩʬʝʨʠʯʝʩʢʠʤ: 

1) ʜʣʷ ʮʠʣʠʥʜʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪ 

cos sin 0

sin cos 0 ,

0 0 1

I  

2) ʜʣʷ ʩʬʝʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪ 

2

sin cos sin sin cos cos

sin sin sin cos cos sin sin .

cos 0 sin

I  

ʊʦʛʜʘ ʬʦʨʤʫʣʳ ʧʝʨʝʭʦʜʘ ʢ ʮʠʣʠʥʜʨʠʯʝʩʢʠʤ ʠʣʠ ʩʬʝʨʠʯʝʩʢʠʤ ʢʦʦʨʜʠʥʘʪʘʤ ʚ 

ʪʨʦʡʥʦʤ ʠʥʪʝʛʨʘʣʝ ʙʫʜʫʪ ʚʳʛʣʷʜʝʪʴ ʪʘʢ: 



2 22

1 1 1

2 22

1 1 1

( ) ( , )

1

( ) ( , )

( ) ( , )

2
2

( ) ( , )

( , , ) ( , , )

sin ( , , ) ,

z

V z

f x y z dxdydz d d F z dz

d d F d

 

ʛʜʝ ʩʤʳʩʣ ʦʙʦʟʥʘʯʝʥʠʡ ʧʦʥʷʪʝʥ ʠʟ ʧʨʝʜʳʜʫʱʝʛʦ ʪʝʢʩʪʘ. 

 

ʇʨʠʤʝʨ 2. 

ɺʳʯʠʩʣʠʤ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ  ʧʦ ʦʙʣʘʩʪʠ, ʦʛʨʘʥʠʯʝʥʥʦʡ 

ʧʦʚʝʨʭʥʦʩʪʷʤʠ xĮ + yĮ = 1, y = 0, y = x, z = 0, z = 1. 

 

ʇʨʠʤʝʨ 3. 

ʇʫʩʪʴ ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ u = 1, ʘ ʦʙʣʘʩʪʴ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ï ʰʘʨ 

ʨʘʜʠʫʩʘ R ʩ ʮʝʥʪʨʦʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ. ʊʦʛʜʘ 

 

 

ʇʈʀʄɽʈʓ ʈɽʐɽʅʀʗ ɿɸɼɸʏ 
 

ɿʘʜʘʯʘ 1. 
ʈʘʩʩʪʘʚʠʪʴ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʧʦʚʪʦʨʥʦʤ ʠʥʪʝʛʨʘʣʝ ʦʪ ʬʫʥʢʮʠʠ u = f 

(x,y,z) ʧʦ ʦʙʣʘʩʪʠ V, ʦʛʨʘʥʠʯʝʥʥʦʡ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

 

 

ʋʢʘʟʘʥʠʝ 
ʅʘʡʜʠʪʝ ʧʨʦʝʢʮʠʶ ʦʙʣʘʩʪʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʥʘ ʢʦʦʨʜʠʥʘʪʥʫʶ ʧʣʦʩʢʦʩʪʴ ʆʭʫ 

ʠ ʨʘʩʩʪʘʚʴʪʝ ʧʦ ʵʪʦʡ ʦʙʣʘʩʪʠ ʧʨʝʜʝʣʳ ʚ ʠʥʪʝʛʨʘʣʘʭ ʧʦ ʭ ʠ ʫ. 

 

ʈʝʰʝʥʠʝ 
ʆʙʣʘʩʪʴ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʩʥʠʟʫ ʦʛʨʘʥʠʯʝʥʘ ʢʦʥʫʩʦʤ, ʘ ʩʚʝʨʭʫ ï ʧʘʨʘʙʦʣʦʠʜʦʤ 

ʚʨʘʱʝʥʠʷ. 

 


