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��������� ­ ±²®¿¹¥¬ ¯®±®¡¨¨ ¨§« £ ¾²±¿ ®±­®¢­»¥ ª« ±±¨·¥±ª¨¥ ¬¥²®¤»  ¯¯°®ª±¨¬ ¶¨¨´³­ª¶¨© ¬­®£®·«¥­ ¬¨ ¨ ¯°¨¬¥­¥­¨¥ ½²¨µ ¬¥²®¤®¢ ¤«¿ § ¤ · ·¨±«¥­­®£® ¤¨´´¥°¥­-¶¨°®¢ ­¨¿. �³­ª¶¨¿ | ¶¥­²° «¼­®¥ ¯®­¿²¨¥ ¢ ¬ ²¥¬ ²¨ª¥. �°¨ ¯° ª²¨·¥±ª®¬ ¢»-·¨±«¥­¨¨ ¤ ¦¥ ¤®¢®«¼­® ¯°®±²»µ ´³­ª¶¨© (² ª¨µ, ­ ¯°¨¬¥°, ª ª sinx, cosx, ex) ³¦¥¢®§­¨ª ¥² ¢®¯°®±: ª ª ¨µ ¢»·¨±«¿²¼? � ±²® ­  ¯° ª²¨ª¥ §­ ·¥­¨¿ ´³­ª¶¨© ¡»¢ ¾²¨§¢¥±²­» «¨¸¼ ¢ ­¥ª®²®°®¬ ·¨±«¥ ²®·¥ª. � ª ¯®«³·¨²¼ §­ ·¥­¨¿ ² ª¨µ ´³­ª¶¨© ¢ ¯°®-¬¥¦³²®·­»µ ²®·ª µ? � ½²¨µ ¨ ¤°³£¨µ ¯®¤®¡­»µ § ¤ · µ ¨±¯®«¼§³¥²±¿  ¯¯°®ª±¨¬ ¶¨¿(¯°¨¡«¨¦¥­¨¥) ¨§³· ¥¬»µ ´³­ª¶¨© ¡®«¥¥ ¯°®±²»¬¨, ª ª ¯° ¢¨«®, ¬­®£®·«¥­ ¬¨.� ±¯°®±²° ­¥­­®© § ¤ ·¥© ¿¢«¿¥²±¿ ² ª¦¥ § ¤ ·  ¯°¨¡«¨¦¥­­®£® ¢»·¨±«¥­¨¿ ¯°®-¨§¢®¤­®© ´³­ª¶¨¨, ¥±«¨ ®­  ¨§¢¥±²­  ¢ ­¥ª®²®°®¬ ­ ¡®°¥ ²®·¥ª. �®®²¢¥²±²¢³¾¹¨¥¬¥²®¤» ¯°¨¡«¨¦¥­¨¿, ­ §»¢ ¥¬»¥ ´®°¬³« ¬¨ ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿, ¬®£³²¡»²¼ ¯®«³·¥­» ± ¯®¬®¹¼¾ ¬­®£®·«¥­®¢,  ¯¯°®ª±¨¬¨°³¾¹¨µ ´³­ª¶¨¾.������������� ������� ������������1. �­®£®·«¥­ �¥©«®° �¡®§­ ·¨¬ ·¥°¥§ C[a; b] ¬­®¦¥±²¢® ¢±¥µ ­¥¯°¥°»¢­»µ ­  ®²°¥§ª¥ [a; b] ´³­ª¶¨©. �¥-°¥§ Cn[a; b] ¡³¤¥¬ ®¡®§­ · ²¼ ¬­®¦¥±²¢® ´³­ª¶¨©, ¤«¿ ª®²®°»µ f (n) 2 C[a; b], ².¥. ´³­ª-¶¨¿ f n ° § ¤¨´´¥°¥­¶¨°³¥¬  ¨ ¥¥ n- ¿ ¯°®¨§¢®¤­ ¿ ­¥¯°¥°»¢­  ­  ®²°¥§ª¥ [a; b].�¯°¥¤¥«¥­¨¥. �³±²¼ f 2 C[a; b]. �­®£®·«¥­®¬ �¥©«®°  ´³­ª¶¨¨ f ¢ ²®·ª¥ x0 2 [a; b]±²¥¯¥­¨ n ­ §»¢ ¥²±¿ ¬­®£®·«¥­Pn(x) = nXk=o f (k)(x0)k! (x � x0)k:�°¨¬¥° 1.1. � ©²¨ ¬­®£®·«¥­ �¥©«®°  ±²¥¯¥­¨ n ¤«¿ ´³­ª¶¨¨ f(x) = sinx ¢ ­³«¥.�¥¸¥­¨¥. �¥²°³¤­® ³¡¥¤¨²¼±¿, ·²®f (2k�1)(x) = (�1)k�1 cosx; f (2k) = (�1)k sinx; k = 1; 2; : : : :�®½²®¬³ ¤«¿ n = 2k � 1 ¨¬¥¥¬P2k�1(x) = x� x33! + � � �+ (�1)k�1(2k � 1)!x2k�1:{ 3 {



�²®² ¦¥ ¬­®£®·«¥­ ¿¢«¿¥²±¿ ¬­®£®·«¥­®¬ �¥©«®°  ¨ ¤«¿ n = 2k, ² ª ª ª f (2k)(0) = 0.�­®£®·«¥­ �¥©«®°  ±²¥¯¥­¨ n ®¡« ¤ ¥² ²¥¬ § ¬¥· ²¥«¼­»¬ ±¢®©±²¢®¬, ·²® ¢±¥ ¥£®¯°®¨§¢®¤­»¥ ¤® ¯®°¿¤ª  n ¢ª«¾·¨²¥«¼­® ¢ ²®·ª¥ x0 ±®¢¯ ¤ ¾² ± ±®®²¢¥²±²¢³¾¹¨¬¨¯°®¨§¢®¤­»¬¨ ´³­ª¶¨¨ f , ².¥.P (k)n (x0) = f (k)(x0); k = 0; 1; : : : ; n:�²® ±¢®©±²¢® «¥£ª® ¯°®¢¥°¨²¼ ­¥¯®±°¥¤±²¢¥­­»¬ ¤¨´´¥°¥­¶¨°®¢ ­¨¥¬ Pn(x).�®«®¦¨¬ Rn(x) = f(x) � Pn(x):�¥«¨·¨­  Rn(x) ° ¢­  ¯®£°¥¸­®±²¨, ¢®§­¨ª ¾¹¥© ¯°¨ § ¬¥­¥ ´³­ª¶¨¨ ­  ¥¥ ¬­®£®·«¥­�¥©«®°  ¢ ²®·ª¥ x.�§ ª³°±  ¬ ²¥¬ ²¨·¥±ª®£®  ­ «¨§  ¨§¢¥±²­®, ·²®, ¥±«¨ f 2 Cn+1[a; b], ²® ¯°¨ ¢±¥µx 2 [a; b] ±¯° ¢¥¤«¨¢® ¯°¥¤±² ¢«¥­¨¥ ¯®£°¥¸­®±²¨ Rn(x) ¢ ´®°¬¥ � £° ­¦ Rn(x) = f (n+1)(�)(n+ 1)! (x � x0)n+1;£¤¥ � ­¥ª®²®° ¿ ²®·ª , «¥¦ ¹ ¿ ±²°®£® ¬¥¦¤³ x ¨ x0, ¥±«¨ x 6= x0.� ª ª ª f (n+1) ­¥¯°¥°»¢­  ­  [a; b], ²® ®­  ®£° ­¨·¥­  ­  ½²®¬ ®²°¥§ª¥. �®«®¦¨¬Mn+1 = maxx2[a;b] jf (n+1)(x)j:�®£¤  ¨¬¥¥¬ ¤«¿ ¢±¥µ x 2 [a; b](1.1) jf(x) � Pn(x)j � Mn+1(n+ 1)! jx � x0jn+1:�¯¯°®ª±¨¬ ¶¨¿ ¬­®£®·«¥­ ¬¨ �¥©«®°  (¨«¨, ·²® ²® ¦¥, ®²°¥§ª ¬¨ °¿¤®¢ �¥©«®° )¨±¯®«¼§³¥²±¿, ª®£¤  ³ ´³­ª¶¨¨ «¥£ª® ¢»·¨±«¿¾²±¿ ¯°®¨§¢®¤­»¥ ¢»±¸¨µ ¯®°¿¤ª®¢,  ®±² ²®·­»© ·«¥­ ±²°¥¬¨²±¿ ª ­³«¾ ¯°¨ n!1. �²® ¯°¥¦¤¥ ¢±¥£® ®²­®±¨²±¿ ª ½«¥¬¥­-² °­»¬ ´³­ª¶¨¿¬ sinx, cosx, ex, ln(1 + x) ¨ arctgx. � ¯®¬­¨¬ °¿¤» �¥©«®°  ¤«¿ ½²¨µ´³­ª¶¨©: sinx = x� x33! + x55! � x77! + : : : ;cosx = 1� x22! + x44! � x66! + : : : ;ex = 1+ x + x22! + x33! + : : : ;ln(1 + x) = x� x22 + x33 � x44 + : : : ;arctg x = x� x33 + x55 � x77 + : : : :�¥°¢»¥ ²°¨ °¿¤  ±µ®¤¿²±¿ ­  ¢±¥© ·¨±«®¢®© ®±¨,   ¯®±«¥¤­¨© ¨¬¥¥² ° ¤¨³± ±µ®¤¨¬®±²¨,° ¢­»© ¥¤¨­¨¶¥. { 4 {



�°¨¬¥° 2.1. � ©²¨  ¯¯°®ª±¨¬ ¶¨¾ ´³­ª¶¨¨ sinx ¬­®£®·«¥­®¬ �¥©«®° , ¯®§¢®«¿¾-¹³¾ ¢»·¨±«¿²¼ ½²³ ´³­ª¶¨¾ ± ¯®£°¥¸­®±²¼¾, ­¥ ¯°¥¢®±µ®¤¿¹¥© 10�6.�¥¸¥­¨¥. � ¯®¬®¹¼¾ ´®°¬³« ¯°¨¢¥¤¥­¨¿ § ¤ ·  ±¢®¤¨²±¿ ª ¢»·¨±«¥­¨¾ sinx ¤«¿0 � x < �2 . �®«¥¥ ²®£®, ¢ ±¨«³ ° ¢¥­±²¢ sinx = cos��2 � x�¬®¦­® ®£° ­¨·¨²¼±¿ ®²°¥§ª®¬ 0 � x � �4 , ¥±«¨ ± ²®© ¦¥ ²®·­®±²¼¾ ¯®±²°®¨²¼  ¯¯°®ª-±¨¬ ¶¨¾ ­  ½²®¬ ¦¥ ®²°¥§ª¥ ¤«¿ ´³­ª¶¨¨ cosx.�¬¥¥¬ (±¬. ¯°¨¬¥° 1.1)sinx = x� x33! + � � �+ (�1)k�1(2k � 1)!x2k�1 +Rs2k;cosx = 1� x22! + � � �+ (�1)k(2k)! x2k +Rc2k+1:� ±¨«³ ²®£®, ·²®maxx2[0; �4 ] j sin(2k+1) xj = maxx2[0; �4 ] j cos(2k+2) xj = maxx2[0; �4 ] j cosxj = 1;¯®«³· ¥¬ (±¬. (1.1))(1.2) jRs2k(x)j � 1(2k + 1)! jxj2k+1 � 1(2k + 1)! ��4�2k+1 ;jRc2k+1(x)j � 1(2k + 2)! jxj2k+2 � 1(2k + 2)! ��4�2k+2 :�¡®§­ ·¨¢ ·¥°¥§ rs ¨ rc ¯° ¢»¥ · ±²¨ ¢ (1.2), ¡³¤¥¬ ¨¬¥²¼:k 0 1 2 3 4rs 7; 85 � 10�1 8; 07 � 10�2 2; 49 � 10�3 3; 66 � 10�5 3; 13 � 10�7rc 3; 08 � 10�1 1; 59 � 10�2 3; 26 � 10�4 3; 59 � 10�6 2; 46 � 10�8� ª¨¬ ®¡° §®¬, ¤«¿ x 2 h0; �4 i ¯®«³· ¥¬ ±«¥¤³¾¹¨¥  ¯¯°®ª±¨¬ ¶¨¨(1.3) sinx � x � x33! + x55! � x77! ; jRs8(x)j � 3; 13 � 10�7;cosx � 1� x22! + x44! � x66! + x88! ; jRc9(x)j � 2; 46 � 10�8:{ 5 {



2. �»·¨±«¥­¨¥ §­ ·¥­¨© ¬­®£®·«¥­ . �µ¥¬  �®°­¥° � ±±¬®²°¨¬ ¬­®£®·«¥­ ±²¥¯¥­¨ nPn(x) = a0 + a1x+ � � �+ an�1xn�1 + anxn:�²®¡» ¢»·¨±«¨²¼ §­ ·¥­¨¿ ½²®£® ¬­®£®·«¥­  ¢ ²®·ª¥ a ¬®¦­® ±­ · «  ­ ©²¨ ± ¯®¬®¹¼¾(n � 1)-£® ³¬­®¦¥­¨¿ a; a2; : : : ; an,   § ²¥¬ ¢»¯®«­¨²¼ ¥¹¥ n ³¬­®¦¥­¨© ¨ n ±«®¦¥­¨©.�¡¹¥¥ ·¨±«®  °¨´¬¥²¨·¥±ª¨µ ¤¥©±²¢¨© ¯°¨ ² ª®¬  «£®°¨²¬¥ ¡³¤¥² ° ¢­® 3n� 1.�¤­ ª® ±³¹¥±²¢³¥² ¡®«¥¥ ½ª®­®¬­»© ±¯®±®¡ ¢»·¨±«¥­¨¿ ¬­®£®·«¥­ , ®±­®¢ ­­»© ­ ¥£® ¯°¥¤±² ¢«¥­¨¨ ¢ ¢¨¤¥Pn(x) = a0 + x(a1 + x(a2 + : : : x(an�2 + x(an�1 + xan)) : : : )):�®£¤  ¢»·¨±«¥­¨¥ Pn(a) ±¢®¤¨²±¿ ª ¯®±«¥¤®¢ ²¥«¼­®¬³ ­ µ®¦¤¥­¨¾ ±«¥¤³¾¹¨µ ¢¥«¨·¨­bn = an;bn�1 = an�1 + abn;bn�2 = an�2 + abn�1;: : : : : : : : : : : : : : : : : : : : : : : :b1 = a1 + ab2;b0 = a0 + ab1 = Pn(a):�²®² ±¯®±®¡ ­ §»¢ ¥²±¿ ±µ¥¬®© �®°­¥° . �«¿ °¥ «¨§ ¶¨¨ ½²®£®  «£®°¨²¬  ²°¥¡³¥²±¿n ³¬­®¦¥­¨© ¨ n ±«®¦¥­¨©, ².¥. ¢±¥£® 2n  °¨´¬¥²¨·¥±ª¨µ ¤¥©±²¢¨©. �®¦­® ¤®ª § ²¼,·²® ¢ ®¡¹¥¬ ±«³· ¥ ­¥ ±³¹¥±²¢³¥² ±¯®±®¡  ¢»·¨±«¥­¨¿  «£¥¡° ¨·¥±ª®£® ¬­®£®·«¥­ n-®© ±²¥¯¥­¨ ¬¥­¥¥, ·¥¬ §  2n  °¨´¬¥²¨·¥±ª¨µ ¤¥©±²¢¨©.�²¬¥²¨¬, ·²® ¯°¨ ¢»·¨±«¥­¨¨ ­  ª®¬¯¼¾²¥°¥ ¬­®£®·«¥­®¢ ± ¡®«¼¸¨¬¨ ª®½´´¨¶¨¥­-² ¬¨ ¯® ±µ¥¬¥ �®°­¥°  ¬®¦¥² ¯°®¨§®©²¨ §­ ·¨²¥«¼­ ¿ ¯®²¥°¿ ²®·­®±²¨ §  ±·¥² ¢»·¨² -­¨¿ ¡®«¼¸¨µ ®ª°³£«¥­­»µ ·¨±¥«. �«¿ ­¥ª®²®°»µ ±¯¥¶¨ «¼­»µ ¬­®£®·«¥­®¢, ° ±±¬ ²°¨-¢ ¥¬»µ ¤ «¥¥, ¯°¥¤¯®·²¨²¥«¼­¥¥ ¢ ±¬»±«¥ ²®·­®±²¨ ¿¢«¿¥²±¿ ¯°¨¬¥­¥­¨¥ °¥ª³°°¥­²­»µ±®®²­®¸¥­¨©, ±¢¿§»¢ ¾¹¨µ §­ ·¥­¨¿ ¬­®£®·«¥­®¢ ° §­»µ ¯®°¿¤ª®¢.� ¬¥· ­¨¥. �±«¨ ¬­®£®·«¥­ ¥±²¼ ·¥²­ ¿ ´³­ª¶¨¿, ².¥.P2k(x) = a0 + a2x2 + � � � + a2kx2k;²® ¥£® ³¤®¡­® ¢»·¨±«¿²¼ ¯® ´®°¬³«¥P2k(x) = a0 + x2(a2 + � � �+ x2(a2k�2 + x2a2k) : : : ):�­ «®£¨·­® ¤«¿ ¬­®£®·«¥­  ­¥·¥²­®© ±²¥¯¥­¨P2k+1(x) = a1x+ a3x3 + � � � + a2k+1x2k+1³¤®¡­® ¯®«¼§®¢ ²¼±¿ ¯°¥¤±² ¢«¥­¨¥¬P2k+1(x) = x(a1 + x2(a3 + � � �+ x2(a2k�1 + x2a2k+1) : : : )):� ¯°¨¬¥°, ¤«¿  ¯¯°®ª±¨¬ ¶¨© (1.3) ¨¬¥¥¬sinx � x�1 + x2�� 13! + x2 � 15! � x2 17!��� ;cosx � 1 + x2�� 12! + x2� 14! + x2�� 16! + x2 18!��� :{ 6 {



3. �­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ � £° ­¦ �¤­®© ¨§ ° ±¯°®±²° ­¥­­»µ § ¤ · ­  ¯° ª²¨ª¥ ¿¢«¿¥²±¿ ±«¥¤³¾¹ ¿ § ¤ · . �³­ª¶¨¿f(x) ¨§¢¥±²­  ¢ ­¥ª®²®°®© ±¨±²¥¬¥ ²®·¥ª x0; x1; : : : ; xn, ².¥. ¨§¢¥±²­» §­ ·¥­¨¿ f(xi),i = 0; 1; : : : ; n. �°¥¡³¥²±¿ ­ ©²¨ ¯°¨¡«¨¦¥­­»¥ §­ ·¥­¨¿ ´³­ª¶¨¨ ¢ ¯°®¬¥¦³²®·­»µ²®·ª µ.�·¥¢¨¤­®, ·²® ´³­ª¶¨©, ¯°¨­¨¬ ¾¹¨µ ¢ ¤ ­­»µ ²®·ª µ § ¤ ­­»¥ §­ ·¥­¨¿, ¡¥±ª®-­¥·­® ¬­®£®. �®½²®¬³, ·²®¡» § ¤ ·  ¡»«  ¯®±² ¢«¥­  ª®°°¥ª²­®, ­ ¤® § ¤ ²¼ ­¥ª®²®-°³¾ ¤®¯®«­¨²¥«¼­³¾ ¨­´®°¬ ¶¨¾ ® ²®¬ ª« ±±¥, ª®²®°®¬³ ¯°¨­ ¤«¥¦¨² ° ±±¬ ²°¨¢ -¥¬ ¿ ´³­ª¶¨¿, ¨«¨ ´¨ª±¨°®¢ ²¼ ª« ±± ¯°¨¡«¨¦ ¾¹¨µ ´³­ª¶¨©. �±²®°¨·¥±ª¨ ¯¥°¢®©¡»«  § ¤ ·  ® ­ µ®¦¤¥­¨¨ ´³­ª¶¨¨ ­ ¨¡®«¥¥ ¯°®±²®£® ¢¨¤ , ¯°®µ®¤¿¹¥© ·¥°¥§ § ¤ ­-­»¥ ²®·ª¨, ­ ¯°¨¬¥°, ¬­®£®·«¥­  ­ ¨¬¥­¼¸¥© ±²¥¯¥­¨.�¥®°¥¬  3.1. �³¹¥±²¢³¥² ¥¤¨­±²¢¥­­»© ¬­®£®·«¥­ n-®© ±²¥¯¥­¨, ³¤®¢«¥²¢®°¿¾¹¨©³±«®¢¨¿¬(3.1) Ln(xi) = f(xi); i = 0; 1; : : : ; n:�®ª § ²¥«¼±²¢®. 1. �³¹¥±²¢®¢ ­¨¥. � ±±¬®²°¨¬ ¬­®£®·«¥­» ±²¥¯¥­¨ nlnj(x) = (x � x0) : : : (x � xj�1)(x � xj+1) : : : (x � xn)(xj � x0) : : : (xj � xj�1)(xj � xj+1) : : : (xj � xn) ; j = 0; 1; : : : ; n:�¬¥¥¬(3.2) lnj(xj ) = 1; lnj(xi) = 0; i 6= j:�®«®¦¨¬(3.3) Ln(x) = nXj=0 lnj(x)f(xj ):� ±¨«³ ° ¢¥­±²¢ (3.2) ³¡¥¦¤ ¥¬±¿ ¢ ±¯° ¢¥¤«¨¢®±²¨ (3.1).2. �¤¨­±²¢¥­­®±²¼. �³±²¼ ¬­®£®·«¥­ eLn(x) ² ª¦¥ ³¤®¢«¥²¢®°¿¥² ° ¢¥­±²¢ ¬ (3.1).� ±±¬®²°¨¬ ¬­®£®·«¥­ ±²¥¯¥­¨ nPn(x) = Ln(x) � eLn(x):�¬¥¥¬ Pn(xi) = Ln(xi)� eLn(xi) = 0; i = 0; 1; : : : ; n:� ±¨«³ ®±­®¢­®© ²¥®°¥¬»  «£¥¡°» ·¨±«® ­³«¥© ¢±¿ª®£® ¬­®£®·«¥­ , ®²«¨·­®£® ®²²®¦¤¥±²¢¥­­®£® ­³«¿, ­¥ ¯°¥¢®±µ®¤¨² ¥£® ±²¥¯¥­¨. �«¥¤®¢ ²¥«¼­®, Pn(x) � 0, ².¥.eLn(x) � Ln(x). �¥®°¥¬  ¤®ª § ­ .�¯°¥¤¥«¥­¨¥. �­®£®·«¥­, ³¤®¢«¥²¢®°¿¾¹¨© ° ¢¥­±²¢ ¬ (3.1) ­ §»¢ ¥²±¿ ¨­²¥°¯®-«¿¶¨®­­»¬ ¬­®£®·«¥­®¬. { 7 {



�¯°¥¤¥«¥­¨¥. �­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­, § ¯¨± ­­»© ¢ ¢¨¤¥ (3.3) ­ §»¢ ¥²±¿¨­²¥°¯®«¿¶¨®­­»¬ ¬­®£®·«¥­®¬ � £° ­¦ .�­®£®·«¥­» lnj ¬®£³² ¡»²¼ § ¯¨± ­» ¢ ­¥±ª®«¼ª® ¨­®¬ ¢¨¤¥. �®«®¦¨¬!n(x) = (x � x0) : : : (x� xn):�®£¤  (x � x0) : : : (x � xj�1)(x � xj+1) : : : (x � xn) = !n(x)x� xj :�®±ª®«¼ª³ !0n(xj ) = (xj � x0) : : : (xj � xj�1)(xj � xj+1) : : : (xj � xn);²® lnj(x) = !n(x)(x � xj)!0n(xj) :�¥¬ ± ¬»¬ ¨­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ � £° ­¦  ¬®¦¥² ¡»²¼ ¯°¥¤±² ¢«¥­ ¢ ¢¨¤¥(3.4) Ln(x) = nXj=0 !n(x)(x � xj)!0n(xj )f(xj ) = !n(x) nXj=0 f(xj )(x � xj)!0n(xj ) :�°¨¬¥° 3.1. �®±²°®¨²¼ ¨­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ � £° ­¦  ¯® ¤ ­­»¬xi �1 0 1 3f(xi) 1 2 1 0¨ ¢»·¨±«¨²¼ ¥£® §­ ·¥­¨¥ ¯°¨ x = 2.�¥¸¥­¨¥. �§ ° ¢¥­±²¢  (3.3)L3(x) = x(x � 1)(x � 3)�8 + (x + 1)(x � 1)(x � 3)3 2 + (x + 1)x(x � 3)�4 = 724x3 � x2 � 724x+ 2:�«¥¤®¢ ²¥«¼­®, L3(2) = �14 .4. �®£°¥¸­®±²¼ ¯°¨ ¨­²¥°¯®«¿¶¨¨ ¬­®£®·«¥­®¬ � £° ­¦ �­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ � £° ­¦  · ±²® ¨±¯®«¼§³¥²±¿ ¤«¿ ¯°¨¡«¨¦¥­­»µ ¢»-·¨±«¥­¨© ¨±µ®¤­®© ´³­ª¶¨¨ ¢ ¯°®¬¥¦³²®·­»µ ²®·ª µ. �¥«¨·¨­  ¢®§­¨ª ¾¹¥© ¯°¨² ª®© § ¬¥­¥ ¯®£°¥¸­®±²¨ ¬®¦¥² ¡»²¼ ®¶¥­¥­  ± ¯®¬®¹¼¾ ±«¥¤³¾¹¥© ²¥®°¥¬».�¥®°¥¬  4.1. �³±²¼ f 2 Cn+1[a; b]. �®£¤  ¯°¨ ¢±¥µ x 2 [a; b] ¨¬¥¥² ¬¥±²® ° ¢¥­±²¢®(4.1) f(x) � Ln(x) = f (n+1)(�)(n + 1)! !n(x);{ 8 {



£¤¥ � 2 (a; b).�®ª § ²¥«¼±²¢®. �°¨ x = xi, i = 0; 1; : : : ; n, ° ¢¥­±²¢® (4. 1) ®·¥¢¨¤­®. �°¥¤¯®«®-¦¨¬, ·²® x 6= xi, i = 0; 1; : : : ; n. � ±±¬®²°¨¬ ´³­ª¶¨¾'(t) = f(t) � Ln(t)�K!n(t);£¤¥ K = f(x) � Ln(x)!n(x) :�¥£ª® ³¡¥¤¨²¼±¿, ·²® ¯°¨ ² ª®¬ ¢»¡®°¥ K '(x) = 0. �°®¬¥ ²®£®, '(xi) = 0, i =0; 1; : : : ; n. �¥¬ ± ¬»¬ ' ®¡° ¹ ¥²±¿ ¢ ­³«¼ ¢ n + 2 ° §«¨·­»µ ²®·ª µ. �® ²¥®°¥¬¥�®««¿ '0 ®¡° ¹ ¥²±¿ ¢ ­³«¼ ¯® ª° ©­¥© ¬¥°¥ ¢ n+1 ° §«¨·­®© ²®·ª¥ ¨§ ¨­²¥°¢ «  (a; b).�®±«¥¤®¢ ²¥«¼­® ¯°¨¬¥­¿¿ ²¥®°¥¬³ �®««¿, ¯®«³· ¥¬, ·²® ±³¹¥±²¢³¥² ²®·ª  � 2 (a; b),¤«¿ ª®²®°®© '(n+1)(�) = 0. � ª¨¬ ®¡° §®¬,(4.2) '(n+1)(�) = f (n+1)(�)�K!(n+1)(�) = 0(¬» ¨±¯®«¼§³¥¬ §¤¥±¼ ²®² ´ ª², ·²® n+1 ¯°®¨§¢®¤­ ¿ ®² ¬­®£®·«¥­  ±²¥¯¥­¨ n ²®¦¤¥-±²¢¥­­® ° ¢­  ­³«¾). �®±ª®«¼ª³ !(n+1)(t) � (n+ 1)!;²® ¨§ (4.2) ¯®«³· ¥¬ f (n+1)(�) = K(n + 1)!:�»° ¦ ¿ ®²±¾¤  K, ­ µ®¤¨¬'(t) = f(t) � Ln(t) � f (n+1)(�)(n+ 1)! !n(t):�®¤±² ¢«¿¿ ¢ ¯®±«¥¤­¥¥ ° ¢¥­±²¢® t = x ¨ ³·¨²»¢ ¿, ·²® '(x) = 0, ¯®«³· ¥¬ (4.1).�¥®°¥¬  ¤®ª § ­ .�«¥¤±²¢¨¥ 4.1. �³±²¼ f 2 Cn+1[a; b] ¨(4.3) Mn+1 = maxx2[a;b] jf (n+1)(x)j:�®£¤  ¤«¿ ¢±¥µ x 2 [a; b] jf(x) � Ln(x)j � Mn+1(n + 1)! j!n(x)j:�²±¾¤  ±° §³ ¦¥ ±«¥¤³¥² ®¶¥­ª (4.4) maxx2[a;b] jf(x) � Ln(x)j � Mn+1(n+ 1)! maxx2[a;b] j!n(x)j:�°¨¬¥° 4.1. � ¯°¥¤¯®«®¦¥­¨¨, ·²® f 2 C4[�1; 3], ®¶¥­¨²¼ ¯®£°¥¸­®±²¼ ¯°¨¡«¨¦¥-­¨¿ f(2) � �14 ¨§ ¯°¨¬¥°  3.1 ·¥°¥§ ¬ ª±¨¬³¬ ¬®¤³«¿ ·¥²¢¥°²®© ¯°®¨§¢®¤­®© M4.�¥¸¥­¨¥. �§ ±«¥¤±²¢¨¿ 4.1 ¯®«³· ¥¬jf(x) � L3(x)j � M44! j(x + 1)x(x � 1)(x � 2)j:� ª¨¬ ®¡° §®¬, ¯®¤±² ¢«¿¿ x = 2, ¨¬¥¥¬����f(2) + 14 ���� = jf(2) � L3(2)j � M44 :{ 9 {



5. �­²¥°¯®«¿¶¨¿ ± ° ¢­®®²±²®¿¹¨¬¨ ³§« ¬¨�³±²¼ xi = x0 + ih, i = 0; 1; : : : ; n, | ³§«» ¨­²¥°¯®«¿¶¨¨ ¨ h > 0. � ª¨¥ ³§«»­ §»¢ ¾²±¿ ° ¢­®®²±²®¿¹¨¬¨ ³§« ¬¨ ¨«¨ ° ¢­®¬¥°­®© ±¥²ª®©. �°¨ ½²®¬ ·¨±«® h­ §»¢ ¥²±¿¸ £®¬ ±¥²ª¨. �°¨ ¨­²¥°¯®«¿¶¨¨ ¯® ° ¢­®¬¥°­®© ±¥²ª¥ ³¤®¡­® ¢¢¥±²¨ ­®¢³¾¯¥°¥¬¥­­³¾ q = x� x0h :�®£¤  x = x0 + qh ¨, ª°®¬¥ ²®£®,x � xi = x0 + qh� (x0 + ih) = h(q � i);xj � xi = h(j � i):� ª¨¬ ®¡° §®¬,lnj(x0 + qh) =Yi6=j x � xixj � xi =Yi6=j q � ij � i= q(q � 1) : : : (q � j + 1)(q � j � 1) : : : (q � n)j(j � 1) : : : 2 � 1 � (�1) � (�2) : : : (j � n)= (�1)n�j q(q � 1) : : : (q � j + 1)(q � j � 1) : : : (q � n)j!(n� j)! :�«¥¤®¢ ²¥«¼­®, ¬­®£®·«¥­ � £° ­¦  ¤«¿ ° ¢­®®²±²®¿¹¨µ ³§«®¢ ¬®¦¥² ¡»²¼ § ¯¨± ­ ¢¢¨¤¥(5.1) Ln(x0 + qh) = nXj=0(�1)n�j q(q � 1) : : : (q � j + 1)(q � j � 1) : : : (q � n)j!(n� j)! f(xj ):�°¨¬¥° 5.1. � ¯¨± ²¼ ¬­®£®·«¥­ � £° ­¦  ¢²®°®© ±²¥¯¥­¨ ¤«¿ ° ¢­®®²±²®¿¹¨µ³§«®¢ ± ¸ £®¬ h.�¥¸¥­¨¥. �°¨ n = 2 ¨§ (5.1) ­ µ®¤¨¬L2(x0 + qh) = (q � 1)(q � 2)2 f(x0)� q(q � 2)f(x1) + q(q � 1)2 f(x2):�¶¥­¨¬ ²¥¯¥°¼ ¯®£°¥¸­®±²¼, ¢®§­¨ª ¾¹³¾ ¯°¨ § ¬¥­¥ ´³­ª¶¨¨ ­  ¥¥ ¨­²¥°¯®«¿¶¨-®­­»© ¬­®£®·«¥­ � £° ­¦ , ª®£¤  §­ ·¥­¨¿ ´³­ª¶¨¨ § ¤ ­» ¢ ° ¢­®®²±²®¿¹¨µ ³§« µ.�«¿ ´³­ª¶¨¨ !n(x) ¨¬¥¥¬!n(x0 + qh) = hn+1q(q � 1) : : : (q � n):�±«¨ x 2 [x0; xn], ²® q 2 [0; n]. �®«®¦¨¬
n = maxq2[0;n] jq(q � 1) : : : (q � n)j:�®£¤  ¨§ (4.4) ¯®«³· ¥¬(5.2) maxx2[x0;xn] jf(x) � Ln(x)j � Mn+1(n+ 1)!hn+1
n:�­ ·¥­¨¿ 
n ¯°¨ n = 1; 2; 3 ¬®£³² ¡»²¼ «¥£ª® ¯®±·¨² ­»:(5.3) 
1 = 14 ; 
2 = 2p39 ; 
3 = 1:{ 10 {



�°¨¬¥° 5.2. � ª ª¨¬ ¸ £®¬ ­ ¤® § ² ¡³«¨°®¢ ²¼ ´³­ª¶¨¾ sinx, ·²®¡» ¯°¨ ¨±¯®«¼-§®¢ ­¨¨ ¨­²¥°¯®«¿¶¨®­­®£® ¬­®£®·«¥­  ¢²®°®© ±²¥¯¥­¨ ¯® ¡«¨¦ ©¸¨¬ ²®·ª ¬ ¯®£°¥¸-­®±²¼  ¯¯°®ª±¨¬ ¶¨¨ ­¥ ¯°¥¢®±µ®¤¨«  0; 5 � 10�6?�¥¸¥­¨¥. �«¿ f(x) = sinx f 000(x) = � cos x. �®½²®¬³ M3 � 1. �§ (5.2) ¨ (5.3) ¨¬¥¥¬jf(x) � L2(x)j � 13! 2p39 h3:� ª¨¬ ®¡° §®¬, ¤®±² ²®·­®, ·²®¡» ¸ £ h ³¤®¢«¥²¢®°¿« ­¥° ¢¥­±²¢³13! 2p39 h3 � 0; 5 � 10�6:�²±¾¤  h � 3s3p32 � 10�2 � 1; 37 � 10�2:6. �¨­¨¬¨§ ¶¨¿ ®¶¥­ª¨ ¯®£°¥¸­®±²¨ ¨­²¥°¯®«¿¶¨¨.�­®£®·«¥­» �¥¡»¸¥¢ �³±²¼ ¨¬¥¥²±¿ ´³­ª¶¨¿ f 2 Cn+1[a; b] ¨ ¨§¢¥±²­  ¢¥«¨·¨­  Mn+1 (±¬. (4.3)) ¨«¨®¶¥­ª  ½²®© ¢¥«¨·¨­». � ª ¢»¡° ²¼ ³§«» ­  ®²°¥§ª¥ [a; b], ·²®¡» §­ ·¥­¨¥maxx2[a:b] j!n(x)j¡»«® ¬¨­¨¬ «¼­»¬.� ±±¬®²°¨¬ ¤«¿ ¯°®±²®²» ±«³· ©, ª®£¤  [a; b] = [�1; 1]. �«¿ ½²®© § ¤ ·¨ ­ ¬ ¯®²°¥-¡³¾²±¿ ­¥ª®²®°»¥ ±¯¥¶¨ «¼­»¥ ¬­®£®·«¥­».�¯°¥¤¥«¥­¨¥. �­®£®·«¥­ ¬¨ �¥¡»¸¥¢  ­ §»¢ ¾²±¿ ¬­®£®·«¥­», § ¤ ¢ ¥¬»¥ ­ ®²°¥§ª¥ [�1; 1] ° ¢¥­±²¢®¬(6.1) Tn(x) = cos(n arccosx):�¥£ª® ­ ©²¨ ¬­®£®·«¥­» �¥¡»¸¥¢  ¤«¿ n = 0; 1 ¨ 2. �¥©±²¢¨²¥«¼­®,T0(x) = 1;T1(x) = cos(arccosx) = x;T2(x) = cos(2 arccosx) = 2 cos2(arccosx) � 1 = 2x2 � 1:�°®¢¥°¨¬, ·²® ´³­ª¶¨¨, § ¤ ¢ ¥¬»¥ ´®°¬³«®© (6.1), ¤¥©±²¢¨²¥«¼­® ¿¢«¿¾²±¿ ¬­®-£®·«¥­ ¬¨ ±²¥¯¥­¨ n. �§ ¨§¢¥±²­»µ ²°¨£®­®¬¥²°¨·¥±ª¨µ ° ¢¥­±²¢ ­ µ®¤¨¬cos(n+ 1)'+ cos(n � 1)' = 2cos' cosn':�²±¾¤  cos(n+ 1)' = 2cos' cosn'� cos(n � 1)':{ 11 {



�®« £ ¿ ' = arccosx, ¯®«³· ¥¬(6.2) Tn+1(x) = 2xTn(x) � Tn�1(x); n = 1; 2; : : : :�«¥¤®¢ ²¥«¼­®,T3(x) = 2xT2(x) � T1(x) = 2x(2x2 � 1)� x = 4x3 � 3x;T4(x) = 2xT3(x) � T2(x) = 2x(4x3 � 3x)� (2x2 � 1) = 8x4 � 8x2 + 1¨ ².¤. �¥ª³°°¥­²­ ¿ ´®°¬³«  (6.2) ¿¢«¿¥²±¿ ³¤®¡­»¬ ¨ ½´´¥ª²¨¢­»¬ ±¯®±®¡®¬ ¢»·¨-±«¥­¨¿ §­ ·¥­¨© ¬­®£®·«¥­®¢ �¥¡»¸¥¢ .�²¬¥²¨¬ °¿¤ ±¢®©±²¢ ¬­®£®·«¥­®¢ �¥¡»¸¥¢ .(1) �±«¨ n | ·¥²­®¥, ²® Tn(x) | ·¥²­ ¿ ´³­ª¶¨¿, ¥±«¨ n | ­¥·¥²­®¥, ²® Tn(x) |­¥·¥²­ ¿ ´³­ª¶¨¿.(2) �«¿ ±² °¸¥£® ª®½´´¨¶¨¥­²  ¬­®£®·«¥­  Tn(x) ±¯° ¢¥¤«¨¢® ° ¢¥­±²¢®an = 2n�1:(3) Tn(x) ¨¬¥¥² n ° §«¨·­»µ ¤¥©±²¢¨²¥«¼­»µ ª®°­¥©, «¥¦ ¹¨µ ¢ ¨­²¥°¢ «¥ (�1; 1)xi = cos (2i� 1)2n �; i = 1; 2; : : : ; n:(4) maxx2[�1;1] jTn(x)j = 1;¯°¨·¥¬ ¬ ª±¨¬³¬ ¤®±²¨£ ¥²±¿ ¢ n+ 1 ²®·ª¥(6.3) xi = cos i�n ; i = 0; 1; : : : ; n:�¯°¥¤¥«¥­¨¥. �­®£®·«¥­ Tn(x) = 12n�1Tn(x)­ §»¢ ¥²±¿ ­®°¬¨°®¢ ­­»¬ ¬­®£®·«¥­®¬ �¥¡»¸¥¢  (³ ­¥£® ±² °¸¨© ª®½´´¨¶¨¥­² ° -¢¥­ ¥¤¨­¨¶¥).�¥®°¥¬  6.1. �«¿ «¾¡®£® ¬­®£®·«¥­  Pn(x) ±²¥¯¥­¨ n ±® ±² °¸¨¬ ª®½´´¨¶¨¥­²®¬,° ¢­»¬ ¥¤¨­¨¶¥, ±¯° ¢¥¤«¨¢® ­¥° ¢¥­±²¢®maxx2[�1;1] jPn(x)j � maxx2[�1;1] jTn(x)j = 12n�1 :�®ª § ²¥«¼±²¢®. �°¥¤¯®«®¦¨¬, ·²® ­ ¸¥«±¿ ¬­®£®·«¥­ Pn(x) ±® ±² °¸¨¬ ª®½´-´¨¶¨¥­²®¬, ° ¢­»¬ ¥¤¨­¨¶¥, ¤«¿ ª®²®°®£®maxx2[�1;1] jPn(x)j < 12n�1 :{ 12 {



� ±±¬®²°¨¬ ¬­®£®·«¥­ R(x) = Tn(x) � Pn(x):� ±¨«³ ²®£®, ·²® ³ Tn(x) ¨ Pn(x) ±² °¸¨¥ ª®½´´¨¶¨¥­²» ° ¢­» ¥¤¨­¨¶¥, ¬­®£®·«¥­R(x) ¨¬¥¥² ±²¥¯¥­¼ n� 1. �«¿ ²®·¥ª xi, ®¯°¥¤¥«¥­­»µ ° ¢¥­±²¢ ¬¨ (6.3), ¨¬¥¥¬R(xi) = (�1)i2n�1 � Pn(xi) = (�1)i� 12n�1 � (�1)iPn(xi)� = (�1)i"i;£¤¥ "i > 0, i = 0; 1; : : : ; n. � ª¨¬ ®¡° §®¬, ³ ¬­®£®·«¥­  R(x) ­  ª ¦¤®¬ ¨§ ¨­²¥°¢ «®¢(xi�1; xi), i = 1; : : : ; n, ¨¬¥¥²±¿ µ®²¿ ¡» ®¤¨­ ­³«¼. �«¥¤®¢ ²¥«¼­®, ³ R(x) ¯® ª° ©­¥©¬¥°¥ n ­³«¥©, ·²® ­¥¢®§¬®¦­®, ² ª ª ª R(x) ¬­®£®·«¥­ ±²¥¯¥­¨ n�1. �¥®°¥¬  ¤®ª § ­ .�« £®¤ °¿ ±¢®©±²¢³, ¤®ª § ­­®¬³ ¢ ²¥®°¥¬¥ 6.1, ¬­®£®·«¥­» �¥¡»¸¥¢  ­ §»¢ ¾²¬­®£®·«¥­ ¬¨, ­ ¨¬¥­¥¥ ³ª«®­¿¾¹¨¬¨±¿ ®² ­³«¿.�® ¤®ª § ­­®© ²¥®°¥¬¥ ¤«¿ «¾¡»µ ²®·¥ª x0; : : : ; xn ¨§ ®²°¥§ª  [�1; 1] ¨¬¥¥¬maxx2[�1;1] j!n(x)j � 12n(­ ¯®¬­¨¬, ·²® !n(x) | ¬­®£®·«¥­ ±²¥¯¥­¨ n+ 1). � ¤°³£®© ±²®°®­», ¯®«®¦¨¢(6.4) xi = cos (2i+ 1)2(n+ 1)�; i = 0; 1; : : : ; n;¡³¤¥¬ ¨¬¥²¼ !n(x) = Tn+1(x)¨, ±«¥¤®¢ ²¥«¼­®, maxx2[�1;1] j!n(x)j = 12n :� ª¨¬ ®¡° §®¬, ®¶¥­ª  (4.4) ¤®±²¨£ ¥² ±¢®¥£® ¬¨­¨¬³¬ , ª®£¤  ¢ ª ·¥±²¢¥ ³§«®¢ ¨­²¥°-¯®«¿¶¨¨ ¢»¡° ­» ­³«¨ ¬­®£®·«¥­  �¥¡»¸¥¢  (·¥¡»¸¥¢±ª¨¥ ³§«»). �°¨ ½²®¬ ®­  ¨¬¥¥²¢¨¤(6.5) maxx2[�1;1] jf(x) � Ln(x)j � Mn+1(n+ 1)!2n :� ±¨«³ ½²®£® ±¢®©±²¢  ³§«» (6.4) ­ §»¢ ¾²±¿ ®¯²¨¬ «¼­»¬¨ ³§« ¬¨ ¨­²¥°¯®«¿¶¨¨.� ±«³· ¥ ¨­²¥°¯®«¿¶¨¨ ¯® ·¥¡»¸¥¢±ª¨¬ ³§« ¬ ¬­®£®·«¥­ � £° ­¦  ¬®¦­® ³¯°®-±²¨²¼. � ª ª ª !n(x) = Tn+1(x) = 12nTn+1(x);²® !0n(x) = 12nT 0n+1(x) = (n+ 1) sin((n + 1) arccos x)2np1� x2 :�®½²®¬³ !0n(xi) = (n + 1) sin 2i+ 12 �2n sin (2i + 1)2(n+ 1)� = (�1)i n+ 12n sin (2i + 1)2(n+ 1)� :{ 13 {



� ª¨¬ ®¡° §®¬, ¨§ (3.4) ¯®«³· ¥¬Ln(x) = Tn+1(x)n+ 1 nXi=0(�1)i sin (2i + 1)2(n+ 1)�x� xi f(xi):�«³· © ¨­²¥°¯®«¿¶¨¨ ­  ¯°®¨§¢®«¼­®¬ ®²°¥§ª¥ [a; b] ¬®¦­® ±¢¥±²¨ ª ®²°¥§ª³ [�1; 1]± ¯®¬®¹¼¾ § ¬¥­» ¯¥°¥¬¥­­®© t = b� a2 x + b+ a2 :�°¨ ½²®¬ ®¯²¨¬ «¼­»¥ ³§«» ¨­²¥°¯®«¿¶¨¨ ¯¥°¥µ®¤¿² ¢ ®¯²¨¬ «¼­»¥ ³§«» ­  ®²°¥§ª¥[a; b] ti = b� a2 cos 2i + 12(n+ 1)� + b+ a2 ; i = 0; 1; : : : ; n;  ®¶¥­ª  (4.4) ¡³¤¥² ¨¬¥²¼ ¢¨¤maxt2[a;b] jf(t) � Ln(t)j � Mn+1(n+ 1)! (b � a)n+122n+1 :�«¿ ¯°®¨§¢®«¼­®£® ®²°¥§ª  [a; b] ¨­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ � £° ­¦  ¯® ®¯²¨-¬ «¼­»¬ ³§« ¬ § ¯¨¸¥²±¿ ¢ ¢¨¤¥Ln(t) = b� a2 Tn+1�2t� a� bb� a �n+ 1 nXi=0(�1)i sin (2i+ 1)2(n + 1)�t� ti f(ti):7. �­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ �¼¾²®­ �³±²¼ x0; x1; : : : ; xn; : : : | ¯°®¨§¢®«¼­»¥ ° §«¨·­»¥ ²®·ª¨.�¯°¥¤¥«¥­¨¥. �¨±«® f(xi;xi+1) = f(xi+1)� f(xi)xi+1 � xi­ §»¢ ¥²±¿ ° §¤¥«¥­­®© ° §­®±²¼¾ ¯¥°¢®£® ¯®°¿¤ª .�·¥¢¨¤­®, ·²® f(xi;xi+1) = f(xi+1;xi).�¯°¥¤¥«¥­¨¥. � §¤¥«¥­­®© ° §­®±²¼¾ n-£® ¯®°¿¤ª  ­ §»¢ ¥²±¿ ¢¥«¨·¨­ f(xi;xi+1; : : : ;xi+n) = f(xi+1; : : : ;xi+n) � f(xi ;xi+1; : : : ;xi+n�1)xi+n � xi :�°¨ ¢»·¨±«¥­¨¨ ° §¤¥«¥­­»¥ ° §­®±²¨ ³¤®¡­® § ¯¨±»¢ ²¼ ¢ ¢¨¤¥ ±«¥¤³¾¹¥© ² ¡«¨¶»x0x1x2x3x4 f(x0)f(x1)f(x2)f(x3)f(x4) f(x0;x1)f(x1;x2)f(x2;x3)f(x3;x4) f(x0;x1;x2)f(x1;x2;x3)f(x2;x3;x4) f(x0;x1;x2;x3)f(x1;x2;x3;x4) f(x0;x1;x2;x3;x4){ 14 {



�¥¬¬  7.1. �¬¥¥² ¬¥±²® ° ¢¥­±²¢®(7.1) f(x0; : : : ;xk) = kXj=0 f(xj )Qi6=j(xj � xi) :�®ª § ²¥«¼±²¢®. �¥£ª® ¯°®¢¥°¨²¼, ·²® ¯°¨ k = 1 ½²® ° ¢¥­±²¢® ±®¢¯ ¤ ¥² ± ®¯°¥-¤¥«¥­¨¥¬ ¢¥«¨·¨­» f(x0;x1). �®±¯®«¼§³¥¬±¿ ¬¥²®¤®¬ ¬ ²¥¬ ²¨·¥±ª®© ¨­¤³ª¶¨¨. �°¥¤-¯®«®¦¨¬, ·²® (7.1) ¤®ª § ­® ¤«¿ ¢±¥µ k � l. �®£¤ f(x0; : : : ;xl+1) = f(x1; : : : ;xl+1)� f(x0; : : : ;xl)xl+1 � x0= 1xl+1 � x0 0BB@ l+1Xj=1 f(xj )l+1Qi=1i6=j(xj � xi) � lXj=0 f(xj )lQi=0i6=j(xj � xi) 1CCA :�³±²¼ j 6= 0; l + 1. �®£¤  ª®½´´¨¶¨¥­² ¯°¨ f(xj ) ¢ ¯° ¢®© · ±²¨ ¯®±«¥¤­¥£® ° ¢¥­±²¢ ¥±²¼ 1xl+1 � x0 0BB@ l+1Xj=1 1l+1Qi=1i6=j(xj � xi) � lXj=0 1lQi=0i6=j(xj � xi) 1CCA= (xj � x0)� (xj � xl+1)(xl+1 � x0) l+1Qi=0i6=j(xj � xi) = 1l+1Qi=0i6=j(xj � xi) ;².¥. ¨¬¥¥² ²°¥¡³¥¬»© ¢¨¤. �°¨ j = 0 ¨«¨ l + 1 f(xj ) ¢µ®¤¨² ²®«¼ª® ¢ ®¤­® ±« £ ¥¬®¥¨ ­¥²°³¤­® ³¡¥¤¨²¼±¿, ·²® ª®½´´¨¶¨¥­² ¯°¨ ­¥¬ ¨¬¥¥² ² ª¦¥ ²°¥¡³¥¬»© ¢¨¤. �¥¬¬ ¤®ª § ­ .�§ ¤®ª § ­­®© «¥¬¬» ¢»²¥ª ¥², ·²® ° §¤¥«¥­­ ¿ ° §­®±²¼ ¥±²¼ ±¨¬¬¥²°¨·¥±ª ¿´³­ª¶¨¿ ±¢®¨µ  °£³¬¥­²®¢ x0; : : : ; xk, ².¥. ­¥ ¬¥­¿¥²±¿ ¯°¨ «¾¡®© ¨µ ¯¥°¥±² ­®¢ª¥.�°¨ ¯®¬®¹¨ ° §¤¥«¥­­»µ ° §­®±²¥© ¬®¦­® ¯®«³·¨²¼ ¤°³£³¾ ´®°¬³ § ¯¨±¨ ¨­²¥°-¯®«¿¶¨®­­®£® ¬­®£®·«¥­ .�¥®°¥¬  7.1. �«¿ ¨­²¥°¯®«¿¶¨®­­®£® ¬­®£®·«¥­  ±¯° ¢¥¤«¨¢® ¯°¥¤±² ¢«¥­¨¥(7.2) Ln(x) = f(x0) + f(x0;x1)(x � x0) + � � � + f(x0;x1; : : : ;xn)(x � x0) : : : (x � xn�1):�®ª § ²¥«¼±²¢®. �§ ° ¢¥­±²¢ (3.4) ¨ (7.1) ¨¬¥¥¬(7.3) f(x) � Ln(x) = f(x) � !n(x) nXj=0 f(xj )(x � xj)Qi6=j(xj � xi)= !n(x)0@ f(x)!n(x) + nXj=0 f(xj )(xj � x)Qi6=j(xj � xi)1A :{ 15 {



�§ «¥¬¬» 7.1 ±«¥¤³¥², ·²® ¢»° ¦¥­¨¥ ¢ ±ª®¡ª µ ¥±²¼ f(x;x0 ; : : : ;xn). � ª¨¬ ®¡° §®¬,f(x) � Ln(x) = f(x;x0 ; : : : ;xn)!n(x):�­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ Ln(x) ¬®¦­® ¯°¥¤±² ¢¨²¼ ¢ ¢¨¤¥(7.4) Ln(x) = L0(x) + (L1(x) � L0(x)) + � � �+ (Ln(x) �Ln�1(x)):� §­®±²¼ Lk(x)�Lk�1(x) ¥±²¼ ¬­®£®·«¥­ ±²¥¯¥­¨ k, ª®²®°»© ®¡° ¹ ¥²±¿ ¢ ­³«¼ ¢ ²®·ª µx0; : : : ; xk�1, ² ª ª ªf(xj ) = Lk(xj ) = Lk�1(xj ); j = 0; 1; : : : ; k � 1:�«¥¤®¢ ²¥«¼­®,(7.5) Lk(x) �Lk�1(xk) = Ak(x � x0) : : : (x � xk�1) = Ak!k�1(x):�®¤±² ¢¨¬ ¢ ½²® ° ¢¥­±²¢® x = xk ¨ ¢®±¯®«¼§³¥¬±¿ ²¥¬, ·²® Lk(xk) = f(xk). �³¤¥¬¨¬¥²¼ f(xk)� Lk�1(xk) = Ak!k�1(xk):� ¤°³£®© ±²®°®­», ¯®¤±² ¢¨¬ ¢ (7.3) x = xk ¯°¨ n = k � 1, ¯®«³· ¥¬f(xk) �Lk�1(xk) = f(xk ;x0; : : : ;xk�1)!k�1(xk):�¥¬ ± ¬»¬, ³·¨²»¢ ¿ ±¢®©±²¢® ±¨¬¬¥²°¨¨ ° §¤¥«¥­­»µ ° §­®±²¥©, ­ µ®¤¨¬Ak = f(x0;x1; : : : ;xk):�¥¯¥°¼ ³²¢¥°¦¤¥­¨¥ ²¥®°¥¬» ¢»²¥ª ¥² ¨§ ¯°¥¤±² ¢«¥­¨¿ (7.4) ¨ ° ¢¥­±²¢  (7.5). �¥®-°¥¬  ¤®ª § ­ .�¯°¥¤¥«¥­¨¥. �­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­, § ¯¨± ­­»© ¢ ¢¨¤¥ (7.2) ­ §»¢ ¥²±¿¨­²¥°¯®«¿¶¨®­­»¬ ¬­®£®·«¥­®¬ �¼¾²®­ .�­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ �¼¾²®­  ¨¬¥¥² ®¤­® ¢ ¦­®¥ ¯°¥¨¬³¹¥±²¢® ¯® ±° ¢­¥-­¨¾ ± ¨­²¥°¯®«¿¶¨®­­»¬¬­®£®·«¥­®¬ � £° ­¦ . �±«¨ ª ³§« ¬ ¨­²¥°¯®«¿¶¨¨ ¤®¡ ¢¨²¼¥¹¥ ®¤­³ ²®·ª³ xn+1, ²® ¨­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ � £° ­¦  ­ ¤® ±²°®¨²¼ § ­®¢®,  ª ¨­²¥°¯®«¿¶¨®­­®¬³ ¬­®£®·«¥­³ �¼¾²®­  ¢ ±¨«³ ° ¢¥­±²¢  (±¬. (7.5))Ln+1(x) = Ln(x) + f(x0;x1; : : : ;xn+1)(x � x0) : : : (x � xn)±«¥¤³¥² ¤®¡ ¢¨²¼ «¨¸¼ ®¤­® ±« £ ¥¬®¥. �¥¬ ­¥ ¬¥­¥¥, °¿¤ ¢»·¨±«¥­¨© ¢±¥ ¦¥ ­ ¤®¯°®¢¥±²¨, ·²®¡» ­ ©²¨ ° §¤¥«¥­­³¾ ° §­®±²¼ f(x0;x1; : : : ;xn+1).8. �­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ �¼¾²®­ ¤«¿ ° ¢­®®²±²®¿¹¨µ ³§«®¢�³±²¼ xi = x0 + ih | ° ¢­®¬¥°­ ¿ ±¥²ª  ± ¸ £®¬ h ¨ fi = f(xi).{ 16 {



�¯°¥¤¥«¥­¨¥. �®­¥·­®© ° §­®±²¼¾ ¯¥°¢®£® ¯®°¿¤ª  ´³­ª¶¨¨ f ¢ ²®·ª¥ xi ­ §»¢ -¥²±¿ ¢¥«¨·¨­  �fi = f(xi + h)� f(xi) = fi+1 � fi:�®­¥·­®© ° §­®±²¼¾ n-£® ¯®°¿¤ª  ´³­ª¶¨¨ f ¢ ²®·ª¥ xi ­ §»¢ ¥²±¿ ¢¥«¨·¨­ �nfi = �(�n�1fi) = �n�1fi+1 ��n�1fi:� ¯°¨¬¥°, �2fi = �fi+1 ��fi = fi+2 � 2fi+1 + fi:�°¨ ¢»·¨±«¥­¨¨ ª®­¥·­»¥ ° §­®±²¨ ³¤®¡­® ° ±¯®« £ ²¼ ¢ ² ¡«¨¶³x0x1x2x3x4 f0f1f2f3f4 �f0�f1�f2�f3 �2f0�2f1�2f2 �3f0�3f1 �4f0�¥¬¬  8.1. �«¿ ° ¢­®¬¥°­®© ±¥²ª¨ xi = x0 + ih ¨¬¥¥² ¬¥±²® ° ¢¥­±²¢®(8.1) f(x0;x1; : : : ;xn) = �nf0n!hn :�®ª § ²¥«¼±²¢®. �³¤¥¬ ¤®ª §»¢ ²¼ ½²® ° ¢¥­±²¢® ¯® ¨­¤³ª¶¨¨. �°¨ n = 1 ¯®«³-· ¥¬ f(x0;x1) = f(x1)� f(x0)x1 � x0 = f1 � f0h = �f0h :�³±²¼ ° ¢¥­±²¢® (8.1) ¤®ª § ­® ¤«¿ n� 1. �®ª ¦¥¬ ¥£® ¤«¿ n. �¬¥¥¬f(x0;x1; : : : ;xn) = f(x1; : : : ;xn)� f(x0; : : : ;xn�1)xn � x0= 1nh � �n�1f1(n� 1)!hn�1 � �n�1f0(n � 1)!hn�1� = �nf0n!hn :�¥¬¬  ¤®ª § ­ .�³±²¼ ¨¬¥¥²±¿ ° ¢­®¬¥°­ ¿ ±¥²ª  xi = x0 + ih, i = 0; 1; : : : ; n. �¢¥¤¥¬ ¯¥°¥¬¥­­³¾q = x� x0h :�®£¤  x� xi = h(q� i) ¨ ¢ ±¨«³ «¥¬¬» 8.1 ¤«¿ ¨­²¥°¯®«¿¶¨®­­®£® ¬­®£®·«¥­  �¼¾²®­ (±¬. (7.2)) ¯®«³· ¥¬ ¯°¥¤±² ¢«¥­¨¥(8.2) Ln(x0 + qh) = f0 + q�f0 + q(q � 1)�2f02! + � � �+ q(q � 1) : : : (q � n+ 1)�nf0n! :{ 17 {



�²®² ¬­®£®·«¥­ ­ §»¢ ¥²±¿ ¨­²¥°¯®«¿¶¨®­­»¬ ¬­®£®·«¥­®¬ �¼¾²®­  ¤«¿ ¨­²¥°¯®«¿-¶¨¨ ¢¯¥°¥¤. �¬ ³¤®¡­® ¯®«¼§®¢ ²¼±¿ ¤«¿ x ¡«¨§ª¨µ ª x0.�®¦­® ° ±±¬ ²°¨¢ ²¼ ±¥²ª³, ¨¤³¹³¾ ¢«¥¢® ®² ²®·ª¨ x0x�i = x0 � ih; i = 0; 1; : : : ; n:�®£¤   ­ «®£¨·­® ° ¢¥­±²¢³ (8.1) ¯®«³· ¥¬f(x0;x�1; : : : ;x�k) = �kf�kk!hk ; k = 1; : : : ; n:�«¥¤®¢ ²¥«¼­®, ¤«¿ ¨­²¥°¯®«¿¶¨®­­®£® ¬­®£®·«¥­  �¼¾²®­ Ln(x) = f(x0) + f(x0;x�1)(x � x0) + : : :+ f(x0;x�1; : : : ;x�n)(x � x0)(x � x�1) : : : (x� x�n+1)¨¬¥¥¬ ¯°¥¤±² ¢«¥­¨¥(8.3) Ln(x0 + qh) = f0 + q�f�1 + q(q + 1)�2f�22! + � � �+ q(q + 1) : : : (q + n� 1)�nf�nn! :�²®² ¬­®£®·«¥­ ­ §»¢ ¥²±¿ ¨­²¥°¯®«¿¶¨®­­»¬ ¬­®£®·«¥­®¬ �¼¾²®­  ¤«¿ ¨­²¥°¯®«¿-¶¨¨ ­ § ¤. �­ ¨±¯®«¼§³¥²±¿ ¤«¿ ¨­²¥°¯®«¿¶¨¨ ¢ ª®­¶¥ ² ¡«¨¶». �°¨ ½²®¬ ª®­¥·­»¥° §­®±²¨ ³¤®¡­® ¯®«³· ²¼, ¯®«¼§³¿±¼ ² ¡«¨¶¥©x�4x�3x�2x�1x0 f�4f�3f�2f�1f0 �f�4�f�3�f�2�f�1 �2f�4�2f�3�2f�2 �3f�4�3f�3 �4f�4�°¨¬¥° 8.1. �³±²¼ § ¤ ­  ² ¡«¨¶  ¤«¿ ´³­ª¶¨¨ f(x) = sinx ¨ ¥¥ ª®­¥·­»µ ° §­®-±²¥© x f(x) �f �2f �3f �4f5�10�15�20�25� 0; 087160; 173650; 258820; 342020; 42262 8649851783208060 �132�197�260 �65�63 2� ©²¨ ¯°¨¡«¨¦¥­­»¥ §­ ·¥­¨¿ sin8� ¨ sin22� ± ¯®¬®¹¼¾ ¨­²¥°¯®«¿¶¨®­­»µ ¬­®£®·«¥-­®¢ �¼¾²®­  1, 2, 3 ¨ 4-®© ±²¥¯¥­¥©.�¥¸¥­¨¥. � ©¤¥¬ ±­ · «  ¯°¨¡«¨¦¥­­®¥ §­ ·¥­¨¥ sin 8�. � ­ ± § ¤ ­» §­ ·¥­¨¿±¨­³±  ¢ ° ¢­®¬¥°­®© ±¥²ª¥ xi = x0 + ih, £¤¥ x0 = h = 5�. �®±ª®«¼ª³q = x � x0h = 8� � 5�5� = 0; 6;{ 18 {



²® L1(x0 + qh) = f0 + q�f0 = 0; 139054;L2(x0 + qh) = L1(x0 + qh) + q(q � 1)�2f02! = 0; 139212;L3(x0 + qh) = L2(x0 + qh) + q(q � 1)(q � 2)�3f03! = 0; 139176;L4(x0 + qh) = L3(x0 + qh) + q(q � 1)(q � 2)(q � 3)�4f04! = 0; 139175:� ±¨«³ ²®£®, ·²® sin8� = 0; 13917309 : : : , ¤«¿ ¯®£°¥¸­®±²¥© ¯®«³·¥­­»µ ¯°¨¡«¨¦¥­¨©±¯° ¢¥¤«¨¢» ° ¢¥­±²¢  "1 = 1; 19 � 10�4;"2 = 3; 89 � 10�5;"3 = 2; 91 � 10�6;"4 = 1; 91 � 10�6:� ©¤¥¬ ²¥¯¥°¼ ¯°¨¡«¨¦¥­­®¥ §­ ·¥­¨¥ sin22�. �«¿ ½²®£® ¢®±¯®«¼§³¥¬±¿ ¨­²¥°¯®«¿¶¨-®­­»¬ ¬­®£®·«¥­®¬ �¼¾²®­  ¤«¿ ¨­²¥°¯®«¿¶¨¨ ­ § ¤. �®«®¦¨¬ x0 = 25�, h = 5� ¨x�i = x0 � ih, i = 0; 1; : : : ; 4. �®£¤ q = x � x0h = �0; 6:�­ «®£¨·­® ¯°¥¤»¤³¹¥¬³ ±«³· ¾ ¯®«³· ¥¬L1(x0 + qh) = f0 + q�f�1 = 0; 374260;L2(x0 + qh) = L1(x0 + qh) + q(q + 1)�2f�12! = 0; 37745772;L3(x0 + qh) = L2(x0 + qh) + q(q + 1)(q + 2)�3f�13! = 0; 37460728;L4(x0 + qh) = L3(x0 + qh) + q(q + 1)(q + 2)(q + 3)�4f�14! = 0; 374606608:�«¿ ±° ¢­¥­¨¿ ¯°¨¢¥¤¥¬ §­ ·¥­¨¥ sin22� ± ²®·­®±²¼¾ ¤® ¤¥¢¿²¨ §­ ª®¢sin22� = 0; 374606593:�¥¬ ± ¬»¬ ¤«¿ ¯®£°¥¸­®±²¨ ¯®«³·¥­­»µ ¯°¨¡«¨¦¥­¨© ±¯° ¢¥¤«¨¢» ° ¢¥­±²¢ "1 = 3; 47 � 10�4;"2 = 3; 46 � 10�5;"3 = 6; 87 � 10�7;"4 = 1; 46 � 10�8:{ 19 {



��������� �����������������9. �®°¬³«» ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿,¯®«³· ¥¬»¥ ± ¯®¬®¹¼¾ ´®°¬³«» �¥©«®° � ¯®¬­¨¬, ·²® ¯°®¨§¢®¤­®© ´³­ª¶¨¨ f(x) ¢ ²®·ª¥ x ­ §»¢ ¥²±¿ ¢¥«¨·¨­ f 0(x) = lim�x!x f(x +�x)� f(x)�x :�±«¨ ¯°®¨§¢®¤­³¾ ­¥ ³¤ ¥²±¿ ¢»·¨±«¨²¼ ²®·­® ¨«¨ ½²® ±«¨¸ª®¬ ±«®¦­® ±¤¥« ²¼, ²®¯®«¼§³¾²±¿ ¯°¨¡«¨¦¥­­»¬¨ ´®°¬³« ¬¨, ¨±¯®«¼§³¾¹¨¬¨ §­ ·¥­¨¿ ´³­ª¶¨¨ ¢ ­¥ª®²®-°»µ ²®·ª µ. �²¨ ´®°¬³«» ­ §»¢ ¾²±¿ ´®°¬³« ¬¨ ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿. � -¯°¨¬¥°, f 0(x) � f(x +�x)� f(x)�x :�¶¥­¨¬ ¯®£°¥¸­®±²¼ ½²®© ¯°®±²¥©¸¥© ´®°¬³«» ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿.�¡»·­® ¤«¿ ®¶¥­ª¨ ¯®£°¥¸­®±²¨ ¯°¥¤¯®« £ ¥²±¿ ±³¹¥±²¢®¢ ­¨¥ ³ ´³­ª¶¨¨ ­¥ª®²®°»µ¯°®¨§¢®¤­»µ ¡®«¥¥ ¢»±®ª®£® ¯®°¿¤ª , ·¥¬ ¨±ª®¬ ¿ ¯°®¨§¢®¤­ ¿. � ±±¬®²°¨¬ ° ¢­®¬¥°-­³¾ ±¥²ª³ ± ¸ £®¬ h > 0 xi = x0 + ih, i = 0;�1; : : : . �®«®¦¨¬ fi = f(xi) ¨ f 0i = f 0(xi).�±«¨ f 2 C2[x0; x1], ²® ¯® ´®°¬³«¥ �¥©«®° f1 = f0 + f 00(x1 � x0) + f 00(�)2! (x1 � x0)2;£¤¥ � 2 (x0; x1). �²±¾¤ , ³·¨²»¢ ¿, ·²® x1 � x0 = h, ­ µ®¤¨¬f 00 = f1 � f0h � f 00(�)2 h:� ª¨¬ ®¡° §®¬,(9.1) ����f 00 � f1 � f0h ���� � M22 h:�² ª, ¬» ¯®«³·¨«¨ ®¤­³ ¨§ ¯°®±²¥©¸¨µ ´®°¬³« ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿(9.2) f 00 � f1 � f0h± ®¶¥­ª®© ¯®£°¥¸­®±²¨ (9.1).�³±²¼ ²¥¯¥°¼ f 2 C2[x�1; x1]. �®£¤  ¯® ´®°¬³«¥ �¥©«®° f1 = f0 + f 00h+ f 0002! h2 + f 000(�1)3! h3;f�1 = f0 � f 00h+ f 0002! h2 � f 000(�2)3! h3;{ 20 {



£¤¥ �1; �2 2 (x�1; x1). �»·¨² ¿ ¨§ ¯¥°¢®£® ° ¢¥­±²¢  ¢²®°®¥, ­ µ®¤¨¬f1 � f�1 = 2f 00h+ h36 (f 000(�1) + f 000(�2)):�²±¾¤  f 00 = f1 � f�12h � h212(f 000(�1) + f 000(�2)):�«¥¤®¢ ²¥«¼­®,(9.3) ����f 00 � f1 � f�12h ���� � h26 M3:�¥¬ ± ¬»¬ ¯®«³·¥­  ¥¹¥ ®¤­  ´®°¬³«  ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿(9.4) f 00 � f1 � f�12h± ®¶¥­ª®© ¯®£°¥¸­®±²¨ (9.3).�³±²¼, ­ ª®­¥¶, f 2 C4[x�1; x1]. �®£¤ f1 = f0 + f 00h+ f 0002! h2 + f 00003! h3 + f (4)(�1)4! h4;f�1 = f0 � f 00h+ f 0002! h2 � f 00003! h3 + f (4)(�2)4! h4:�«®¦¨¢ ½²¨ ° ¢¥­±²¢ , ­ µ®¤¨¬f1 � 2f0 + f�1 = f 000 h2 + h44! (f (4)(�1) + f (4)(�2)):�²±¾¤  f 000 = f1 � 2f0 + f�1h2 � h224(f (4)(�1) + f (4)(�2)):�«¥¤®¢ ²¥«¼­®,(9.5) f 000 � f1 � 2f0 + f�1h2 :�°¨ ½²®¬ ¤«¿ ¯®£°¥¸­®±²¨ ½²®© ´®°¬³«» ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿ ±¯° ¢¥¤«¨¢ ®¶¥­ª (9.6) ����f 000 � f1 � 2f0 + f�1h2 ���� � h212M4:{ 21 {



10. �¯²¨¬ «¼­»© ¢»¡®° ¸ £ �§ ®¶¥­®ª ¯®£°¥¸­®±²¥© (9.1), (9.3) ¨ (9.6) ¢»²¥ª ¥², ·²® ¢»¡¨° ¿ ¤®±² ²®·­® ¬ «®¥§­ ·¥­¨¥ ¸ £  h, ¬®¦­® ±ª®«¼ ³£®¤­® ²®·­® ¢»·¨±«¨²¼ §­ ·¥­¨¥ ¯°®¨§¢®¤­»µ. �¤­ ª®¯°¨ ¯° ª²¨·¥±ª®¬ ¢»·¨±«¥­¨¨ ¯°®¨§¢®¤­»µ ± ¯®¬®¹¼¾ ´®°¬³« ·¨±«¥­­®£® ¤¨´´¥°¥­-¶¨°®¢ ­¨¿ ¸ £ ­¥ ¡¥°¥²±¿ ±«¨¸ª®¬ ¬ «¥­¼ª¨¬. �¢¿§ ­® ½²® ± ²¥¬, ·²® °¥ «¼­® §­ ·¥­¨¿´³­ª¶¨© ¢±¥£¤  ¨§¢¥±²­» ± ­¥ª®²®°®© ¯®£°¥¸­®±²¼¾.� ±±¬®²°¨¬ ¤«¿ ¯°¨¬¥°  ¢»·¨±«¥­¨¥ ¯°®¨§¢®¤­®© ¯® ´®°¬³«¥ (9.2), ¢ ª®²®°®© ¢¬¥±²®²®·­»µ §­ ·¥­¨© f0 ¨ f1 ¨±¯®«¼§³¾²±¿ ¯°¨¡«¨¦¥­­»¥ §­ ·¥­¨¿ef0 = f0 + �0; ef1 = f1 + �1:�°¥¤¯®«®¦¨¬, ·²® j�0j � � ¨ j�1j � � (¢ ½²®¬ ±«³· ¥ £®¢®°¿², ·²® §­ ·¥­¨¿ ´³­ª¶¨¨¢»·¨±«¥­» ± ¯®£°¥¸­®±²¼¾ �). �®£¤  ¢ ª ·¥±²¢¥ ¯°¨¡«¨¦¥­¨¿ ª f 00 ¬» ¢»·¨±«¿¥¬f 00 � ef1 � ef0h = f1 � f0h + �1 � �0h :�«¿ ¯®£°¥¸­®±²¨ ² ª®£® ¯°¨¡«¨¦¥­¨¿ ¨¬¥¥¬ ®¶¥­ª³�����f 00 � ef1 � ef0h ����� � ����f 00 � f1 � f0h ����+ �����1 � �0h ���� � M22 h+ 2�h = '(h):�°¨ ª ª®¬ ¸ £¥ h ®¶¥­ª  ² ª®£® ¯°¨¡«¨¦¥­¨¿ ¡³¤¥² ¬¨­¨¬ «¼­®©? �®±ª®«¼ª³'0(h) = M22 � 2�h2 ;²® «¥£ª® ³¡¥¤¨²¼±¿, ·²® ´³­ª¶¨¿ '(h) ¯°¨ h > 0 ¨¬¥¥² ¥¤¨­±²¢¥­­»© ¬¨­¨¬³¬h0 = 2r �M2 :�²®² ¸ £ ¿¢«¿¥²±¿ ®¯²¨¬ «¼­»¬ ¤«¿ ´®°¬³«» (9.1) ¯°¨ ¢»·¨±«¥­¨¨ ´³­ª¶¨¨ ± ¯®£°¥¸-­®±²¼¾ �.� ¤ · . � ©²¨ ®¯²¨¬ «¼­»© ¸ £ ¤«¿ ´®°¬³« (9.4) ¨ (9.5).11. �®°¬³«» ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿,¯®«³· ¥¬»¥ ± ¯®¬®¹¼¾ ¨­²¥°¯®«¿¶¨®­­®£® ¬­®£®·«¥­  � £° ­¦ �¤¨­ ¨§ ³­¨¢¥°± «¼­»µ ±¯®±®¡®¢ ¯®±²°®¥­¨¿ ´®°¬³« ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ -­¨¿ ±®±²®¨² ¢ ²®¬, ·²® ¯® §­ ·¥­¨¿¬ ´³­ª¶¨¨ f ¢ ­¥ª®²®°»µ ³§« µ x0; x1; : : : ; xn ±²°®¿²¨­²¥°¯®«¿¶¨®­­»© ¬­®£®·«¥­ � £° ­¦  Ln(x) ¨ ¯°¨¡«¨¦¥­­® ¯®« £ ¾²f (m)(x) � L(m)n (x):� ¨¡®«¥¥ · ±²® ¢±²°¥· ¥²±¿ ±«³· ©, ª®£¤  ³§«» ° ±¯°¥¤¥«¥­» ° ¢­®¬¥°­®: xi = x0 +ih, h > 0. �³¤¥¬ ¯®-¯°¥¦­¥¬³ ¯®«¼§®¢ ²¼±¿ ®¡®§­ ·¥­¨¥¬ fi = f(xi). �®£¤  (±¬. (5.1))Ln(x) = nXi=0(�1)n�i q(q � 1) : : : (q � i+ 1)(q � i� 1) : : : (q � n)i!(n� i)! fi;f(x) � Ln(x) = f (n+1)(�)(n+ 1)! hn+1
n(q);{ 22 {



£¤¥ x = x0 + qh; 
n(q) = q(q � 1) : : : (q � n):�®±ª®«¼ª³ dqdx = 1h , ²® ddx = 1h ddq ¨f 0(x) � L0n(x) = 1h nXi=0 (�1)n�ii!(n � i)! ddq (q(q � 1) : : : (q � i+ 1)(q � i� 1) : : : (q � n)) fi:�¶¥­¨¬ ¯®£°¥¸­®±²¼ ² ª®£® ¯°¨¡«¨¦¥­¨¿. �¬¥¥¬f 0(x) � L0n(x) = hn+1(n+ 1)! �
n(q) ddxf (n+1)(�) + f (n+1)(�) 1h ddq
n(q)� :� ±«³· ¥, ª®£¤  ®¶¥­¨¢ ¥²±¿ ¯®£°¥¸­®±²¼ ¯°¨¡«¨¦¥­­®£® ¢»·¨±«¥­¨¿ ¯°®¨§¢®¤­®© ¢³§«¥ xi, q = i ¨ 
n(q) = 0. �«¥¤®¢ ²¥«¼­®,f 0(xi)� L0n(xi) = hn(n+ 1)!f (n+1)(�) ddq
n(q)��q=i :�²±¾¤ , ¯®«®¦¨¢ f 0i = f 0(xi), ¯®«³· ¥¬(11.1) jf 0i � L0n(xi)j � Mn+1hn(n+ 1)! ddq
n(q)��q=i :�°¨¬¥°». �°¨ n = 2 (±¬. ¯°¨¬¥° 5.1) ¨¬¥¥¬L2(x0 + qh) = (q � 1)(q � 2)2 f0 � q(q � 2)f1 + q(q � 1)2 f2:�¥¬ ± ¬»¬ f 0(x0 + qh) � L02(x0 + qh) = (2q � 3)f0 � 4(q � 1)f1 + (2q � 1)f22h :�·¨²»¢ ¿ (11.1) ¨ ²®, ·²® 
2(q) = q(q � 1)(q � 2), ¯®«³· ¥¬:(1) q = 0 ����f 00 � �3f0 + 4f1 � f22h ���� � h23 M3:(2) q = 1 ����f 01 � f2 � f02h ���� � h26 M3:�²¬¥²¨¬, ·²® ½²  ´®°¬³«  ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿ ³¦¥ ¡»«  ¯®«³·¥­ ± ¯®¬®¹¼¾ ´®°¬³«» �¥©«®°  (±¬. (9.3)).(3) q = 2 ����f 02 � f0 � 4f1 + 3f22h ���� � h23 M3:{ 23 {



�«¿ ¢²®°®© ¯°®¨§¢®¤­®© ¨¬¥¥¬f 00(x0 + qh) � L002 (x0 + qh) = f0 � 2f1 + f2h2 :�²  ´®°¬³«  ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿ (¨ ¥¥ ®¶¥­ª ) ¡»«  ² ª¦¥ ¯®«³·¥­  ± ¯®-¬®¹¼¾ ´®°¬³«» �¥©«®°  (±¬. (9.5)).�³±²¼ ²¥¯¥°¼ n = 3. �®£¤ L3(x0 + qh) = � (q � 1)(q � 2)(q � 3)6 f0 + q(q � 2)(q � 3)2 f1� q(q � 1)(q � 3)2 f2 + q(q � 1)(q � 2)6 f3:� ª¨¬ ®¡° §®¬,f 0(x0 + qh) � L03(x0 + qh) = �3q2 � 12q + 116h f0 + 3q2 � 10q + 62h f1� 3q2 � 8q + 32h f2 + 3q2 � 6q + 26h f3:�²±¾¤  ¯®«³· ¥¬ ±«¥¤³¾¹¨¥ ´®°¬³«» ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿:(1) q = 0 f 00 � �11f0 + 18f1 � 9f2 + 2f36h ;(2) q = 1 f 01 � �2f0 � 3f1 + 6f2 � f36h ;(3) q = 2 f 02 � f0 � 6f1 + 3f2 + 2f36h ;(4) q = 3 f 03 � �2f0 + 9f1 � 18f2 + 11f36h :� ¤ · . �«¿ ±«³· ¥¢ (1){(4) ®¶¥­¨²¼ ¯®£°¥¸­®±²¼ ´®°¬³« ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨-°®¢ ­¨¿. 12. �°¨¬¥­¥­¨¥ ¨­²¥°¯®«¿¶¨®­­®£® ¬­®£®·«¥­  �¼¾²®­ ¤«¿ ¯®±²°®¥­¨¿ ´®°¬³« ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿� ¯.7 ¬» £®¢®°¨«¨ ®¡ ³¤®¡±²¢ µ, ±¢¿§ ­­»µ ± ¯°¨¬¥­¥­¨¥¬ ¨­²¥°¯®«¿¶¨®­­®£® ¬­®-£®·«¥­  �¼¾²®­ . �®«¼§³¿±¼ ½²¨¬ ¬­®£®·«¥­®¬, ¬®¦­® ¯®«³· ²¼ ´®°¬³«» ·¨±«¥­­®£®¤¨´´¥°¥­¶¨°®¢ ­¨¿, ±®¤¥°¦ ¹¨¥ ° §¤¥«¥­­»¥ ° §­®±²¨ ¨«¨ ª®­¥·­»¥ ° §­®±²¨.�³±²¼ ¨¬¥¥²±¿ ° ¢­®¬¥°­ ¿ ±¥²ª  xi = x0 + ih, i = 0; 1; : : : . �®£¤  (±¬. (8.2))Ln(x0 + qh) = f0 + q�f0 + q(q � 1)�2f02! + � � �+ q(q � 1) : : : (q � n+ 1)�nf0n! :{ 24 {



� ª ª ª ddx = 1h ddq , ²®f 0(x0 + qh) � L0n(x0 + qh) = 1h ��f0 + (2q � 1)�2f02!+(3q2 � 6q + 2)�3f03! + � � � + ddq (q(q � 1) : : : (q � n+ 1))�nf0n! � :�²®© ´®°¬³«®© ³¤®¡­® ¯®«¼§®¢ ²¼±¿ ¯°¨ ¬ «»µ q, ².¥. ¢ ­ · «¥ ² ¡«¨¶». �­ «®£¨·-­³¾ ´®°¬³«³ ¬®¦­® ¯®«³·¨²¼, ¨±µ®¤¿ ¨§ ¨­²¥°¯®«¿¶¨®­­®£® ¬­®£®·«¥­  �¼¾²®­  ¤«¿¨­²¥°¯®«¿¶¨¨ ­ § ¤ (±¬. (8.3))f 0(x0 + qh) � L0n(x0 + qh) = 1h ��f�1 + (2q + 1)�2f�22!+(3q2 + 6q + 2)�3f�33! + � � � + ddq (q(q + 1) : : : (q + n� 1))�nf�nn! � ;ª®²®°®© ³¤®¡­® ¯®«¼§®¢ ²¼±¿ ¢ ª®­¶¥ ² ¡«¨¶».� ª¨¬ ¦¥ ®¡° §®¬ ¬®¦­® ¯®«³· ²¼ ´®°¬³«» ·¨±«¥­­®£® ¤¨´´¥°¥­¶¨°®¢ ­¨¿ ¨ ¤«¿±² °¸¨µ ¯°®¨§¢®¤­»µ. � ¯°¨¬¥°,f 00(x0 + qh) � L00n(x0 + qh) = 1h2 ��2f0 + (q � 1)�3f0 + : : :+ d2dq2 (q(q � 1) : : : (q � n+ 1))�nf0n! � :����������1. � µ¢ «®¢ �.�. �¨±«¥­­»¥ ¬¥²®¤». �.: � ³ª , 1973.2. � µ¢ «®¢ �.�., �¨¤ª®¢ �.�., �®¡¥«¼ª®¢ �.�. �¨±«¥­­»¥ ¬¥²®¤». �.: � ³ª ,1987.3. �¥°¥§¨­ �.�., �¨¤ª®¢ �.�. �¥²®¤» ¢»·¨±«¥­¨©. �.: � ³ª , 1966. �.1; �¨§¬ ²-£¨§, 1962. �.2.4. �®«ª®¢ �.�. �¨±«¥­­»¥ ¬¥²®¤». �.: � ³ª , 1982.5. �¥¬¨¤®¢¨· �.�., � °®­ �.�. �±­®¢» ¢»·¨±«¨²¥«¼­®© ¬ ²¥¬ ²¨ª¨. �.: � ³ª ,1966.6. � «¨²ª¨­ �.�. �¨±«¥­­»¥ ¬¥²®¤». �.: � ³ª , 1978.
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